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Preface

Since the third edition of this book was published, there has been a noticeable increase of
interest in computational electromagnetics (CEM), also known as numerical electromagnetics.
This is evident by the amount of dissertations, theses, books, and articles on CEM appearing
in journals and conferences each year. Along with this development is the rapid growth
in commercial or free codes for designing complex EM problems. In spite of these cheap
and powerful computational tools, there is a need to learn the fundamental analytical and
numerical concepts behind the codes. It is beneficial to understand the inherent limitations
of the commercial software. Experience shows that students learn more by developing their
codes than just pushing buttons in a commercial software package. Also, a closer look at the
newly published books reveals that they are not suitable for classroom use due to lack of
examples and practice problems at the end of each chapter. There is still a need for a good
introductory textbook for the CEM community. This book meets the need.
The book has the following features:

e It is comprehensive. Some CEM books cover just one numerical technique, while
some cover only finite difference method (particularly FDTD), finite element
method, and method of moments. In addition to these, this present book covers
variational methods, transmission-line-modeling (TLM), method of lines, and
Monte Carlo method.

¢ It presents several examples with MATLAB codes where applicable. I believe
that CEM is best learned through direct programming. Commercially packaged
programs can be useful, but they should not take priority over direct programming.

e It provides several end-of-chapter problems with answers to odd-numbered
problems in Appendix E.

¢ Each chapter presents a clear, concise introduction to a numerical method in EM
and provides up-to-date references to information on the method. The last section
of the chapter is devoted to application(s) of the method.

When the first edition of this book was written, the term “Computational Electromagnetics”
was not common. Now, it is the most common term used in describing the emerging field.
Since it is expedient to use the latest term or development, the former name of the book,
Numerical Techniques in Electromagnetics, has been changed to Computational Electromagnetics
with MATLAB®. This is part of the process of making another edition—catching up with
the trends in this exciting field.

Although the book can be covered in one semester, enough material is provided for two-
semester coverage. For two-semesters, it is suggested that Chapters 1 through 5 be covered
in one semester, while Chapters 6 through 9 is covered in the second semester. In addition
to serving as an introductory text for students, the book will also serve as a concise, up-to-
date reference for researchers and professionals in CEM.

The book provides a comprehensive bibliography that serves as the best resources for
learning more about CEM. Appendix A is on vector analysis, while Appendix B provides
programming in MATLAB. Appendix C covers briefly direct and iterative procedure for

xiii
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solving simultaneous equations. Appendix D provides a list of software packages that
are either free or commercially available. Appendix E provides answers to odd-numbered
problems.

Since the publication of the last edition, there has been increased awareness and utilization
of computational tools. This edition adds noticeable changes in Section 5.2 on how moment
methods can be used to solve differential equation, in section 310 on advanced applications
of FDTD, in Section 6.12 on using a commercial solver to analyze microstrip lines, and in
Section 8.7 on applying Monte Carlo Markov chain to Poisson equation.

MATLAB® is a registered trademark of The MathWorks, Inc. For product information,
please contact:

The MathWorks, Inc.

3 Apple Hill Drive

Natick, MA 01760-2098 USA
Tel: 508 647 7000

Fax: 508-647-7001

E-mail: info@mathworks.com
Web: www.mathworks.com


www.mathworks.com

Acknowledgment

I would like to thank Dr. Sarhan Musa of Prairie View A&M University, Dr. Andrew
Peterson of Georgia Institute of Technology, Dr. Jian-Ming Jin of the University of Illinois
at Urbana-Champaign, and Dr. David Davidson of University of Stellenbosch for allowing
me to use their works. I would like to acknowledge the support of Dr. Shield Lin, dean of
the College of Engineering, and Dr. Pamela Obiomon, head of the Department of Electrical
and Computer Engineering, at Prairie View A&M University. I am also grateful to Nora
Konopka, Kyra Lindholm, and other staff of CRC Press for their professional touch on the
book. I express my profound gratitude to my wife, Kikelomo, for her sacrifices and prayer.

XU



Taylor & Francis
Taylor & Francis Group

http://taylorandfrancis.com


http://taylorandfrancis.com

A Note to Students

Before you embark on writing your own computer program or using the ones in this text,
you should try to understand all relevant theoretical backgrounds. A computer is no more
than a tool used in the analysis of a problem. For this reason, you should be as clear as
possible what the machine is really being asked to do before setting it off on several hours
of expensive computations.

It has been well said by A. C. Doyle that, “It is a capital mistake to theorize before you
have all the evidence. It biases the judgment.” Therefore, you should never trust the results
of numerical computation unless they are validated, as least in part. You validate the
results by comparing them with those obtained by previous investigators or with similar
results obtained using a different approach, which may be analytical or numerical. For
this reason, it is advisable that you become familiar with as many numerical techniques
as possible.

The references provided at the end of each chapter are by no means exhaustive but are
meant to serve as the starting point for further reading.
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Fundamental Concepts

We must keep innovating in order to stay relevant.

—Joel Comiskey

1.1 Introduction

Scientists and engineers use several techniques in solving continuum or field problems.
Loosely speaking, these techniques can be classified as experimental, analytical, or
numerical. The three are related as shown in Figure 1.1 [1]. Experiments are expensive,
time consuming, sometimes hazardous, and usually do not allow much flexibility
in parameter variation. However, every numerical method, as we shall see, involves
an analytic simplification to the point where it is easy to apply the numerical method.
Notwithstanding this fact, the following methods are among the most commonly used in
electromagnetics (EM).

A. Analytical methods (exact solutions)
1. Separation of variables

Series expansion

Conformal mapping

Integral solutions, for example, Laplace and Fourier transforms

SRS N

Perturbation methods

B. Numerical methods (approximate solutions)
Finite difference method

Method of weighted residuals

Moment method

Finite element method
Transmission-line modeling

Monte Carlo method

Method of lines

NS Gk N

The numerical techniques mentioned above are usually known as low-frequency methods
because they solve Maxwell’s equation without making approximations and are limited
to geometries of small electrical size. High-frequency methods include optical physics,
geometrical theory of diffraction, and physical theory of diffraction. These techniques are
too specialized and will not be covered in this book.
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Simulation

Nature

L7 N

Theory < » Experiment

FIGURE 1.1
Relationship between experiment, theory, and simulation [1].

In the past 50 years, the electromagnetic (EM) community has witnessed a breathtaking
evolution in the way we solve and apply EM concepts. With the ever-increasing power and
memory of the digital computers, the art of computational electromagnetics (CEM) has
gained momentum.

CEM deals with numerical methods applied in solving EM problems. It is based on
computer implementation of mathematical models of EM systems using Maxwell equations.
CEM tools are useful in analyzing and designing power systems, electrical machines,
generators, transformers, microwave networks, waveguides, antennas, and aircraft. They
are also used in predicting the electromagnetic compatibility (EMC) between complex
electronic systems and their environment. For this reason, CEM is of increasing importance
to the civil and defense sectors [2].

Application of these methods is not limited to EM-related problems; they find applications
in other continuum problems such as in fluid, heat transfer, and acoustics.

As we shall see, some of the numerical methods are related and they all generally give
approximate solutions of sufficient accuracy for engineering purposes. Since our objective
is to study these methods in detail in the subsequent chapters, it may be premature to say
more than this at this point.

The need for numerical solution of EM problems is best expressed in the words of Paris
and Hurd: “Most problems that can be solved formally (analytically) have been solved.”
Until the 1940s, most EM problems were solved using the classical methods of separation of
variables and integral equation solutions. Besides the fact that a high degree of ingenuity,
experience, and effort were required to apply those methods, only a narrow range of
practical problems could be investigated due to the complex geometries defining the
problems.

EM started in the mid-1960s with the availability of modern high-speed digital computers.
Since then, considerable effort has been expended on solving practical, complex EM-related
problems for which closed-form analytical solutions are either intractable or do not exist.
The numerical approach has the advantage of allowing the actual work to be carried out by
operators without a knowledge of higher mathematics or physics, with a resulting economy
of labor on the part of the highly trained personnel.

Before we set out to study the various techniques used in analyzing EM problems, it is
expedient to remind ourselves of the physical laws governing EM phenomena in general.
This will be done in Section 1.2. In Section 1.3, we shall become acquainted with different
ways EM problems are categorized. The principle of superposition and the uniqueness
theorem will be covered in Section 1.4.



Fundamental Concepts 3

1.2 Review of EM Theory

The whole subject of EM unfolds as a logical deduction from eight postulated equations,
namely, Maxwell’s four field equations and four medium-dependent equations [3-6].
Before we briefly review these equations, it may be helpful to state two important theorems
commonly used in EM. These are the divergence (or Gauss’s) theorem,

%F.ds:fVde (1)

S

and Stokes’s theorem

L S

Perhaps the best way to review EM theory is by using the fundamental concept of electric
charge. EM theory can be regarded as the study of fields produced by electric charges
at rest and in motion. Electrostatic fields are usually produced by static electric charges,
whereas magnetostatic fields are due to motion of electric charges with uniform velocity
(direct current). Dynamic or time-varying fields are usually due to accelerated charges or
time-varying currents.

1.2.1 Electrostatic Fields

The two fundamental laws governing these electrostatic fields are Gauss’s law,

fﬁ D.-dS= f podv (1.3)

which is a direct consequence of Coulomb’s force law, and the law describing electrostatic

fields as conservative,
‘f E-dI=0 (1.4)

In Equations 1.3 and 14,

D = the electric flux density (C/m?)
p, = the volume charge density (C/m?)
E = the electric field intensity (V/m)

The integral form of the laws in Equations 1.3 and 1.4 can be expressed in the differential
form by applying Equations 1.1 through 1.3 and Equations 1.2 through 1.4. We obtain

V-D=p, (1.5)
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and
VXE=0

The vector fields D and E are related as

(1.6)

(17)

(1.8)

D =c¢cE
where ¢ is the dielectric permittivity (F/m) of the medium. In terms of the electric potential
V (V), E is expressed as
E=-VV
or

V:—fE-dI

Combining Equations 1.5, 1.7, and 1.8 gives Poisson’s equation:

V. eVV =—p,

or, if € is constant,

vy =_F

€

When p, = 0, Equation 1.10 becomes Laplace’s equation:
V-eVV=0
or for constant e

V¥V =0

1.2.2 Magnetostatic Fields

The basic laws of magnetostatic fields are Ampere’s law

fHﬂ:lldS

(19)

(1.10a)

(1.10b)

(1.11a)

(1.11b)

112)

which is related to Biot-Savart law, and the law of conservation of magnetic flux (also called

Gauss’s law for magnetostatics)

§B~d5:0

S

(1.13)
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where
H = the magnetic field intensity (A/m)
J. = the electric current density (A/m?)
B = the magnetic flux density (T or Wb/m?)

Applying Equations 1.2 to 1.12 and Equations 1.1 to 1.13 yields their differential forms as
V xH=], (1.14)
and

V-B=0 (1.15)
The vector fields B and H are related through the permeability p (H/m) of the medium as
B=uH (1.16)

Also, ], is related to E through the conductivity ¢ (mhos/m) of the medium as
J.=0oE (1.17)

This is usually referred to as point form of Ohm’s law. In terms of the magnetic vector
potential A (Wb/m)

B=VxA (1.18)
Applying the vector identity
V x (V x F)=V(V -F)-VF (119

to Equations 1.14 and 1.18 and assuming Coulomb gauge condition (V - A = 0) leads to
Poisson’s equation for magnetostatic fields:

020

When J, = 0, Equation 1.20 becomes Laplace’s equation

V2A =0 (1.21)

1.2.3 Time-Varying Fields

In this case, electric and magnetic fields exist simultaneously. Equations 1.5 and 1.15 remain
the same whereas Equations 1.6 and 1.14 require some modification for dynamic fields.
Modification of Equation 1.6 is necessary to incorporate Faraday’s law of induction, and
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that of Equation 1.14 is warranted to allow for displacement current. The time-varying EM
fields are governed by physical laws expressed mathematically as

V-D=p, (1.22a)
V-B=0 (1.22b)
OB
VXxE=——+-7, 1.22
X o ) (1.22¢)
VxH=], + 66—]? (1.22d)

where
J,. = 0*H is the magnetic conductive current density (V/m?)
o* = the magnetic resistivity ((/m)
These equations are referred to as Maxwell’s equations in the generalized form. They are

first-order linear coupled differential equations relating the vector field quantities to each
other. The equivalent integral form of Equation 1.22 is

§DdS:pr dv (123&)
S v

95 B-dS=0 (1.23b)

S

0
ggﬁ-dlz—f[;ﬂm]ds (1.23¢)
S

L

oD
fra= [[1.+22).as (123d)
L S

In addition to these four Maxwell’s equations, there are four medium-dependent
equations:

D=E (1.24a)
B=uH (1.24b)
J. = oE (1.240)
Jn=0M (1.24d)
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These are called constitutive relations for the medium in which the fields exist. Equations
1.22 and 1.24 form the eight postulated equations on which EM theory unfolds itself. We
must note that in the region where Maxwellian fields exist, the fields are assumed to be

1. Single valued
2. Bounded and

3. Continuous functions of space and time with continuous derivatives.

It is worthwhile to mention two other fundamental equations that go hand-in-hand with
Maxwell’s equations. One is the Lorentz force equation

F=Q(E +u x B) (1.25)
where F is the force experienced by a particle with charge Q moving at velocity u in an EM

field; the Lorentz force equation constitutes a link between EM and mechanics. The other
is the continuity equation

op,
V)j=——" 1.26
J o (1.26)

which expresses the conservation (or indestructibility) of electric charge. The continuity
equation is implicit in Maxwell’s equations (see Example 1.2). Equation 1.26 is not peculiar
to EM. In fluid mechanics, where J corresponds with velocity and p, with mass, Equation
1.26 expresses the law of conservation of mass.

1.2.4 Boundary Conditions

The material medium in which an EM field exists is usually characterized by its constitutive
parameters o, ¢, and p. The medium is said to be linear if o, ¢, and ;1 are independent
of E and H or nonlinear otherwise. It is homogeneous if o, €, and p are not functions of
space variables or inhomogeneous otherwise. It is isotropic if o, €, and p are independent of
direction (scalars) or anisotropic otherwise.

The boundary conditions at the interface separating two different media 1 and 2, with
parameters (oy, €, 1) and (o, €,, {1,) as shown in Figure 1.1, are easily derived from the
integral form of Maxwell’s equations. They are

E,=E, or (E-E)xa,,=0 (1.27a)
H,-H,,=K or (H-H, xa,;=K (1.27b)
Dy,—D,,=ps or (D;=D,)-a,;,=ps (1.27¢)

B,,-B,,=0 or (B,-B,-a,;,=0 (1.27d)

where a,;, is a unit normal vector directed from medium 1 to medium 2, subscripts 1 and
2 denote fields in regions 1 and 2, and subscripts t and 7, respectively, denote tangential
and normal components of the fields. Equations 1.27a and 1.27d state that the tangential
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components of E and the normal components of B are continuous across the boundary.
Equation 1.27b states that the tangential component of H is discontinuous by the surface
current density K on the boundary. Equation 1.27c states that the discontinuity in the
normal component of D is the same as the surface charge density p, on the boundary.

In practice, only two of Maxwell’s equations are used (Equations 1.22c and 1.22d) when
a medium is source-free (J = 0, p, = 0) since the other two are implied (see Problem 1.4).
Also, in practice, it is sufficient to make the tangential components of the fields satisfy
the necessary boundary conditions since the normal components implicitly satisfy their
corresponding boundary conditions.

1.2.5 Wave Equations

As mentioned earlier, Maxwell’s equations are coupled first-order differential equations
which are difficult to apply when solving boundary-value problems. The difficulty is
overcome by decoupling the first-order equations, thereby obtaining the wave equation,
a second-order differential equation which is useful for solving problems. To obtain the
wave equation for a linear, isotropic, homogeneous, source-free medium (p, = 0, ] = 0) from
Equation 1.22, we take the curl of both sides of Equation 1.22c. This gives

VXVXEZ—,LL%(VXH) (1.28)
From Equation 1.22d,
VxH=¢ 9E
ot

since J = 0, so that Equation 1.28 becomes

2
VxVsz—pfa—lj (1.29)
ot
Applying the vector identity
V xV xF=V(V-F)-V¥F (1.30)
in Equation 1.29,
V(V-E)-V’E=— O
"o
Since p, =0, V - E = 0 from Equation 1.22a, and hence we obtain
VE=— eﬂ:() (1.31)
" or '
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which is the time-dependent vector Helmholtz equation or simply wave equation. If we had
started the derivation with Equation 1.22d, we would obtain the wave equation for H as

OH

VH = —pe o = 0 (1.32)

Equations 1.31 and 1.32 are the equations of motion of EM waves in the medium under
consideration. The velocity (m/s) of wave propagation is

1
iy (1.33)

where u = ¢ ~ 3 x 10° m/s in free space. It should be noted that each of the vector equations
in Equations 1.31 and 1.32 has three scalar components, so that altogether we have six scalar
equations for E,, E,E,H, H, and H,. Thus, each component of the wave equations has
the form

2
w_iz%?:o (1.34)
u

which is the scalar wave equation.

1.2.6 Time-Varying Potentials

Although we are often interested in electric and magnetic field intensities (E and H), which
are physically measurable quantities, it is often convenient to use auxiliary functions in
analyzing an EM field. These auxiliary functions are the scalar electric potential V and
vector magnetic potential A. Although these potential functions are arbitrary, they are
required to satisfy Maxwell’s equations. Their derivation is based on two fundamental
vector identities (see Problem 1.1),

V xVd=0 (1.35)
and
VV xF=0 (1.36)

which an arbitrary scalar field ® and vector field F must satisfy. Maxwell’s equation 1.22b
along with Equation 1.36 is satisfied if we define A such that

(1.37)

Substituting this into Equation 1.22¢ gives

0

0A
_Vx|E4+Z2
x[ + 81‘]
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Since this equation has to be compatible with Equation 1.35, we can choose the scalar
field V such that

A
E+9A_ _yy
ot
or
E—_vy_24 (1.38)
ot

Thus, if we knew the potential functions V and A, the fields E and B could be obtained
from Equations 1.37 and 1.38. However, we still need to find the solution for the potential
functions. Substituting Equations 1.37 and 1.38 into Equation 1.22d and assuming a linear,
homogeneous medium,

0 0A
VXVxA=puJ+ep—|-VV——
“ wai m]
Applying the vector identity in Equation 1.30 leads to
2
V’A-V(V-A)= —u]+,Ll£Va ?—Hzfva—v (1.39)
ot ot
Substituting Equation 1.38 into Equation 1.22a gives
VE=’_ _vy_9V-A)
€ ot
or
2 8 Po
VV+_-V-A=-— (1.40)
ot €

According to the Helmholtz theorem of vector analysis, a vector is uniquely defined if
and only if both its curl and divergence are specified. We have only specified the curl of A
in Equation 1.37 we may choose the divergence of A so that the differential equations (1.39)
and (1.40) have the simplest forms possible. We achieve this in the so-called Lorentz condition

ov
V-A=—pe— 141
e o (1.41)
Incorporating this condition into Equations 1.39 and 1.40 results in
2 0’A
VA — pe T —uJ (142)




Fundamental Concepts 11

and

oV Do
V3V — =_ 143
HE o . (143)

which are inhomogeneous wave equations. Thus, Maxwell’s equations in terms of the
potentials V and A reduce to the three Equations 1.41 through 1.43. In other words, the three
equations are equivalent to the ordinary form of Maxwell’s equations in that potentials
satisfying these equations always lead to a solution of Maxwell’s equations for E and B
when used with Equations 1.37 and 1.38. Integral solutions to Equations 1.42 and 143 are
the so-called refarded potentials

I T 1.44
A= f 47R (149
and
_ [ lpldv 145
V= f 47eR (1.45)

where R is the distance from the source point to the field point, and the square brackets
denote p, and J are specified at a time R(ue)"/? earlier than for which A or V is being
determined.

1.2.7 Time-Harmonic Fields

Up to this point, we have considered the general case of arbitrary time variation of EM
fields. In many practical situations, especially at low frequencies, it is sufficient to deal with
only the steady-state (or equilibrium) solution of EM fields when produced by sinusoidal
currents. Such fields are said to be sinusoidal time-varying or time-harmonic; that is, they
vary at a sinusoidal frequency w. An arbitrary time-dependent field F(x, y, z, ) or F(r, ) can
be expressed as

HLﬂ:RunxM] (1.46)

where E,(r) = E|(x, y, 2) is the phasor form of F(r, f) = F(x, y, z, f) and is in general complex,
Re[] indicates “taking the real part of” quantity in brackets, and w is the angular frequency
(rad/s) of the sinusoidal excitation. The EM field quantities can be represented in phasor
notation as

E(r,1) E(r)
Drh)_ . |[P)]
H(r,t) H,(r)
B(r, 1) Bi(r)

(1.47)



12 Computational Electromagnetics with MATLAB®

Using the phasor representation allows us to replace the time derivations 9/0t by jw since

Thus, Maxwell’s equations, in sinusoidal steady state, become

V Dy = ps (1.48a)
V-B;=0 (1.48b)
VXE; = —jwBs — J s (1.48¢)
V xH; =] + jwDy (1.48d)

We should observe that the effect of the time-harmonic assumption is to eliminate the
time dependence from Maxwell’s equations, thereby reducing the time-space dependence
to space dependence only. This simplification does not exclude more general time-varying
fields if we consider w to be one element of an entire frequency spectrum, with all the Fourier
components superposed. In other words, a nonsinusoidal field can be represented as

F(r,t) =Re f F(r, w)e™ dw (1.49)

—o0

Thus, the solutions to Maxwell’s equations for a nonsinusoidal field can be obtained by
summing all the Fourier components F(r, w) over w. Henceforth, we drop the subscript s
denoting phasor quantity when no confusion results.

Replacing the time derivative in Equation 1.34 by (jw)’ yields the scalar wave equation in
phasor representation as

VT + kT =0 (1.50)
where k is the propagation constant (rad/m), given by

pow_2nf_2n (151)
u u A

We recall that Equations 1.31 through 1.34 were obtained assuming that p,=0=].
If p, = 0 = J, Equation 1.50 will have the general form (see Problem 1.5)

052

We notice that this Helmholtz equation reduces to

1. Poisson’s equation
VA = ¢ (1.53)

when k = 0 (i.e.,, w = 0 for static case).
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2. Laplace’s equation

VA =0 (1.54)
whenk=0=g.

Thus, Poisson’s and Laplace’s equations are special cases of the Helmholtz equation. Note
that function V is said to be harmonic if it satisfies Laplace’s equation.

EXAMPLE 1.1
From the divergence theorem, derive Green’s theorem

f(UVZV—VVZU)dU = f[ua—v—Va—u]dS
on on
v S

where (0®/0n)=V®-a, is the directional derivative of ® along the outward normal
to S.

Solution
In Equation 1.1, let F = UVYV, then

f V- (UVV)do = 55 uvyv-ds (1.55)

S

However,

V-(UVV)=UV-VV+VV.-VU
=UvV*V+VU-VV

Substituting this into Equation 1.55 gives Green’s first identity:

f(uv2V+VU~VV)dv:9§uvv-ds (1.56)

S

By interchanging U and V in Equation 1.56, we obtain

f (VYU +VV-VU)dv = 9§ Vvu-ds (1.57)

S

Subtracting Equation 1.57 from Equation 1.56 leads to Green’s second identity or Green’s
theorem:

f UV - VV2U)do = fﬁ Uvv -vvu)-ds
v S
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EXAMPLE 1.2

Show that the continuity equation is implicit (or incorporated) in Maxwell’s equations.

Solution

According to Equation 1.36, the divergence of the curl of any vector field is zero. Hence,
taking the divergence of Equation 1.22d gives

0:V-V><H:V~J+%V~D

However, V - D = p, is from Equation 1.22a. Thus,

Opy
0=V-
UL

which is the continuity equation.

EXAMPLE 1.3
Express

a. E = 10sin(wt - kz)a, + 20cos(wt — kz)a, in phasor form.
b. H, = (4 j3)sinxa, +(¢/" /x)a, in instantaneous form.

Solution

a. We can express sinf as cos(f — 7/2). Hence,
E =10cos(wt —kz —m/2)a, +20cos(wt —kz)a,
- Re[(lOe’sze’j”/zax + 206’jkzay)ej”’}

= Re[EseM}

Thus,

E, =10e e "%a, +20¢ a,

=(—j10a, +20a,)e
b. Since

H= Re[HseM]

. (b o 1 100
=Re|5sinxe/ @ 30870 4 = pft100,
x

5sin x cos(wt — 36.87°)a, + lcos(wif +10%a,
X
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1.3 Classification of EM Problems

Classifying EM problems will help us later to answer the question of what method is best
for solving a given problem. Continuum problems are categorized differently depending
on the particular item of interest, which could be one of these:

1. The solution region of the problem
2. The nature of the equation describing the problem, or

3. The associated boundary conditions.

(In fact, the above three items define a problem uniquely.) It will soon become evident
that these classifications are sometimes not independent of each other.

1.3.1 Classification of Solution Regions

In terms of the solution region or problem domain, the problem could be an interior
problem, also variably called an inner, closed, or bounded problem, or an exterior problem,
also variably called an outer, open, or unbounded problem.

Consider the solution region R with boundary S, as shown in Figure 1.2. If part or all of S is
atinfinity, R is exterior/open, otherwise R is interior/closed. For example, wave propagation
in a waveguide is an interior problem, whereas wave propagations in free space scattering
of EM waves by raindrops, and radiation from a dipole antenna are exterior problems.

A problem can also be classified in terms of the electrical, constitutive properties (g, €, 1)
of the solution region. As mentioned in Section 1.2.4, the solution region could be linear
(or nonlinear), homogeneous (or inhomogeneous), and isotropic (or anisotropic). We shall
be concerned, for the most part, with linear, homogeneous, isotropic media in this chapter.

1.3.2 Classification of Differential Equations

EM problems are classified in terms of the equations describing them. The equations could
be differential or integral or both. Most EM problems can be stated in terms of an operator
equation

[D=g (1.58)

FIGURE 1.2
Solution region R with boundary S.
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where L is an operator (differential, integral, or integro-differential), g is the known excitation or
source, and ¢ is the unknown function to be determined. A typical example is the electrostatic
problem involving Poisson’s equation. In differential form, Equation 1.58 becomes

—vv=" (1.59)

€

so that L = -V? is the Laplacian operator, ¢ = p,/c is the source term, and ® =V is the
electric potential. In integral form, Poisson’s equation is of the form

v f poddv (1.60)
drer
so that
L= ﬁ, g=V, and ®=p,/€
47y

In this section, we shall limit our discussion to differential equations; integral equations
will be considered in detail in Chapter 5.

As observed in Equations 1.52 through 1.54, EM problems involve linear, second-order
differential equations. In general, a second-order partial differential equation (PDE) is
given by

e L 9% | 9 0P 0P
2 4b el +d e 4 o=
ot ox oy ‘ ay*  Ox ¢ oy fe=g

or simply

D, + by, +c,, +d0, +ed, + fO =g (1.61)

The coefficients, 4, b, and c in general are functions of x and y; they may also depend on ®
itself, in which case the PDE is said to be nonlinear. A PDE in which g(x, y) in Equation 1.61
equals zero is termed homogeneous; it is inhomogeneous if g(x, y) = 0. Notice that Equation
1.61 has the same form as Equation 1.58, where L is now a differential operator given by

0* 0’ 0’ 0 0

L=a +b- % ¢ 1a% 4ef 4 1.62
Yo Pora, "o T ox ooy T (162

A PDE in general can be associated with both boundary values and initial values. PDEs
whose boundary conditions are specified are called steady-state equations. If only initial
values are specified, they are called transient equations.

Any linear second-order PDE can be classified as elliptic, hyperbolic, or parabolic
depending on the coefficients 4, b, and c. Equation 1.61 is said to be

Elliptic  if b*—4ac<0
Hyperbolic if b* —4ac >0 (1.63)
Parabolic if b*—4ac=0
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The terms hyperbolic, parabolic, and elliptic are derived from the fact that the quadratic
equation

ax* +bxy +cy’ +dx+ey+ f =0

represents a hyperbola, parabola, or ellipse if * — 4ac is positive, zero, or negative, respectively.
In each of these categories, there are PDEs that model certain physical phenomena. Such
phenomena are not limited to EM but extend to almost all areas of science and engineering,.
Thus, the mathematical model specified in Equation 1.61 arises in problems involving heat
transfer, boundary-layer flow, vibrations, elasticity, electrostatic, wave propagation, and so on.

Elliptic PDEs are associated with steady-state phenomena, that is, boundary-value
problems. Typical examples of this type of PDE include Laplace’s equation

9’ 9%
—5+—-—>5=0 1.64
o oy* (164
and Poisson’s equation
0’ 9@
= o(x, 1.65
8x2 + ayz g(x y) ( )

where in both cases 2 = c = 1, b = 0. An elliptic PDE usually models an interior problem,
and hence the solution region is usually closed or bounded as in Figure 1.3a.

Hyperbolic PDEs arise in propagation problems. They are usually posed as initial
value problems. The solution region is usually open so that a solution advances outward
indefinitely from initial conditions while always satisfying specified boundary conditions.
A typical example of hyperbolic PDE is the wave equation in one dimension

o’ _ 10
= (1.66)
ox*  u* oF
wherea = u?, b = 0, c = —1. Notice that the wave equation in Equation 1.50 is not hyperbolic

but elliptic since the time-dependence has been suppressed and the equation is merely the
steady-state solution of Equation 1.34.

Parabolic PDEs are generally associated with problems in which the quantity of interest
varies slowly in comparison with the random motions which produce the variations. The
most common parabolic PDE is the diffusion (or heat) equation in one dimension

7o _, o0
Ox? ot

(1.67)

wherea =1, b = 0 = c. Like hyperbolic PDE, the solution region for parabolic PDE is usually
open, as in Figure 1.3b. The initial and boundary conditions typically associated with
parabolic equations resemble those for hyperbolic problems except that only one initial
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Boundary conditions

R prescribed here

closed region

(a)

Solution
propagates
inR

M/— Boundary conditions

Boundary conditions prescribed here
prescribed here—\ R

open region

\— Initial conditions
prescribed here
(b)

FIGURE 1.3
(a) Elliptic, (b) parabolic, or hyperbolic problem.

condition at t = 0 is necessary since Equation 1.67 is only first order in time. Also, parabolic
and hyperbolic equations are solved using similar techniques, whereas elliptic equations
require different techniques.

Note that (1) since the coefficients a, b, and c are in general functions of x and y, the
classification of Equation 1.61 may change from point to point in the solution region, and
(2) PDEs with more than two independent variables (x, y, z, t, ...) may not fit as neatly into
the classification above. A summary of our discussion so far in this section is shown in
Table 1.1.

The type of problem represented by Equation 1.58 is said to be deterministic since the quantity
of interest can be determined directly. Another type of problem where the quantity is found
indirectly is called nondeterministic or eigenvalue. The standard eigenproblem is of the form

Ld =\ (1.68)

TABLE 1.1
Classification of Partial Differential Equations
Type Sign of b* - 4ac Example Solution Region
Elliptic - Laplace’s equation: Closed

¢, +9,=0
Hyperbolic + Wave equation: Open

1,{2@” = q)ft
Parabolic 0 Diffusion equation: Open

b, =kd,
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where the source term in Equation 1.58 has been replaced by A®. A more general version is
the generalized eigenproblem having the form

LD = \MD (1.69)

where M, like L, is a linear operator for EM problems. In Equations 1.68 and 1.69, only some
particular values of X\ called eigenvalues are permissible; associated with these values are
the corresponding solutions & called eigenfunctions. Eigenproblems are usually encountered
in vibration and waveguide problems where the eigenvalues A correspond to physical
quantities such as resonance and cutoff frequencies, respectively.

1.3.3 Classification of Boundary Conditions

Our problem consists of finding the unknown function ® of a partial differential equation.
In addition to the fact that ¢ satisfies Equation 1.58 within a prescribed solution region R, ®
must satisfy certain conditions on S, the boundary of R. Usually these boundary conditions
are of the Dirichlet and Neumann types. Where a boundary has both, a mixed boundary
condition is said to exist.

1. Dirichlet boundary condition:

&(r)=0, ronS (1.70)
2. Neumann boundary condition:
9%() _o, rons, (171)
on

that is, the normal derivative of ® vanishes on S.

3. Mixed boundary condition:

99(r) +h(r)®(r)=0, ronS§, 1.72)
on

where h(r) is a known function and 9®/0n is the directional derivative of ¢ along the
outward normal to the boundary S, that is,

9 _ 9., (173)
on

where a, is a unit normal directed out of R, as shown in Figure 1.4. Note that the Neumann
boundary condition is a special case of the mixed condition with h(r) = 0.

The conditions in Equations 1.70 through 1.72 are called homogeneous boundary conditions.
The more general ones are the inhomogeneous.
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T €3, g a2
T
77 o /0'1} £, |y
_
FIGURE 1.4
Interface between two media.
1. Dirichlet: &) =p), ronS (1.74)
2. Neumann: 9%(r) =q(r), ronS (1.75)
n
3. Mixed: @ = h(r)®(r)=w(r), ronS (1.76)
n

where p(r), q(r), and w(r) are explicitly known functions on the boundary S. For example,
®(0) =1 is an inhomogeneous Dirichlet boundary condition, and the associated
homogeneous counterpart is ®(0) = 0. Also ®'(1) =2 and ®/(1) =0 are, respectively,
inhomogeneous and homogeneous Neumann boundary conditions. In electrostatics, for
example, if the value of electric potential is specified on S, we have Dirichlet boundary
condition, whereas if the surface charge (p, = D, = €(0V/0n)) is specified, the boundary
condition is Neumann. The problem of finding a function ® that is harmonic in a region is
called a Dirichlet problem (or Neumann problem) if ®(or (0®/0n)) is prescribed on the boundary
of the region.

It is worth observing that the term homogeneous has been used to mean different things.
The solution region could be homogeneous meaning that o, ¢, and y are constant within R;
the PDE could be homogeneous if g = 0 so that L& = 0; and the boundary conditions are
homogeneous when p(r) = g(r) = w(r) = 0.

EXAMPLE 1.4
Classify these equations as elliptic, hyperbolic, or parabolic:

a. 4%, + 029, + &, +x+y=0
2 2 2

b. e"a‘qucosy oV fa‘f: .
Ox oxdy Oy

State whether the equations are homogeneous or inhomogeneous.

Solution
a. Inthis PDE,a =4, b =0 = c. Hence,

?—4ac =0,

that is, the PDE is parabolic. Since g = —x — y, the PDE is inhomogeneous.
b. For this PDE, a = €%, b = cos y, c = —1. Hence,

b —4ac = cos’y + 4¢* > 0

and the PDE is hyperbolic. Since ¢ = 0, the PDE is homogeneous.
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1.4 Some Important Theorems

Two theorems are of fundamental importance in solving EM problems. These are the
principle of superposition and the uniqueness theorem.

1.4.1 Superposition Principle

The principle of superposition is applied in several ways. We shall consider two of these.
If each member of a set of functions ®,,n =1, 2, ..., N, is a solution to the PDE L® = 0 with
some prescribed boundary conditions, then a linear combination

N
q)N = (I)O + Zan@n (].77)
n=1

also satisfies L® = g.
Given a problem described by the PDE

[o=g (1.78)
subject to the boundary conditions
Mi(s) =M
MZ(S? =h (1.79)
Mn(s) = hw,

as long as L is linear, we may divide the problem into a series of problems as follows:

Mi(s)=0 M(s)=h - Mi(s)=0
Mz(S) =0 Mz(s) =0 e MQ(S) =0 (180)
Mn(s)=0  My(s)=0 -+ Mn(s)=hy

where ¢, ®,, ..., Py are the solutions to the reduced problems, which are easier to solve than
the original problem. The solution to the original problem is given by

N
&= Z}:@,, (1.81)

1.4.2 Uniqueness Theorem

This theorem guarantees that the solution obtained for a PDE with some prescribed
boundary conditions is the only one possible. For EM problems, the theorem may be
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stated as follows: If in any way a set of fields (E, H) is found which satisfies simultaneously
Maxwell’s equations and the prescribed boundary conditions, this set is unique. Therefore,
a field is uniquely specified by the sources (p,, J) within the medium plus the tangential

components of E or H over the boundary.

To prove the uniqueness theorem, suppose there exist two solutions (with subscripts 1

and 2) that satisfy Maxwell’s equations

V-€E, = p,
V . H1,2 = 0
OH
V x El,Z =—U atl'z
B E.,
VXHLZ = J+0’E1,2 +e€ ot

(1.82a)

(1.82b)

(1.82¢)

(1.82d)

If we denote the difference of the two fields as AE = E, - E, and AH = H, - H,, AE and

AH must satisfy the source-free Maxwell’s equations, that is,

V-eAE=0
V-AH=0
ot
O0AE

VxAH=0cAE+e¢

ot

Dotting both sides of Equation 1.83d with AE gives

AE-VxAH=0|AE[ +eVE-38A—tE

Using the vector identity
AVxB)=B-(VxA)-V-(AxB)

Equation 1.84 becomes

V-(AEXAH):—%%(MAHF +e| AEP)—o | AEP

(1.83a)

(1.83b)

(1.83¢)

(1.83d)

(1.84)
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Integrating over volume v bounded by surface S and applying divergence theorem to the
left-hand side, we obtain

3 1 2 1 2
AEXAH)-dS=—— | |=€¢|AE —u|AH|"|d

Garxamas =2 f|1c|app )l anp|m
4 g (1.85)

—fo|AE|dv

v

showing that AE and AH satisfy the Poynting theorem just as E;, and H,,. Only the
tangential components of AE and AH contribute to the surface integral on the left-hand
side of Equation 1.85. Therefore, if the tangential components of E, and E, or H, and H, are
equal over S (thereby satisfying Equation 1.27), the tangential components of AE and AH
vanish on S. Consequently, the surface integral in Equation 1.85 is identically zero, and
hence the right-hand side of the equation must vanish also. It follows that AE = 0 due to
the second integral on the right-hand side, and hence also AH = 0 throughout the volume.
Thus, E, = E, and H, = H,, confirming that the solution is unique.

The theorem just proved for time-varying fields also holds for static fields as a special
case. In terms of electrostatic potential V, the uniqueness theorem may be stated as follows:
A solution to V?V = 0 is uniquely determined by specifying either the value of V or the
normal component of VV at each point on the boundary surface. For a magnetostatic field,
the theorem becomes: A solution of V’A =0 (and VA = 0) is uniquely determined by
specifying the value of A or the tangential component of B = (V x A) at each point on the
boundary surface.

PROBLEMS
11 Ina coordinate system of your choice, prove that
a. VxVe=0,
b. V-VxF=0,
c. VxVxF=V(V-F) -V
where ® and F are scalar and vector fields, respectively.
1.2 If Uand V are scalar fields, show that

iUVV-dI:—i‘VVU-dI
L L

1.3 IfU(x, y, z) and V(x, y, z) are two continuous functions with continuous derivatives
over a smooth closed surface, show that

f UvV)-ds = f Uv*vV+vU- -vV)do
S v

14 Show that in a source-free region (J =0, p, = 0), Maxwell’s equations can be
reduced to the two curl equations.
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1.5

1.6

1.7

1.8

19

1.10
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In deriving the wave equations (1.31) and (1.32), we assumed a source-free medium
(J =0, p, = 0). Show that if p, = 0, J = 0, the equations become

1 0°E ]
VE-——> =V(p, a7

¢ o (e /6)+“at

1 0°’H
VZH—CT?:_VXJ

What assumptions have you made to arrive at these expressions?

Derive the continuity equation

0py
V-J]=—
J ot

from Maxwell’s equations.

Starting with Maxwell’s equations, derive the vector wave equation:

2
58—f+VlexE:—g
ot 1 ot

Starting with Maxwell’s equations, show that

2
a. VxVxH+u€aatP21:Vx]
0’E JJ
b. VxVxE — =—p—
XVHET I = Ty

Given the total EM energy

W:%I(E-D—FHB)dU

show from Maxwell’s equations that
aﬂ:_f(ﬁxﬁ)-ds—fE-Jdv
ot
S v

Determine whether the fields
E = 20sin(wt —kz)a, —10cos(wt +kz)a,

H= L[—10 cos(wt +kz)a, +20sin(wt —kz)a, ],
WHo

where k = . [ ¢, Satisty Maxwell’s equations.
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111 In free space, the electric flux density is given by
D = Dycos(wt + (z)a,

Use Maxwell’s equation to find H.

112 In free space, a source radiates the magnetic field

e it

N

HSZHO

Ay

where (5 = w,/ € . Determine E,.

1.13 In a homogenous, lossless, source-free medium,
E. =E,e "a,
E,
H,= "¢ /",

Ui

Find g and 7 for which E and H satisfy Maxwell’s equations.
114 The field of the TE,, mode of a rectangular waveguide for 0 < x <4, 0 <y < bis

X

H, —@HD sin sin(wt — (z)
T
H,=0
H,=H, cos[” cos(wt — Bz)
a

Determine the surface current densities that are required at x =0, x =4,y =0,
y = b to sustain the field.

1.15 In free space, the following electric field vector exists.

E = cos(wt — (z)a,

a. Does the field vector satisfy the wave equation

2

[vz s ;ZJE ~0

b. What is the relationship between w and ?
c. Find the magnetic field vector corresponding to the electric field vector.

25
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116

117

118

1.19

1.20

1.21
1.22

1.23

1.24

Computational Electromagnetics with MATLAB®

An electric dipole of length L in free space has a field given in spherical system
(r, 6, 9) as

H, = ESln9[1+ jﬂ]eﬁrao.
4y r

Find E, using Maxwell’s equations.
Show that the electric field

s = 20sin(k.x)cos(k,y)a.

where ki +k; = w’ji,g, canberepresented as the superposition of four propagating
plane waves. Find the corresponding H field.

a. Express I, =¢ ” sin 7 x cos 7 y in instantaneous form.

b. Determine the phasor form of V = 20 sin(wt — 2x) — 10 cos(wt — 4x)

For each of the following phasors, determine the corresponding instantaneous
form:

a. A,=(a,+ja,)e "

b. ]3s = ] 10sin xa, +56—j12z—7r/4az

) y
c. Co=2Ze7¥cos2x+e¥ /¥

J
Show that a time-harmonic EM field in a conducting medium (o >> we) satisfies
the diffusion equation

V2E, — jwpoE; =0

Use Maxwell’s equations to obtain a partial differential equation for A,.

What is the relationship between the scalar and vector potentials used in defining
Lorenz gauge?

Given two points P(x, y, z) and P'(x’, i, z'), let R=r —# and R = |R|.

Show that V[ ]z —V/[R

1 1)K
R

TR

Classify the following PDEs as elliptic, parabolic, or hyperbolic.
a. o, +29,,+5, =0

b. (y*+1)®. +(x*+1)®,, =0

C. @, —2cosx®,, —(3+sin’x)®,, —y®, =0

d. x*®,, —2xy®,, +y°®,, +x0, +yP, =0
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1.25 Repeat Problem 1.24 for the following PDEs.

9*® o Od

a. « i ﬂa + o (o, B = constant)
which is called convective heat equation.
b. V¢ + A0 =0

which is the Helmholtz equation.

C VX4 [A—p(x)]®=0
which is the time-independent Schrodinger equation.
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2

Analytical Methods

Science never solves a problem without creating ten more.

—George B. Shaw

2.1 Introduction

The most satisfactory solution of a field problem is an exact mathematical one. Although
in many practical cases such an analytical solution cannot be obtained and we must resort
to numerical approximate solution, an analytical solution is useful in checking solutions
obtained from numerical methods. Also, one would hardly appreciate the need for
numerical methods without first seeing the limitations of the classical analytical methods.
Hence, our objective in this chapter is to briefly examine the common analytical methods
and thereby put numerical methods in proper perspective.

The most commonly used analytical methods in solving EM-related problems include [1]

1. Separation of variables

2. Series expansion method
3. Conformal mapping

4. Integral methods

5. Perturbation methods

Perhaps, the most powerful analytical method is the separation of variables; it is the
method that will be emphasized in this chapter. Since the application of conformal mapping
is restricted to certain EM problems, it will not be discussed here. The interested reader is
referred to Gibbs [2]. The integral methods will be covered in Chapter 5.

2.2 Separation of Variables

The method of separation of variables (sometimes called the method of Fourier) is a
convenient method for solving a partial differential equation (PDE). Basically, it entails
seeking a solution which breaks up into a product of functions, each of which involves only

29
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one of the variables. For example, if we are seeking a solution ®(x, y, z, f) to some PDE, we
require that it has the product form

D(x,y,z,t) = X(x)Y(y)Z(2)T(t) 2.1

A solution of the form in Equation 2.1 is said to be separable in x, , z, and t. For example,
consider the functions

1. x*yzsin10t,
2. xy? +%,
3. (2x +y*)zcos 10t

(1) Is completely separable, (2) is not separable, while (3) is separable only in z and ¢.

To determine whether the method of independent separation of variables can be applied
to a given physical problem, we must consider the PDE describing the problem, the shape of
the solution region, and the boundary conditions—the three elements that uniquely define
a problem. For example, to apply the method to a problem involving two variables x and y
(or pand ¢, etc.), three things must be considered [3]:

1. The differential operator L must be separable, that is, it must be a function of ®(x, y)
such that

L{X(x)Y(y)}
O(x, y)X(x)Y(y)

is a sum of a function of x only and a function of y only.

2. Allinitial and boundary conditions must be on constant-coordinate surfaces, that
is, x = constant, y = constant.

3. The linear operators defining the boundary conditions at x = constant (or
y = constant) must involve no partial derivatives of ® with respect to y (or x), and
their coefficient must be independent of y (or x).

For example, the operator equation

0%, 0@ 0%

p=22,9%  I9
ox*  oxdy Oy’

violates (1). If the solution region R is not a rectangle with sides parallel to the x and y axes,
(2) is violated. With a boundary condition ® = 0 on a part of x = 0 and 0®/0x = 0 on another
part, (3) is violated.

With this preliminary discussion, we will now apply the method of separation of variables
to PDEs in rectangular, circular cylindrical, and spherical coordinate systems. In each of
these applications, we shall always take these three major steps:

1. Separate the (independent) variables

2. Find particular solutions of the separated equations, which satisfy some of the
boundary conditions

3. Combine these solutions to satisfy the remaining boundary conditions.
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We begin the application of separation of variables by finding the product solution of the
homogeneous scalar wave equation
10°®

VA S =0 2.2
2 ot @.2)

Solution to Laplace’s equation can be derived as a special case of the wave equation.
Diffusion or heat equation can be handled in the same manner as we will treat the wave
equation. To solve Equation 2.2, it is expedient that we first separate the time dependence.
We let

O(r,t) = U(r)T(t) (2.3)
Substituting this in Equation 2.2,
2 1 "
TV U-—=UT"=0
c

Dividing by UT gives

viu 1’
u T

(2.4)

The left-hand side is independent of ¢, while the right-hand side is independent of r;
the equality can be true only if each side is independent of both variables. If we let an
arbitrary constant —k?* be the common value of the two sides, Equation 2.4 reduces to

T" +c*k*T =0, (2.5a)

VU+KU=0 (2.5b)

Thus, we have been able to separate the space variable r from the time variable t. The
arbitrary constant —k* introduced in the course of the separation of variables is called
the separation constant. We shall see that in general the total number of independent
separation constants in a given problem is one less than the number of independent
variables involved.

Equation 2.5a is an ordinary differential equation with solution

T(t) = me™ + ae ™ (2.6a)

or
T(t) = by cos(ckt) + b, sin(ckt) (2.6b)
Since the time dependence does not change with a coordinate system, the time

dependence expressed in Equation 2.6a,b is the same for all coordinate systems.
Therefore, we shall henceforth restrict our effort to seeking a solution to Equation 2.5b.
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Notice that if k = 0, the time dependence disappears and Equation 2.5b becomes Laplace’s
equation.

2.3 Separation of Variables in Rectangular Coordinates

In order not to complicate things, we shall first consider Laplace’s equation in two
dimensions and later extend the idea to wave equations in three dimensions.

2.3.1 Laplace’s Equation

Consider the Dirichlet problem of an infinitely long rectangular conducting trough whose
cross section is shown in Figure 2.1. For simplicity, let three of its sides be maintained at
zero potential while the fourth side is at a fixed potential V,. This is a boundary value
problem. The PDE to be solved is

2 2
0 ‘i n 0 Z —0
ox” Oy 2.7)
subject to (Dirichlet) boundary conditions
V(0,y) =0 (2.8a)
Via,y) =0 (2.8b)
V(x,0)0=0 (2.80)
Vx, b) =V, (2.8d)
We let
Vi, y) = XY (y) 29)
g Yo
l insulating gap
b
0— «— 0
0 f a
0
FIGURE 2.1

Cross section of the rectangular conducting trough.
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Substitute this into Equation 2.7 and divide by XY. This leads to

X7”+Y7//70
X Y
or
n "
XY:J’?:A (2.10)

where ) is the separation constant. Thus, the separated equations are
X"-AX=0 (2.11)
Y +AY =0 (212
To solve the ordinary differential equations (2.11) and (2.12), we must impose the boundary

conditions in Equation 2.8. However, these boundary conditions must be transformed so
that they can be applied directly to the separated equations. Since V = XY,

VO, y)=0 — X(0)=0 (2.13a)
Vg, y)=0 — X@=0 (2.13b)
V(x,00=0 — Y(0)=0 (2.130)
Vix,b)=V, — Xx)Y(b)=V, (2.13d)

Notice that only the homogeneous conditions are separable. To solve Equation 2.11, we
distinguish the three possible cases: A =0, A > 0, and A < 0.

Case 1: If A =0, Equation 2.11 reduces to

2
X"=0 or d—f:o (2.14)
dx
which has the solution
X(x)=ax+a, (2.15)

where 4, and 4, are constants. Imposing the conditions in Equations 2.13a and 2.13b,

X0)=0 — a,=0
X(@)=0 — a,=0

Hence, X(x) = 0, a trivial solution. This renders case A = 0 as unacceptable.

Case 2: If A > 0, say A = &%, Equation 2.11 becomes

X" —a?X =0 (2.16)
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with the corresponding auxiliary equations m*> — o® = 0 or m = +a. Hence, the general
solution is

X= ble_” + bzeax (217)

or

X = b sinh ax + by cosh ax (2.18)

The boundary conditions are applied to determine b; and b,.

X(0)=0 — by=0
X(@)=0 — by=0

since sinh ax is never zero for a > 0. Hence, X(x) = 0, a trivial solution, and we conclude
that case A\ > 0 is not valid.

Case 3: If A < 0,say A = -32, Equation 2.11 becomes

X"+ 32X =0 (2.19)

with the auxiliary equation m* + > = 0 or m = +j3. The solution to Equation 2.19 is

X =A™ + Ae™ (2.20a)
or
X = B;sinf3x 4 B, cos Bx (2.20b)
Again,
X0)=0 — B,=0
X(a)=0 — sinfa=0=sinnnw
or
ﬂ:”%, n=1,273,... (2.21)

since B, cannot vanish for nontrivial solutions, whereas sin a can vanish without its
argument being zero. Thus, we have found an infinite set of discrete values of A for which
Equation 2.11 has nontrivial solutions, that is,

A=—p=""T 1=123,... 2.22)
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These are the eigenvalues of the problem and the corresponding eigenfunctions are

X, (x)=sinBx = sin 7% (2.23)
a

From Equation 2.22 note that it is not necessary to include negative values of n since they
lead to the same set of eigenvalues. Also we exclude n = 0 since it yields the trivial solution
X =0 as shown under Case 1 when A = 0. Having determined )\, we can solve Equation
2.12 to find Y, (y) corresponding to X, (x). That is, we solve

Y”- 3% =0, (2.24)

which is similar to Equation 2.16, whose solution is in Equation 2.18. Hence, the solution to
Equation 2.24 has the form

Y,(y) = a, sinh % +b,cosh % (2.25)

Imposing the boundary condition in Equation 2.13c,

Y0)=0 — b,=0
so that

Y, (y) = a, sinh =Y (2.26)
a

Substituting Equations 2.23 and 2.26 into Equation 2.9, we obtain

V(6 1) = X, (0Y,(y) = a,sin " sinh Y, (2.27)
a a

which satisfies Equation 2.7 and the three homogeneous boundary conditions in Equations
2.8a through 2.8c. By the superposition principle, a linear combination of the solutions V,,
each with different values of n and arbitrary coefficient a,, is also a solution of Equation 2.7.
Thus, we may represent the solution V of Equation 2.7 as an infinite series in the function
V,, thatis,

Vix,y)= Zan sin%sinh% (2.28)
n=1

We now determine the coefficient a, by imposing the inhomogeneous boundary condition
in Equation 2.8d on Equation 2.28. We get

V(x,b)=V, = Zan sin%sinh’%b, 2.29)

n=1
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which is Fourier sine expansion of V,. Hence,

a,s mhn—Wb f V,s n X gy = 2V, = (1—cosnm)
nm
or
Vo 1 odd,
a, =1 nm sinh(nmb/a) (2.30)
0, n=even

Substitution of Equation 2.30 into Equation 2.28 gives the complete solution as

4V, Z s1n%smh ay

n—odd  msinh nrb (2.31a)

a

Vix,y)=

By replacing n by 2k -1, Equation 2.31a may be written as

4V SN S MY Ginh Y.
Vixy) =" a4 n=2k-1
- nsinh (2.31b)
a

2.3.2 Wave Equation

The time dependence has been taken care of in Section 2.2. We are left with solving the
Helmholtz equation

VAU +KU =0 (2.5b)
In rectangular coordinates, Equation 2.5b becomes

U 99U

kKU =0 2.32
8xz+8y2+6‘zzJr (2.3

We let

U(x,y,2) = XY (y)Z(2) 2.33)

Substituting Equation 2.33 into Equation 2.32 and dividing by XYZ, we obtain

" " "

AT 4 ey 2.34
X+y+z+ (2.349)
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Each term must be equal to a constant since each term depends only on the corresponding
variable; X on x, etc. We conclude that

" " "
X_ e, Y_op Z_p (2.35)
X Y V4
so that Equation 2.34 reduces to
ki4ky+ki =k (2.36)

Notice that there are four separation constants k, k,, ky, and k, since we have four
variables ¢, x, y, and z. However from Equation 2.36, one is related to the other three
so that only three separation constants are independent. As mentioned earlier, the
number of independent separation constants is generally one less than the number of
independent variables involved. The ordinary differential equations in Equation 2.35
have solutions

X = A 4+ Ay o7 (2.37a)

or
X = B; sink,x + B, cosk,x, (2.37b)
Y = Aseh 1 Aeh (2.37)

or
Y = Bssink,y + B, cosk,y, (2.37d)
Z = Ase’™* + Age (2.37€)

or
Z = Bssink,z + B, cosk,z, (2.371)

Various combinations of X, Y, and Z will satisfy Equation 2.5b. Suppose we choose
X =A™, Y=Ae™, Z=Ae, (2.38)
then
U(x,y,z) = Ae/Ex ks (2.39)

or

U(r) = Aelkr (2.40)
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Introducing the time dependence of Equation 2.6a gives

‘@(x, y,z,t) = A/ (2.41)

where w = kc is the angular frequency of the wave and k is given by Equation 2.36. The
solution in Equation 2.41 represents a plane wave of amplitude A propagating in the
direction of the wave vector k = k,a, + k,a, + k.a, with velocity c.

EXAMPLE 2.1

In this example, we show that the method of separation of variables is not limited to
a problem with only one inhomogeneous boundary condition as presented in Section
2.3.1. We reconsider the problem of Figure 2.1, but with four inhomogeneous boundary
conditions as in Figure 2.2a.

Solution

The problem can be stated as solving Laplace’s equation

o’V 9V
+ =0 242
8x2 8y2 ( )
b, V3
5 v
Vy,—> eV,
0 T a x
Vi
(a)
y A 0 y 0
_—
0—> #V;=0 — () + 0> PV,=0 [V,
0 ¥ a x 0 A a x
Vi 0
ya V3 y 0
b 4 b !
0> Vi < 0 V- V=0 < 0
0 4 a x 0 4 a x
0 0

(b)

FIGURE 2.2
Applying the principle of superposition reduces the problem in (a) to those in (b).
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subject to the following inhomogeneous Dirichlet conditions:

Vix, 0) =V,

Vi, b) =V,

VO, y) =V,

Via,y) =V, (2.43)

Since Laplace’s equation is a linear homogeneous equation, the problem can be
simplified by applying the superposition principle. If we let

V=Vi+Vi+ Vi + Vi, (244

we may reduce the problem to four simpler problems, each of which is associated with
one of the inhomogeneous conditions. The reduced, simpler problems are illustrated in
Figure 2.2b and stated as follows:

oV, | 9%V
=0
o + oy (2.45)
subject to

Vi(x,0) =V,

Vi(x,b)=0

VI (0/ ;l/) = 0

Vi@, ) =0; (2.46)
82VH azvn

=0
o oy (247)
subject to

Vi(x,0)=0

VH (x/ b) =0

{/II (O/ ]/) = O

Vi(a, y) =V (2.48)

62V]U 62‘/111
grm _ g
e oy (2.49)
subject to

Vin(x,0)=0

Viu(x, b) = V3

V0, y)=0

Vi(a, y)=0; (2.50)
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and
Vi | Vi
=0
P + oy (2.51)
subject to
Viv(x,0)=0
Viv(x,b)=0
Viv (0, y) =V,
Viv(a, y) =0 (2.52)

It is obvious that the reduced problem in Equations 2.49 and 2.50 with solution Vy; is
the same as that in Figure 2.1. The other three reduced problems are quite similar. Hence,
the solutions V), V};, and V};, can be obtained by taking the same steps as in Section 2.3.1
or by a proper exchange of variables in Equation 2.31. Thus,

. nrx . na(b—y)
a4 c sm—lZ smhi‘Z

V= SR 253
n=odd nsinh "~
a
. NTX . o NTY
o sin——sinh—*
v,=H2NT b T b
m n=odd nsmh% (254)
AV, & sin "% ginh 7Y
Vi = xV3 a a
il nTl'b ’
& n=odd nsinh—— (255)
a
. nm(@a—x) . . nwy
4V, & sin———sinh—=
Vi == b b
4 n=odd nsmh% (256)
We obtain the complete solution by substituting Equations 2.53 through 2.56 into
Equation 2.44.
EXAMPLE 2.2

Find the product solution of the diffusion equation

D, +kd,,, O<x<1, t>0 (2.57)

subject to the boundary conditions

D(0,£)=0==a(1 1), t>0 (2.58)

and initial condition

P(x,0)=>5sin2mx, 0<x<1 (2.59)
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Solution
Let

D(x, t) = X(x)U(F) (2.60)
Substitute this into Equation 2.57 and divide by kXT to obtain

! "
u_x"_

KU X
where A is the separation constant. Thus,

X" -AX =0 .61)

U’ — MU =0 2.62)

As usual, in order for the solution of Equation 2.61 to satisfy Equation 2.58, we must
choose A = —3%*=-n’r*so thatn=1,2,3, ... and

X, (x) = sin nmx (2.63)
Equation 2.62 becomes
U’ +kn*n*U =0,
which has solution
U, (t)=e " (2.64)
Substituting Equations 2.63 and 2.64 into Equation 2.60,

®,(x,t) = a, sinnwxexp(—kn’m’t)

where the coefficients a, are to be determined from the initial condition in Equation 2.59.
The complete solution is a linear combination of ®,, that is,

o0

D(x,t)= Z a, sinnmx exp(—kn’n’t)

n=1

This satisfies Equation 2.59 if

O(x,0)= Zan sinnmx = 5sin2mwx (2.65)

n=1

The coefficients a, are determined as

2 5 n=2
a, :—szmexsmmrxdx:
T 0, n=0

0

41
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Alternatively, by comparing the middle term in Equation 2.65 with the last term,
the two are equal only when n = 2, 4, = 5, otherwise a, = 0. Hence, the solution of the
diffusion problem becomes

®(x,t) = 5sin 2mx exp(—4kr’t)

2.4 Separation of Variables in Cylindrical Coordinates

Coordinate geometries other than rectangular Cartesian are used to describe many
EM problems whenever it is necessary and convenient. For example, a problem having
cylindrical symmetry is best solved in a cylindrical system where the coordinate variables
(p, &, 2) are related as shown in Figure 2.3 and 0 < p < 00,0 < ¢ < 21, —00 < z < c0. In this
system, the wave equation (2.5b) becomes

VAU 4+ kU =

2 2
1 a[ au] LU QU oy (2.66)

ol RS
p* Op P dp | p*o¢p*  0z°

As we did in the previous section, we shall first solve Laplace’s equation (k = 0) in two
dimensions before we solve the wave equation.

Consider an infinitely long conducting cylinder of radius a with the cross section shown
in Figure 2.4. Assume that the upper half of the cylinder is maintained at potential V,
while the lower half is maintained at potential —V,. This is a Laplacian problem in two
dimensions. Hence, we need to solve for V(p, ¢) in Laplace’s equation

vzv_la[

p I+ =9 —0 2.67)
op) p* 0¢?

av] 10%
p Op

subject to the inhomogeneous Dirichlet boundary condition

V,, O<op<m

-V, 7m<o<2r (2.68)

Via,¢)= [

® P(p, B, z)
|
|
|
zl

=y

VX S FIE

FIGURE 2.3
Coordinate relations in a cylindrical system.
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_VU

FIGURE 2.4
A two-dimensional Laplacian problem in cylindrical coordinates.

We let
V(o ¢) = R(p)F(@) (2.69)
Substituting Equation 2.69 into Equation 2.67 and dividing through by RF/p” result in

P d[ dR] 1dF _

Rap("dp)" Fao? ~
or

2 32 2
AR pdR_VAF 2.70)
Rdp* Rdp  Fdo

where A is the separation constant. Thus, the separated equations are
F'+)NF=0 (2.71a)
p’R"+pR' = NR =0 (2.71b)

It is evident that Equation 2.71a has the general solution of the form
F(¢p) = c,cos(\p) + ¢, sin(\p) 2.72)

From the boundary conditions of Equation 2.68, we observe that F(¢) must be a periodic,
odd function. Thus, c; = 0, A = n, a real integer, and hence Equation 2.72 becomes

F.(¢) = ¢, sin ng (2.73)

Equation 2.71b, known as the Cauchy—Euler equation, can be solved by making a substitution
R = p" and reducing it to an equation with constant coefficients. This leads to

R.(p)=c3p" +cyp™, n=1,2,.. (2.74)
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Note that case n = 0 is excluded; if n = 0, we obtain R(p) = In p + constant, which is not
finite at p = 0. For the problem of a coaxial cable, a < p < b, p = 0 so that case n = 0 is the
only solution. However, for the problem at hand, n = 0 is not acceptable.

Substitution of Equations 2.73 and 2.74 into Equation 2.69 yields

Vi(p, ¢) = sinng(Aup" +Bup™") (2.75)

where A, and B,, are constants to be determined. As usual, it is possible by the superposition
principle to form a complete series solution

V(p, )=y (Aw" +B,p ")sinng (2.76)

n=1
For p < a, inside the cylinder, V must be finite as p — 0 so that B, =0. At p =g4,

V(a, ¢)= ZAna"sin ne = {V“ O<o<rm 2.77)
n=1

-V, @w<¢<2rm

Multiplying both sides by sin m¢ and integrating over 0 < ¢ < 27, we get

T 27 0
fVa sinm¢d¢—fVD sinm¢>d¢:ZAna”fsinngbsinmaﬁdQS
0 T

n=1 0

All terms on the right-hand side vanish except when m = n. Hence,

2T

2V, (1—cosnm)= Ana"fsin2 ddp=mA,a"
n

0

or
4V,
° n=odd
A, =1{nna" (2.78)
0, n=even
Thus,
4V, N p'sinn
Vip,6)=2e NP0, 279
s na

n=odd

For p > a, outside the cylinder, V must be finite as p — oo so that A, = 0 in Equation 2.76
for this case. By imposing the boundary condition in Equation 2.68 and following the same
steps as for case p < a, we obtain
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4V,a"
~, n=odd
B,={ nr © (2.80)
0, n=even
Hence,
4V, T a"sinn
V(p,cb):fzin ¢, p>a (2.81)
Q n=odd ha

2.4.1 Wave Equation

Having taken care of the time-dependence in Section 2.2, we now solve Helmholtz’s
equation (2.66), that is,

19U au), 10U U ..
pap[ 3p] 728¢2+8Z2 +kU=0 (2.66)
Let
U(p, ¢ 2) = R(p)F(P)Z(2) (2.82)

Substituting Equation 2.82 into Equation 2.66 and dividing by RFZ/p” yields

Pdp a2 " P T T Fag

Ei d7R+p72d2Z+k227 1d2F77’12
R dp z

wheren=0,1,2, ... and n? is the separation constant. Thus,

(2.83)
F'+n*F=0

and

K22 = 12 284
Rdp|" dp Zd2+ (284

2
p d [ dR] N 2’z
Dividing both sides of Equation 2.84 by p* leads to

1 d
PR dp

2

P

dR n? 1d*z
k2 __ -t = 2
dp]+[ ] zdz2 "

where uz is another separation constant. Hence,

1482,
_-4& 2.85
zd2 " 2:85)
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and
1 d dr n?
- % Y k2 2t — 0
R dp [P dp] 7 ] (2.86)
If we let
N =k -2 (2.87)

the three separated Equations 2.83, 2.85, and 2.86 become

F”+ n*F =0, (2.88)
77+ 12PZ =0, (2.89)
sz//+ pR/Jr (/\2p2 _ HZ)R =0 (2.90)

The solution to Equation 2.88 is given by
F(g) = ¢, + c,e (291a)
or
F(¢) = c; sin n¢ + c,cosng (2.91b)
Similarly, Equation 2.89 has the solution
Z(z) = cse™™ 4 coe ™ (2.92a)
or
Z(z) = ¢, sin np + cg COS Ny (2.92b)

To solve Equation 2.90, we let x = \p and replace R by y; R’ = Ay’ and R”= N\?y” and
Equation 2.90 becomes

2.1

Xy +xy' +(x*—n*)y =0 (2.93)
This is called Bessel’s equation. It has a general solution of the form

y(x) = b1 ] () + b2, (x) (2.94)

where J,(x) and Y, (x) are, respectively, Bessel functions of the first and second kinds of
order n and real argument x. Y, is also called the Neumann function. If x in Equation 2.93 is
imaginary so that we may replace x by jx, the equation becomes

Xy +xy' — (x> +n*)y=0 (2.95)
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which is called modified Bessel’s equation. This equation has a solution of the form

y(x) = bsl,,(x) + bsK, (x) (2.96)

where I,(x) and K, (x) are, respectively, modified Bessel functions of the first and second kind of
order n. For small values of x, Figure 2.5 shows the sketch of some typical Bessel functions
(or cylindrical functions) J,(x), Y,,(x), I,(x), and K, (x).

To obtain the Bessel functions from Equations 2.93 and 2.95, the method of Frobenius
is applied. A detailed discussion is found in Kersten [4] and Myint-U [5]. For the Bessel
function of the first kind,

=S (_ 1)m (x/2)11+2m

y =)= L D(n+m+1)

(2.97)

where I'(k + 1) = k! is the Gamma function. This is the most useful of all Bessel functions.
Some of its important properties and identities are listed in Table 2.1. For the modified
Bessel function of the first kind,

(x/z)n+2m
m!I(n+m+1)

L) =" =) (298)

m=0

(a) J(x),n=0,1,2

(b) Y”(I), n=0,1,2 (d) K”(x). n=0,1,2

FIGURE 2.5
Bessel functions.
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TABLE 2.1

Properties and Identities of Bessel Functions® J,(x)

oo

(e}

—

() =D u(x)
. In(*x) = (71)7!]”(3{)

e (x)= 27’1 Jn(x)—Jua(x) (recurrenceformula)

A0 = U@
. di[xm(x)] = X", (x)
X

@] = ()
X

a(x)= l‘/‘cos(ne —xsinf)dd, n>0
T 0
. Fourier—Bessel expansion of f (x):

=3 AL ), 120
k=1

a

fxf(x)]n()\kx)dx, O<x<a

0

2

A=
[a]n+1 ()\,11)]

where ), are the positive roots in ascending order of magnitude of J,(\a) = 0.

i f PO Oy = s ()T,

0
where ); and ); are the positive roots of ],(A\) = 0.

* Properties (a) through (f) also hold for Y, (x).

For the Neumann function, when n > 0,

L 2m—n
Y02 2] (o ¥ - 1o\ (1=m=Dlx/2)
T 2.7 m!

) 2 (2.99)
_INED) /2T
o mil i+ m 1) [p(m)+ p(n+m)]
where v = 1.781 is Euler’s constant and
1
= Py O = 0 2.100
p(m) ; o O -

Ifn=0,

(_ 1)m+1 (x/z)Zm

L S T L @101
m=0 )
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For the modified Bessel function of the second kind,

K= 7 " T )+ 7% ()] 2.102)
Ifn>0,
I (Y (- m =) (/2P
KW(X)_EZ m'
prary L (2.103)
1)y X _on XX
HED' 5D g PO PO =2
andifn =0,
_ x| N (/2
Ko(x)——lo(x)lnz—i—; i) (2.104)

Other functions closely related to Bessel functions are Hankel functions of the first and
second kinds defined, respectively, by

H}P(x) = (%) + jYa(x) (2.1052)
HP (%)= ] (x) = Y, (x) (2.105b)

Hankel functions are analogous to functions exp(4jx) just as ], and Y, are analogous to
cosine and sine functions. This is evident from asymptotic expressions

Ju(x) x = 00 Jz cos(x —nr/2—7/4), (2.106a)
Y, () x — o % sin(x —nm/2—/4), (2.106b)
HP(x) x — o0 \/g explj(x—nm/2—m/4)], (2.1060)
HP(x) x — o0 \/g expl—j(x —nm/2—7/4)], (2.106d)
I,(0)x— o0 ﬁex, (2.106¢)

1
K, (x)x — e .
(x) 00 N (2.106f)
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With the time factor ¢/, H(x) and H? (x) represent inward and outward traveling
waves, respectively, while J,(x) or Y, (x) represents a standing wave. With the time factor
e the roles of H{"(x) and H{?(x) are reversed. For further treatment of Bessel and related
functions, refer to the works of Watson [6] and Bell [7].

Any of the Bessel functions or related functions can be a solution to Equation 2.90
depending on the problem. If we choose R(p) = J,(x) = J,,(A\p) with Equations 2.91 and 2.92
and apply the superposition theorem, the solution to Equation 2.66 is

U(p,6,2)= Y > Auls(Mp)expljng = jiuz) (2.107)

n I

Introducing the time dependence of Equation 2.6a, we finally get

(P(p, ¢5, z, t) = ZZ Z Amnu]n (/\p) exp(ijn¢ + ]/j,Z =+ Wt)/ (2108)

where w = kc.

EXAMPLE 2.3

Consider the skin effect on a solid cylindrical conductor. The current density distribution
within a good conducting wire (6/we >> 1) obeys the diffusion equation

9]
VY =
] =no o

We want to solve this equation for a long conducting wire of radius a.

Solution

We may derive the diffusion equation directly from Maxwell’s equation. We recall that

VxH=J+];

D
where J = oE is the conduction current density and Ja ot Is the displacement
current density. For o/we >> 1, J, is negligibly small compared with J. Hence,
VxH~] (2.109)
Also,
oH
AXE=—p——
ot

VXVXE:VV-EfVZE:fu%VXH

Since VE = 0, introducing Equation 2.109, we obtain

J]
V’E = = 2.110
o (2.110)
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Replacing E with J/o, Equation 2.110 becomes

ol
V2] = po ==, 2111
J=po ot (2.117)

which is the diffusion equation.
Assuming time-harmonic field with time factor e

V] = jwpc] (2.112)

For an infinitely long wire, Equation 2.112 reduces to a one-dimensional problem in
cylindrical coordinates:

19( 9. .
— P |=Jwpo ]
pap[ 6/)] !

or
P*JY + pl = jwpop®]. =0 (2.113)

Comparing this with Equation 2.95 shows that Equation 2.113 is the modified Bessel
equation of zero order. Hence, the solution of Equation 2.113 is

J-(0) = alo(Mp) + Ko (Ap) (2114)

where ¢, and c, are constants and

A= Jjwpo = j“% (2.115)

and 6 = /(2/opw) is the skin depth. Constant ¢, must vanish if J, is to be finite at

p=0.Atp=aq,
J.a) = cly(\) — ¢; = J,(@)/1)(\a)
Thus,
_ Li(\p)
J:(p)= ]z(a)r 0a) (2.116)

If we let \p = j/ 2(\/5 /8)p = j"*x, it is convenient to replace

Lo(Ap) = Io(j""2x) = Jo(xe”™/*) (2.117)
= bery(x) + jbeiy(x)

where ber, and bei, are ber and bei functions of zero order. Ber and bei functions are
also known as Kelvin functions. For zero order, they are given by

o

bery(x) = ZM .118)

(m1)? '

m=0

51
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00

bei(x) = ZM (2.119)

(m1)? '

m=0

Using ber and bei functions, Equation 2.116 may be written as

bery(x) + jbeiy(x)

J: (P) =T (a) bero(y) i ]bEZQ(y)

(2.120)

where x = \/Ep/é,y =2a/5.

EXAMPLE 2.4

A semi-infinitely long cylinder (z > 0) of radius a has its end at z = 0 maintained at V,(@* - 7,
0 < p < a. Find the potential distribution within the cylinder.

Solution

The problem is that of finding a function V(p, z) satisfying the PDE

_OV 19V 9V _

vV 2.121
ap*  pdp 07 ( )
subject to the boundary conditions:
1. V=V,@-p)2z=00<p<a,
2. V—0asz— oo, thatis, Visbounded,
3. V=0onp=aq,
4. Vis finite on p = 0.
Let V = R(p)Z(z) and obtain the separated equations
Z"NZ =0 (2.122a)
and
P*R" + pR' + Np*R =0 (2.122b)
where ) is the separated constant. The solution to Equation 2.122a is
Zy =cie™ + e (2.123)

Comparing Equation 2.122b with Equation 2.93 shows that n = 0 so that Equation
2.122b is Bessel’s equation with solution

R=c5]o(Mp) + csYo(Ap) (2.124)

Condition (ii) forces ¢, = 0, while condition (iv) implies ¢, = 0, since Y,(\p) blows up
when p = 0. Hence, the solution to Equation 2.121 is

Vip,z)= ZAne’A"ZI o(Aup) (2.125)

n=0
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where A, and )\, are constants to be determined using conditions (i) and (iii). Imposing
condition (iii) on Equation 2.125 yields the transcendent equation

Jo\a) =0 (2.126)

Thus, ), are the positive roots of J,(\4). If we take A, as the first root, A, as the second
root, etc., n must start from 1 in Equation 2.125. Imposing condition (i) on Equation 2.125,
we obtain

V(p,0)=Vola* =p") = AuJoOup)

n=1

which is simply the Fourier-Bessel expansion of V,(a* - p%. From Table 2.1, property (h),

a

2
An = 21 x 12 0 -p? 7 d .
2 Owa)P [ PVo(a® —p)]o(Aup)dp (2.127)

To evaluate the integral, we utilize property (e) in Table 2.1:

a

[ 1=, = e L@, >0

0

By changing variables, x = Ap,

a

f PO =1, 0) 2.128)

0

Ifn=1,

a

f o) = 110 2129)

0

Similarly, using property (e) in Table 2.1, we may write

a

f P To(Ap)dp = f %%[%(Ap)]dp

0 0

Integrating the right-hand side by parts and applying Equation 2.128,

f P Tokp =100 - 2 f 2T Ov)dp

@ 2
Y J1(Aa) \2 J2(Aa)
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J»(x) can be expressed in terms of J,(x) and J,(x) using the recurrence relations, that is,

property (c) in Table 2.1:
Ja(x) = %h(x) ()
Hence,
¥ 2
f P ToOnp)dp = iﬁ‘}owm + [“; - ui ]]1(/\na) (2.130)

0
Substitution of Equations 2.129 and 2.130 into Equation 2.127 gives

2,
- 2
8y,
—an]i(a)

n

4a 24®
F]l(/\nﬂ) - 7]0(/\7111)

since Jy(\,4) = 0 from Equation 2.126. Thus, the potential distribution is given by

8V, N~ e " Jo(p)
Vip,z)="2) — 20
(p ) a Z )\3]1()\;111)

n=1

EXAMPLE 2.5
A plane wave E = E,¢“a_ is incident on an infinitely long conducting cylinder of
radius a. Determine the scattered field.

Solution

Since the cylinder is infinitely long, the problem is two-dimensional as shown
in Figure 2.6. We shall suppress the time factor ¢ throughout the analysis. For the
sake of convenience, we need to express the plane wave in terms of cylindrical waves.

We let
— =
R
—_—
NE—
Incident wave E'
conductor
FIGURE 2.6

Scattering by a conducting cylinder.
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00

e IX = pmipcose _ Z a,Ja(p)e™ (2.131)

Nn=—00

where a, are expansion coefficients to be determined. Since ¢ are orthogonal
functions, multiplying both sides of Equation 2.131 by ¢™? and integrating over
0 < ¢ <2 gives

27

fe*fﬂcos¢€j'1lod¢ — 27Tan1]m (p)

0

Taking the mth derivative of both sides with respect to p and evaluating at p = 0 leads
to

=
=

27T] = 2ma,, S — a4y =]
2771 2"]

Substituting this into Equation 2.131, we obtain

e = T

n=—00

(An alternative, easier way of obtaining this is using the generating function for J,(x)
in Table 2.7)) Thus, the incident wave may be written as

Bi=Be ™ =E ) () Tulkp)e™ 132)

n=—00

Since the scattered field E; must consist of outgoing waves that vanish at infinity, it

contains
Ju(kp) = jY(kp) = H? (kp)
Hence,
Ei= f: AHP(kp)e™ (2.133)
The total field in medium 2 is
E,=E.+E:

while the total field in medium 1 is E; = 0 since medium 1 is conducting. At p = g, the
boundary condition requires that the tangential components of E, and E, be equal.
Hence,

El(p=a)+Ei(p=a)=0 (2.134)

55
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Substituting Equations 2.132 and 2.133 into Equation 2.134,

00

Z [ED(_f)" Ju(ka) + A,IHﬁz)(ka)}efw -0

n=-—00
From this, we obtain

A, = Eo0)"Ju(ka)
H? (ka)

Finally, substituting A, into Equation 2.133 and introducing the time factor leads to
the scattered wave as

L et S Ly I H (pe™

n=-—00

2.5 Separation of Variables in Spherical Coordinates

Spherical coordinates (r, 6, ¢) may be defined as in Figure 2.7, where 0 <r < 00,0 <6 <7,
0 < ¢ < 2. In this system, the wave equation (2.5b) becomes

VU + kU = 18[72 611] 1 a[sinHau]
r>or\ 9r ) r*sinf 96 00
R (2.135)

+kU=0

r*sin®@ 0¢*

As usual, we shall first solve Laplace’s equation in two dimensions and later solve the
wave equation in three dimensions.

P(r, 8, ¢)

FIGURE 2.7
Coordinate relations in a spherical system.
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2.5.1 Laplace’s Equation

Consider the problem of finding the potential distribution due to an uncharged conducting
sphere of radius a located in an external uniform electric field as in Figure 2.8. The external
electric field can be described as

E=Ea, (2.136)
while the corresponding electric potential can be described as
V:—fEdl:—Eoz
or
V=-Eycos? (2.137)

where V(0 = 1/2) =0 has been assumed. From Equation 2.137, it is evident that V is
independent of ¢, and hence our problem is solving Laplace’s equation in two dimensions,
namely,

VYV = rlzaa‘:[rz aa‘:] 2 slina (%[sin@%‘g] =0 (2.138)

subject to the conditions
V(r,0) =-Ejrcos as r— oo, (2.139a)
Vi@, 0)=0 (2.139b)

We let
Vi, 6) = R(r)H(0) (2.140)
Potel
FIGURE 2.8

An uncharged conducting sphere in a uniform external electric field.
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so that Equation 2.138 becomes

L4 Ginor) =) (2.141)

T4 opy=
R dr Hsin® do

where )\ is the separation constant. Thus, the separated equations are

PR 4+ 2rR' = AR = 0 (2.142)

and

%(sin OH')+ Asin6H =0 (2.143)

Equation 2.142 is the Cauchy—Euler equation. It can be solved by making the substitution
R =7*. This leads to the solution

R =Ar" +Br n=012, .. (2.144)

with A = n(n + 1). To solve Equation 2.143, we may replace H by y and cos 0 by x so that

d dx d .o d
— =———=—sinf—
do 4o dx dx
d[sianH = —sin@d[sindedH
do do dx do dx
= sir16?d[sin2 Gdy]
dx dx
=J1—x* A (1—x2)dy]
dx dx
Making these substitutions in Equation 2.143 yields
dl(l— xz)d—y +n(n+1)y=0
dx dx
or
(1-xAy" - 2xy’ + n(n + )y = 0 (2.145)

which is the Legendre differential equation. Its solution is obtained by the method of Frobenius
[5] as

y=c,P,0) +4d,Q,x) (2.146)

where P,(x) and Q,(x) are Legendre functions of the first and second kind, respectively.

N

SO (D) @n 2kt
PM=) 2" (r— ) (11— 2K)! (2.147)

k=0
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where N = n/2 if n is even and N = (n — 1)/2 if n is odd. For example,

Po(x) =1
Pi(x)=x=cos@

Py(x) = %(3353 )= i(BcosZH +1)
Py(x) = %(59(3 ~3x)= %(5 0830+ 3cos)
Py(x)= %(35x4 —30x*43) = 6i4(35 cos 40+ 20cos 26 +9)

Px) = %(65;5’ —70%* +15%) = %(30 cos0+ 3508 30+ 63 cos 50)
Some useful identities and properties [5] of Legendre functions are listed in Table 2.2.
The Legendre functions of the second kind are given by

1, 1+4+x
~In
2 1

Qu(x) = P(x) —p(n)

—X

~ (=D (n+k)!
(k) (n—k)!

(2.148)

1—x .
p(k)\ 5

where p(k) is as defined in Equation 2.100. Typical graphs of P,(x) and Q,(x) are shown
in Figure 2.9. Q, are not as useful as P, since they are singular at x = £1 (or § =0, )
due to the logarithmic term in Equation 2.148. We use Q, only when x = %1 (or § = 0, =),
for example, in problems having conical boundaries that exclude the axis from the
solution region. For the problem at hand, § =0, 7 is included so that the solution to
Equation 2.143 is

H,(0) = P,(cos 0) (2.149)
Substituting Equations 2.144 and 2.149 into Equation 2.140 gives
V. (1, 0) = [A,r" + B,r “P, (cos 6) (2.150)

To determine A, and B,, we apply the boundary conditions in Equation 2.139. Since as
r — oo, V.=-E,r cos 6, it follows that n = 1 and A, = -E,, that is,

V(r,0)= [Ear + f;] cosf

Also since V = 0 when r = g, B; = E 4. Hence, the complete solution is

3
V(r,0) = —E, [r - ‘;z]cosa (2.151)
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TABLE 2.2

Properties and Identities of Legendre Functions®

Forn>1P,(1)=1, P,(-1)=(-1)",

. (2n)!
P =0, Py()= (1) (n)!)z
b. B,(—x)=(=1)"P.(x)
1 d” 2 1n
(X)) = -1, n>
c. P,(x) 2”n!dx”(x )", n>0

(Rodriguez formula)

d. (11 + 1)Pn+1(x) = (21’[ + 1)xpn(x) - npn—l(x)/ nz 1
(recurrence relation)

e. Pi(x)=xPia(x)+nP,a(x), n>1

)

. Py(x)=xP,_y(x) + (x* =1/ )P/ (x), n>1

g Pia(x)=Pia(x)=2n+1DP.(x), n>1

or

fpn(x)dx — PMH _Pn—]
2n+1

h. Fourier-Legendre series expansion of f (x):

=3 AR, ~1<x<1

n=0
where

_2n+1

A,
2

ff(x)Pn(x)dx, n>0
-1

If f (x) is odd,

An:(2n+1)ff(x)P,,(x)dx, n=0,2,4...
0

and if f (x) is even,

A,,:(2n+1)ff(x)P,,(x)dx, n=13,5...

i. Orthogonality property
1 0, n=m
[rer.ma=|
< —m
0 2n+1

* Properties (d) through (g) are also valid for Q,(x).



Analytical Methods

+1
Py
Py
Py
0
Py
I
-1 0 +1
x = cosb—
+1
Q, Qs
Qo
0 (
‘ Q
-1 1
-1 0
x = cosf —
FIGURE 2.9
Typical Legendre functions of the first and second kinds.
The electric field intensity is given by
v 10V
E=—-VV=—"—a,————ay
or r 06
2a° a| .
=E, \1 +—5-|cosfa, +E,|1——|sinfa,
r r

2.5.2 Wave Equation

To solve the wave equation (2.135), we substitute
U, 6, ¢) = R(NHO)F(¢)

into the equation. Multiplying the result by #* sin® §/RHF gives

sin’6 d [ zdR] sinf d ( . dH]
— "= —|sinf—
R dr\ dr H df dao
2
+k2r25in20:—ld—lj

F dp?
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(2.152)

(2.153)

(2.154)
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Since the left-hand side of this equation is independent of ¢, we let

2
;;f; m?, m=0,1,2,...

where m, the first separation constant, is chosen to be nonnegative integer such that U is

periodic in ¢. This requirement is necessary for physical reasons that will be evident later.
Thus, Equation 2.154 reduces to

1d [ , dR .
——|r - —|sinf—— — =
dr Hsin0 do do sin“ 0

1 d dH m*
“ih kZ 2:
12 ]+ r [ ]+

where )\ is the second separation constant. Asin Equations 2.141 through 2.144, A = n(n + 1)
so that the separated equations are now

F'+m*F=0, (2.155)
R”+2R’+lk2 - ”(”?1)]1%:0, (2.156)
r r
and
U4 ol ™ |H =0 (2.157)
sind db sin” 6 ‘
As usual, the solution to Equation 2.155 is
F(p) = ;@™ + c,e ™ (2.158a)
or
F(¢) = cysinme¢ + ¢, cos m¢ (2.158b)
If we let R(r) = 2 R(r), Equation 2.156 becomes
~ ~ 2 ~
R”+1R’+{k2 _(nt1/27 ]R —0,
r 7
which has the solution
R = Ar'z,(kr) = BZ,,15(kr) (2.159)

Functions z,(x) are spherical Bessel functions and are related to ordinary Bessel functions

Z,.1,, according to
f ™
Zy(X) = [ =—Z11/2(X) (2.160)
2x
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In Equation 2.160, Z,,,,(x) may be any of the ordinary Bessel functions of half-integer
order, 1,00, Yo1®), Liap(), Kot o), HY, 2(x), and H}2, (%), while z,(x) may be any of
the corresponding spherical Bessel functions j,(x), y,,(x), i,,(x), k,(x), hM(x), and 1{?(x). Bessel
functions of fractional order are, in general, given by

B 0 (_ 1)k x2k+v
Jx)= kZ; 2T (0 k +1) (2.161)
~ Jo(x)cos(vm)— ],
Y, (x) = sin(om) (2.162)
L(x) = (=) Jo(jx) (2.163)
K, ()= 7| 1ol (2.164)
2 | sin(vm)

where |, and I_, are, respectively, obtained from Equations 2.161 and 2.163 by replacing v
with —v. Although v in Equations 2.161 through 2.164 can assume any fractional value, in
our specific problem, v = n + 1/2. Since Gamma function of half-integer order is needed in
Equation 2.161, it is necessary to add that

2(1’1)! \/; n>0
ZVI 7 -
rt1/2={> M (2.165)
(2n)! ’

Thus, the lower-order spherical Bessel functions are as follows:

. sin x Cos X
]O(x): 7 yO(x):_ 7
x X
e e
hé)l)(x) = . h[()Z)(x) = .7
Jx —-Jx
. sinh x e
ig(x) = ’ ko(x) = ’
X X
. sinx cosx cosx sinx
]1(x): 2 7 yl(x): - 2 7
X X X x

hgl)(x):_(x;]) e]'xl hiZ)(x):_(xx_Z])efjx

Other z,(x) can be obtained from the series expansion in Equations 2.161 and 2.162 or the
recurrence relations and properties of z,(x) presented in Table 2.3.

By replacing H in Equation 2.157 with y, cos 6 by x, and making other substitutions as we
did for Equation 2.143 we obtain

2
(1—x*)y" —2xy' + n 3

n(n+1)— 1 ]y =0, (2.166)
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TABLE 2.3

Properties and Identities of Spherical Bessel Functions

a. Zyy = Mz,,(x) —2Z,1(x) (recurrence relation)
x
b iz (x)*;[nz —(n+1z,1(x)]
. dx n 2I’l+1 n-1 n+1

¢ L [xz2,(0)] = 12, (1) + X2, 1(2)
dx
d n+l _ n+1

d. E[X + z,,(x)]f—x Tz, a(x)
d —n _ —n

e. E[X Zn(x)] =—X Zn+1(x)

f, fanrZZn(x)dx — XVHZZ,,“(X)

g fxl’”zn(x)dx: —x""z, (%)

h. f Lz, ()P = 10[2,(3) — 202 (1)201(0)]

which is Legendre’s associated differential equation. Its general solution is of the form
]/(x) = amnpnm(x) + dmn ;T(x) (2167)

where P,"(x) and Q;'(x) are called associated Legendre functions of the first and second
kind, respectively. Equation 2.146 is a special case of Equation 2.167 when m = 0. B;"(x) and
Q. (x) can be obtained from ordinary Legendre functions P,(x) and Q,(x) using

B(x) =[1—-x*]""2 d—mP,,(x) (2.168)
dx
and
() = [1—x*]"? —; —Qu(x) (2.169)
X

where -1 < x < 1. We note that

Pr?(x) = Pn(x)l
Qn(x) = Qu(x), (2.170)

P'(x)=0 for m>n

Typical associated Legendre functions are
Pl(x)=(1—x*"*=sind
P)(x) =3x(1—x*)"? =3cosfsinb,
PZ(x)=3(1—x*)=3sin’4,

Pl(x)= %(142)1/2(5%1) . %sinﬂ(Scosefl),
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1, 1+x X
1 x) = 1_x2 1/2 71n +
Qi@ =) JIn T4

3x, 1+x 3*°—
1= 1—x)"222n S
Q2 =( ) 2 1—x  1-A7

3, 14x 5x2—3x2]

7

7

2 _ (1 x2)2|2]
Q =(1-x%) 2n1—x [1— ]

Higher-order associated Legendre functions can be obtained using Equations 2.168 and
2.169 along with the properties in Table 2.4. As mentioned earlier, Q;’(x) is unbounded at
x = %1, and hence it is only used when x = +1 is excluded. Substituting Equations 2.158,
2.159, and 2.167 into Equation 2.153 and applying superposition theorem, we obtain

UuGr,0,¢,t)= Z Z i Apnezn(Kner) Py (cos 0) exp(Ljme £ jwt) (2.171)

n=0 m=0 (=0
Note that the products H(0)F(¢) are known as spherical harmonics.

EXAMPLE 2.6

A thin ring of radius a carries charge of density p. Find the potential at: (a) point P(0, 0, )
on the axis of the ring, (b) point P(r, 6, ¢) in space.

Solution

Consider the thin ring as in Figure 2.10.

a. From elementary electrostatics, at P(0, 0, z)

pdl
47eR

where dl = ad$, R =+/a*+z*.Hence,

27

— pade _ ap
V= f drela® + 22 2ea® + 222 (2172)

0

b. To find the potential at P(r, 0, ¢), we may evaluate the integral for the potential
as we did in part (a). However, it turns out that the boundary-value solution is
simpler. So we solve Laplace’s equation V2V = 0, where V(0, 0, z) must conform
with the result in part (a). From Figure 2.10, it is evident that V is invariant
with ¢. Hence, the solution to Laplace’s equation is

V= ilA,,r” + ﬁ':]

n=0

[ALP, (1) + B1Q. (u)]

where u = cos 0. Since Q,, is singular at 6 =0, 7, B! =0. Thus,

00

=2

Chr" +

B(u) (2.173)

n+l
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TABLE 2.4

Properties and Identities of Associated Legendre Functions®

a.

b.

(e}

-~

—-

k.

L

Bl )=

" 1_x2 m/2 l
==

Pm(x):Or m>n

(2n—DaP%i(x) — (n+ m—1)B(x)
n—m

Pﬂm(x) =

(recurrence relations for fixed 1)

%P:H(X) —(n—m+2)(n+m—1)Pr=

(recurrence relations for fixed n)

m—n
2

l (_1)k (27’1 _ zk)!xn—zk—m
— k!(n—k)i(n—2k —m)!

where [t] is the bracket or greatest integer function, for example, [3.54] = 3.

. dipnm(x): (n+m)P,l"jl(x);nxPn’”(x)

x 1—x

d m 1 m—1 m+1
- B ()=_[(n—m+Dn+mB" (x) - B (x)]

do 2

n 72»1/2257k _ |n2km1

.iPn’”(x):—mx i (Zx)+(1 x%) (—=1)"(2n —2k)!x

dx 1-x n — kl(n—k)i(n—2k —m)!

d

Py = x4
dx

de

. The series expansion of f (x):

f0=> AL

n=0

1
—m)!
where A, :Mff(x)ﬂ"(x)dx
2(n+m)!
-1
m |
) Lﬂ P(x) = _ (ntm)!
dx™ . 2"m!(n—m)!
m __q\ntm |

d P.(x) _ D"t m)!
dx™ . 2" ml(n—m)!

—m _ m (11 - WZ)' m —
Pn (x)_(il) (n+m)'Pn (X), m_orll‘“/n

1

m m 2 (Tl - m)'
P (x)P;" (x)dx = ik 1

f WE @ dx =25 " (n+mt ™

-1

) . 0, n=k
where 6, is the Kronecker delta defined by 6,x = 1 r
7 n=

* Properties (b) and (c) are also valid for Q;' (x).
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A
-4
P0,0,z)® P(r, 6, ¢)
1
5 r |
'
B ‘:
“ ; >
® s L 7
o |
x dl ta
FIGURE 2.10
Charged ring of Example 2.6.
For 0 < r < a, D} =0 since V must be finite at r = 0.
V= ZC,QI’”P,,(u) (2.174)
n=0

To determine the coefficients C,, we set = 0 and equate V to the result in part (a). But
when § =0,u =1, P,(1) =1, and r = z. Hence,

V(0,0,2)= [a +Z 2+ 2R ZC (2.175)

Using the binomial expansion, the term [a* + 2] can be written as

21"

1/2
1, =z 1, 1 , 1.3 . 1.3
1+ =h1-= _
+a2] al 2(Z/a)+2~4(7‘/u) 2-4

a

Z(Z/a)é +‘

Comparing this with the last term in Equation 2.175, we obtain

C[):l, C1:0, sz—ﬁ, C O
1.3 1 3-51
Ci=—"—, C5=0, Co= -
T2l 7 ‘ 2 4-6a°"
or in general,
. (2n)!
C n= =)
2 ( ) [n!zn]ZaZn
Substituting these into Equation (2.174) gives
1)"(2 "
Z( n),z(,,]?) (r/a)”" Py,(cosf), 0<r<a (2.176)

67
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For r > a, C), = 0 since V must be finite as ¥ — oo, and
D/
V= :E:: njx 1%,(M)
n=0

Again, when§=0,u=1,P,(1)=1,r=z,

(2.177)

PR ZD o (2178)

Using the binomial expansion, the middle term [a* + z*] 2 can be written as

V(0,0,2)= [a +Z

-1/2

2
L
z z

L 12 oyt 135 0y
,le 2(a/z)—i—2.4(a/z) 6(u/z)+

Comparing this with the last term in Equation 2.178, we obtain
2

% D,=0
2

1-3-5 s

2-4-6

D[):l, D1:O, DZZ

s

1- 3 4
Dy,=—a", Ds=0, Dg=-—
4 — 2 4 5 6
or in general,

g (@m)!
D2n_( 1) [n!z,,]za

Substituting these into Equation 2.177 gives
v NNED @D ey o), r3a (2.179)
2er £ [n!2 I’

We may combine Equations 2.176 and 2.179 to get

0 8u(r/a)" Pry(cost), 0<r<a

n=0

> 8u(a/1 Pyy(cost), rza

n=0

V=

where
" 2n!
=y 2¢ [n12"P

EXAMPLE 2.7
A conducting spherical shell of radius a is maintained at potential V, cos 2¢; determine

the potential at any point inside the sphere.
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Solution

The solution to this problem is somewhat similar to that of the previous problem except
that V'is a function of ¢. Hence, the solution to Laplace’s equation for 0 < r < a is of the form

V= ZZ(%,, cosmeo + by, sinmep)(r/a)" P;" (cosh)

n=0 m=0

Since cos m¢ and sin m¢ are orthogonal functions, a,,, =0="1,,, except that a,, = 0.
Hence, atr =a

V, cos2¢ = cos 2¢Z a,,P?(cosb)
n=2
or

00

Vv, = Za,,zP,,z(x), X = cosf

n=2

which is the Legendre expansion of V,. Multiplying both sides by Py (x) gives

1 1

2 (n+2)! f ) f b d

n :‘/0 Pn d :Vo 1-— 71)” d

41 (-2 (x)dx (=27 2 P
~1

~1
Integrating by parts twice yields

—2)
b=V, 2n+1(n—2)!
2 (n+2)!

2P,(1)— 2P,(~1) 2 f Pn(x)dx}

Using the generating functions for P,(x) (see Table 2.7 and Example 2.10), it is readily
shown that

PpM=1 R(E1H=(D"

Also,

1 1

an(x)dx = fPo(x)Pn(x)dx =0

-1 -1

by the orthogonality property of P,(x). Hence,

(n—2)!

w2 =Vo(2n+1
n2 (2n )(n+2)!

1-=D"]

and

(n—2)!

(n+2)! [1—(=1)"1(r/a)" Pi(cos0)

V=V, coquﬁZ(Zn +1)

n=2
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EXAMPLE 2.8

Express (a) the plane wave ¢” and (b) the cylindrical wave Jy(p) in terms of spherical wave
functions.

Solution

— e]rcosS

a. Since ¢” = is independent of ¢ and finite at the origin, we let

00

of* — pireost _ Zan ju(r)Py(cosb) (2.180)

n=0

where a, are the expansion coefficients. To determine a,, we multiply both sides of
Equation 2.180 by P, (cos 6) sin 6 and integrate over 0 < § < 7

™ =) p
fejrcosﬂpm(cose)sinedg = Zanjn(r)fpn(x)Pm(x)dx
o n=0 ~1

0 n=m

~

2 2_'_1 n]n(r) n=m
where the orthogonality property (i) of Table 2.2 has been utilized. Taking the nth

derivative of both sides and evaluating at r = 0 gives

2

j f cos' 0P, (cosO)sin0do= = a, d _ ;n() ) (2.181)
The left-hand side of Equation (2.181) yields
2n+1(n|)
x"Py(x)dx = .
]f (x)dx= (2n +1)' (2.182)

To evaluate the right-hand side of Equation 2.181, we recall that

. T T o (_1)mr2m+n
W)= —Ju )= |—
] ( ) 2x] +1/2( ) 2 ; m'F(m +n+ 3/2)22m+n+l/2

Hence,

n

dr .
W]"(r)

_\/E n! _2"(nl) ) 183
N2 T +3/2)2"2 T 2n+1)! (2.183)

r=0
Substituting Equations 2.182 and 2.183 into Equation 2.181 gives

a,=j"(2n+1)
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Thus,
olF — glreost _ Z j"(21 4 1)j,(r)P, (cosf) (2.184)
n=0

b. Since Jy(p) = Jo(r sin 0) is even, independent of ¢, and finite at the origin,

Jo(p) = Jo(rsin6) = Y " byjau(r)Pau(cost) (2:185)
n=0

To determine the coefficients of expansion b,, we multiply both sides by P, (cos 6) sin 6
and integrate over 0 < # < 7. We obtain

™ 0, m=2n
f]o(r sinf)P,(cosf)sinfdd =1 2p, .
Jou(r), m=2n
0 4dn+1

Differentiating both sides 21 times with respect to r and setting r = 0 gives

_ (-1)"@n+1D@n—1)!

b, 2n—1
27" nl(n—1)!
Hence,
=~ (—1)"(4n +1)2n—1)! .
]0(/)) = 2n—1 ]sz(r)Pzn (COS@)
; 27" nl(n—1)!
——

2.6 Some Useful Orthogonal Functions

Orthogonal functions are of great importance in mathematical physics and engineering.
A system of real functions ®,(n =0, 1, 2, ...) is said to be orthogonal with weight w(x) on the
interval (a, b) if

b

f W), (1), (x)dx = 0 2.186)

a

for every m = n. For example, the system of functions cos(rx) is orthogonal with weight 1
on the interval (0, ) since

™

fcosmxcosnxdx =0, m=n

0
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Orthogonal functions usually arise in the solution of PDEs governing the behavior of
certain physical phenomena. These include Bessel, Legendre, Hermite, Laguerre, and
Chebyshev functions. In addition to the orthogonality properties in Equation 2.186, these
functions have many other general properties, which will be discussed briefly in this section.
They are very useful in series expansion of functions belonging to very general classes,
for example, Fourier—Bessel series, Legendre series, etc. Although Hermite, Laguerre, and
Chebyshev functions are of less importance in EM problems than Bessel and Legendre
functions, they are sometimes useful and therefore deserve some attention.

An arbitrary function f (x), defined over interval (g, b), can be expressed in terms of any
complete, orthogonal set of functions:

flx)= ZA,@n(x) (2.187)

where the expansion coefficients are given by

b

A, = ; f w(x) f (), (x)dx (2.189)

a

and the (weighted) norm N, is defined as

b

N, — f ()2 (x) dx (2189)

a

Simple orthogonality results when w(x) = 1 in Equations 2.186 through 2.189.

Perhaps the best way to briefly describe the orthogonal functions is in table form. This is
done in Tables 2.5 through 2.7. The differential equations giving rise to each function are
provided in Table 2.5. The orthogonality relations in Table 2.6 are necessary for expanding
a given arbitrary function f (x) in terms of the orthogonal functions as in Equations 2.187
through 2.189. Most of the properties of the orthogonal functions can be proved using the
generating functions of Table 2.7. To the properties in Tables 2.5 through 2.7 we may add
the recurrence relations and series expansion formulas for calculating the functions for
specific argument x and order n. These have been provided for J,(x) and Y, (x) in Table 2.1
and Equations 2.97 and 2.99, for P,(x) and Q,(x) in Table 2.2 and Equations 2.147 and 2.148,
for j,(x) and y,(x) in Table 2.3 and Equation 2.160, and for P"(x) and Q;'(x) in Table 2.4 and
Equations 2.168 and 2.169. For Hermite polynomials, the series expansion formula is

[1/2]

H =S D20

l(n— 2k)! (2.190)

k=0

where [1/2] = N is the largest even integer < n/2 or simply the greatest integer function.
Thus,

Hy(x) = 1, Hy(x) = 2x, H,y(x) = 4x*-2, etc.
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TABLE 2.5

Differential Equations with Solutions

73

Equations

Solutions

Z//

2y +xy' + (P —nP)y =0

2.1

2y +xy’ —( +n)y =0

2.1

x*y" 4+ 2xy’ —[x* —n(n+1)ly =0

(1—=x%)y" —2xy +n(n+1)y=0

(1=x%)y" —2xy’ +|n(n+1)—

y"—2xy'+2ny =0
v +(1-x)y' +ny=0
xy" +(m+1-x)y' +ny=0

(1_x2)y//_xy/+n2y =0

mZ
Tcz]y:(’

Ju(x)
Y, (x)

HP(x)
L)
K”(x)
jl‘l (x)
Yul¥)
Py(x)
Qi)
p'(x)
W (%)
H,(x)
L,(x)
Ly (x)
T,(x)
U, (x)

Bessel functions of the first kind

Bessel functions of the second kind

Hankel functions of the first kind

Hankel functions of the second kind
Modified Bessel functions of the first kind
Modified Bessel functions of the second kind
Spherical Bessel functions of the first kind
Spherical Bessel functions of the second kind
Legendre polynomials

Legendre functions of the second kind
Associated Legendre polynomials

Associated Legendre functions of the second kind
Hermite polynomials

Laguerre polynomials

Associated Laguerre polynomials

Chebyshev polynomials of the first kind
Chebyshev polynomials of the second kind

The recurrence relations are

H, 1(x) = 2xH,(x) — 2nH,_,(x) (2.191a)
and
H)(x)=2nH,_1(x) (2.191b)
For Laguerre polynomials,
_ nl(= x)
L.(x)= Z e (2.192)
so that
L) =1, L(x)=—x+1, Lyx)= %(x2 —4x42), etc.
The recurrence relations are
Lys1(¥) = (21 +1= %)L, (x) = L, (%) (2.193a)
and
d
L L(x)= [nL (x)—n L,,H(x)] (2.193b)

dx
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so that

TABLE 2.6
Orthogonality Relations

Functions

Relations

Bessel functions

Spherical Bessel functions

Legendre polynomials

Associated Legendre polynomials

Hermite polynomials

Laguerre polynomials

Associated Laguerre polynomials

Chebyshev polynomials

a

j@wmmwmm:%mmmW@

0

where ); and ) are the roots of ],(A1) =0

In .m dx= L 6mn
[i@ineodn=

1

2
P, n Pm dx = 6m n
tf WP x = 2

-1
1

fmmmmm:

-1

2(n+k)!
@n+1)(n—-k) "

fo"(X)Pk X) g ntmt

1—x m(n—m)! m

-1
o0

L[ffHAmHmqu:ZWMJ?ﬁm

—o0

feian(x)Lm(x) dx= Oun
0

o0

|
ff%ﬁmmmw:@%Q%
ni

0

0, m=n
T (x)Ton (x) /2 _ 0
411“()”2 x=1m m=n=

T, m=n=0

U” (x)um x) d

1- 2)1/2 =1in/2, m=n=0

For the associated Laguerre polynomials,

(m+m)!(=x)*

L’:z(X)Z(—l) d T "'Hn(x)_Zk! Tl k), m+k)'

2

2
Li(x)=—x+2, Q@%:%—6x+& 5@%:%—4x+&a0
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(2.194)
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TABLE 2.7

Generating Functions

Functions Generating Function

R = [1-2xt + ]2

[t,,ﬂ thn(X)
1
2= R

n=0

Bessel function
exp

Legendre polynomial

Associated Legendre polynomial @m!a—x)"* X2y

21v1m|Rm+1 Zt"P’H””(X)

n=0

Hermite polynomial % 4n
exp(2tx — 1) = Z%H,,(x)
n!

n=0
Laguerre polynomial

et/ 0=0)_$y

n=0

Associated Laguerre polynomial expl—xt/(1—
W ;t L (x)
Chebyshev polynomial o
=To(x) +2) 1'T,(x)
n=1

= it"un+l(x)
n=0

Note that L (x) =0, m > n. The recurrence relations are

Lia() =" [<2n+m+1 X)L (x) = (n+m)Ly 1 (x) (2195)

For Chebyshev polynomials of the first kind,

[n/2] k n—2k 27k
_ =D'n!x""(1—-x%)
Tu(x)= kEO a2 —1<x<1 (2.196)

so that
T(x) =1 T,(x)=x T,(x)=2x*-1,etc.
The recurrence relation is

T = 2xT,(x) - T,4(x) (2.197)
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For Chebyshev polynomials of the second kind,

I Y G A R 1P StV G 5
= Z @k m—2kr2y - =Fsl (2.198)

where N = [n + 1/2] so that
Uyx) =1, U (x) =2x, Uyx)=4x*>—1,etc.

The recurrence relation is the same as that in Equation 2.197.

For example, if a function f (x) is to be expanded on the interval (0, o), Laguerre functions
can be used as the orthogonal functions with an exponential weighting function, that is,
wx)=e " Iff (x) is to be expanded on the interval (oo, c0), we may use Hermite functions
with w(x) = ¢ *". As we have noticed earlier, if f (%) is defined on the interval (-1, 1), we may
choose Legendre functions with w(x) = 1. For more detailed treatment of these functions,
see Andrews et al. [7] or Johnson and Johnson [8].

EXAMPLE 2.9
Expand the function

fl)=|x],-1<x<1

in a series of Chebyshev polynomials.

Solution

The given function can be written as

—x, —1<x<0
X, 0<x<1

-]
Let
f@)=) ATE)

where A, are expansion coefficients to be determined. Since f(x) is an even function, the
odd terms in the expansion vanish. Hence,

0= A+ 3 AnTan()

If we multiply both sides by w(x) = (Tz,,Z /N1=x2 ) and integrate over—1 < x <1, all terms
in the summation vanish except when m = n. That is, from Table 2.6, the orthogonality
property of T,(x) requires that

0, m=
fT,,,(x)T L 4| enao
T m=n

2)1/2
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Hence,

1 fOh®, 2 x 2
A= [ LA ax fwdx_ﬂ,

(1 xHV2 T
0

[fOTu@), 4 [ T,
Ay = f <1 dx

(1 X )1/2 T 2)1/2
0

Since T,(x) = cos(n cos™! x), it is convenient to let x = cos  so that

0 /2
Ay :éfw(— n9d9)-—fcos€c052n0d6
™ sinf
/2 0
4 /2 1 4 1 n+1
= —f—[cos(Zn +1)0 4 cos(2n —1)8]do = — (= 2)
mJ 2 m4n® -1
0

Hence,

2 ( 1)n+1
fm:;—ghz To(x)

EXAMPLE 2.10

1()

Evaluate atx=1and x=-1.

Solution

This example serves to illustrate how the generating functions are useful in deriving
some properties of the corresponding orthogonal functions. Since

Pi(x) _ Pi(x)

sind  J1—x2’

direct substitution of x =1 or x =-1 gives 0/0, which is indeterminate. But
Py (x)=(1—x%)"?(d/dx)P, by definition. Hence,

Pix) _ d
sinf  dx

nrs

that is, the problem is reduced to evaluating dP,/dx at x = +1. We use the generating
function for P,, namely,

n

(=23t 472 = "1R,(0)
n=0
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Differentiating both sides with respect to x,

00

t d
o aan =) D .
(1—2xt +#%)32 ; dx (2.199)
When x =1,
1 T d
—=) t" D .
VL @200
But
(=0 =143+ 612+ 10 +15¢ = > " D(n - (2.201)
n=1 2
Comparing this with Equation 2.200 clearly shows that
d
—P,| =nn+1)/2
dx x=1
Similarly, when x = -1, Equation 2.199 becomes
1 o d
-\ 14 p .
G B @20
But
1463 =1-3t 462~ 108 +15* —-= Y (-1 Z(n4 1"
(+1) 2 TGy
Hence,
d n+1
—P, =(=1)"nn+1)/2
dx |4
EXAMPLE 2.11

Write a program to generate Hermite functions H,(x) for any argument x and order n. Use
the series expansion and recurrence formulas and compare your results. Take x = 0.5,
0<n<15.

Solution

The program is shown in Figure 2.11. Equation 2.190 is used for the series expansion
method, while Equation 2.191a with Hy(x) = 1 and H,(x) = 2x is used for the recurrence
formula. Note that in the program, we have replaced n by n — 1 in Equation 2.191a so that

H, () = 2xH,,(x) - 2(n-1)H,, ,(x)
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clear all; format compact;format short g; tic

FEETLTLRLLTLLLLLLLLLLLLLLILLLLLTLBLLLLLLLLTLLB0T L2225 2229%%8%%
THIS PROGRAM GENERATES HERMITE'S FUNCTIONS HN(X) IN TWO WAYS USING:

1) SERIES EXPANSION

2) RECURRENCE RELATION
THE TWO METHODS ARE COMPARED
X = ARGUMENT (FIXED IN THIS PROGRAM)
N = ORDER OF THE FUNCTION
ZATTTTLRTILLLLLLLTILLLTLTLRTLTTLLLBLL22L222222252020 2252000000000 0%%%

%
%
%
%
%
%

X =0.5; $Argument
NMAX = 15; %Order of Function

% METHOD 1: SERIES EXPANSION FORMULA Equation (2.190)
for N = 0:NMAX

SUM = 0;
FN = factorial(N);
I = floor(N/2); %Greatest Integer Function

for K = 0:1

M =N - 2*K;

FM = factorial(M);

FK = factorial(K);

SUM = SUM + ( ((=-1)"K)*FN*((2*X)"M) )/( FK*FM );
end
HS (N+1)

end

SUM;

% METHOD 2: RECURRENCE FORMULA Equation (2.191a)

HR(1) = 1;
HR(2) = 2*X;
for k = 2:N
n = k-1; $MATLAB HR vector starts at 1 while equation
% subscript starts at 0
HR(k+1) = 2*X*HR(k) - 2*(n)*HR(k-1);
end

Difference = HS-HR;

hdr = [{'N'},{'Series Expansion'},{'Recurrence'},{'Difference'}];
output = [hdr; num2cell([(0:N)',HS',HR', Difference'])];
disp([ 'Values of Hn(x) for x = ',num2str(X),', 0<=n<=', num2str(N)])

disp(output)

FIGURE 2.11
Program for Hermite function Hrn(x).

The result of the computation is in Table 2.8. In this case, the two methods give
identical results. In general, the series expansion method gives results of greater accuracy
since error in one computation is not propagated to the next as is the case when using
recurrence relations.

Generating functions such as this is sometimes needed in numerical computations.
This example has served to illustrate how this can be done in two ways. Special
techniques may be required for very large or very small values of x or 7.
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TABLE 2.8
Results of the Program in Figure 2.11

Values of H,(x) forx=0.5,0<n <15

n Series Expansion Recurrence Difference
0 1.00 1.00 0.00
1 1.00 1.00 0.00
2 -1.00 -1.00 0.00
3 -5.00 -5.00 0.00
4 1.00 1.00 0.00
5 44.00 44.00 0.00
6 31.00 31.00 0.00
7 —461.00 —461.00 0.00
8 -895.00 -895.00 0.00
9 6181.00 6181.00 0.00
10 22591.00 22591.00 0.00
11 -107029.00 -107029.00 0.00
12 -604031.00 -604031.00 0.00
13 1964665.00 1964665.00 0.00
14 17669472.00 17669472.00 0.00
15 -37341152.00 -37341148.00 —4.00

2.7 Series Expansion

As we have noticed in earlier sections, PDEs can be solved with the aid of infinite series
and, more generally, with the aid of series of orthogonal functions. In this section we apply
the idea of infinite series expansion to those PDEs in which the independent variables are
not separable or, if they are separable, the boundary conditions are not satisfied by the
particular solutions. We will illustrate the technique in the following three examples.

2.7.1 Poisson’s Equation in a Cube

Consider the problem

2 2 2
:BV—aV—FaV:—f(x,y,Z) (2.203)

vV =
ox*  oy* 07

subject to the boundary conditions

VO,y,2=V@a,y,2=V(x0,2=0

Vix, b,2) = V(x,y,0) = V(x,y,¢c) =0 (2.204)
where f(x, y, z), the source term, is given. We should note that the independent variables
in Equation 2.203 are not separable. However, in Laplace’s equation, f(x, y, z) = 0, and the

variables are separable. Although the problem defined by Equations 2.203 and 2.204 can be
solved in several ways, we stress the use of series expansion in this section.



Analytical Methods 81

Let the solution be of the form

nmy pm

V(x,y,z)= ZZZA"W sin”" . TZ (2.205)

Sll'l sin
m=1 n=1 p=1

where the triple sine series is chosen so that the individual terms and the entire series
would satisfy the boundary conditions of Equation 2.204. However, the individual terms do
not satisfy either Poisson’s or Laplace’s equation. Since the expansion coefficients A,,,, are
arbitrary, they can be chosen such that Equation 2.205 satisfies Equation 2.203. We achieve
this by substituting Equation 2.205 into Equation 2.203. We obtain

fz E Z App(mm/a)? sin@sin% sin /7%
a c

—ZZZAmnp(nﬂ/b)z sin " gin MY i P12
a b c
—ZZZAWP(;W/C)Z sin@sin%sinﬂ =—f(x,vy,2)
a c

Multiplying both sides by sin(imx/a), sin(jmy/b), sin(knz/c), and integrating over 0 < x < a,
0<y<b0<z<cgives

ZZZA,W (mm/a)* + (nm/b)* + (p/c)?]
fsm ey sm—dxfsm ] ydyfsm LCy
a

flx, y,z)sm Y sin ™Y k LAE dydz
IS

Each of the integrals on the left-hand side vanishes except whenm =i, n =j,and p =k.
Hence,

Aup|(m/a)? + (n/ D) + (pr/ o)’

N\@

aogc
2 2
a b ¢
:ffff(X,]//Z)Sinﬂsin%sinkﬂdxdydz
a c
0o 0 0

or

Ay = o[/ @)+ um /0 + (pr/ ]

ffff(x y,z)sm smﬂsmk dxdydz (2.206)
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Thus, the series expansion solution to the problem is in Equation 2.205 with A,,,, given
by Equation 2.206.

2.7.2 Poisson’s Equation in a Cylinder

The problem to be solved is shown in Figure 2.12, which illustrates a cylindrical metal tank
partially filled with charged liquid [9]. To find the potential distribution V in the tank, we
let V, and V, be the potential in the liquid and gas portions, respectively, that is,

v {m, 0<z<b (liquid)

Ve, b<z<b+c (gas)

Thus, we need to solve a two-dimensional problem:

10 ov,| 0%V, " ..
pap[pa;] 8z; :—%, forliquid space (2.2072)

+

2
18[ (’9\/5] Ve _ 0, for gas space (2.207b)

Pop | 022

subject to

V=0,p=a (at the wall)
Vo=V, z=b (at the gas -liquid interface)
v, _, oV,

o =G z=> (at the gas-liquid interface)

gas

liquid ——>

= Y

A cylindrical metal tank partially filled with charged liquid.
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Applying the series expansion techniques, we let

V= i[o(/\np)ﬂ(z) (2.208a)
Ve = i Jowup)[ A, sinh[\, (b + ¢ — z)]+ B, cosh[\, (b + ¢ — 2)]] (2.208b)

n=1

where F,(z), A,, and B, are to be determined.
Atz =Db + ¢, V, =0, which implies that B, = 0. Hence, Equation 2.208b becomes

vV, = iAn JoOwp)sinh[ A\, (b +c — 2)] (2.209)

Substituting Equation 2.208a into 2.207a yields

iJO(AHp)[P,;L NE,|= -
n=1

€

If we let E'— \2E, = G,, then
n=1

Atp=a,V,=V,=0, which makes

]O(Ana) =0

indicating that A, are the roots of J, divided by a. Multiplying Equation 2.210 by pJ,(\,,0) and
integrating over the interval 0 < p < a gives

a a

> 6. [ ootupaunrdo== [ oloup)ds

n=1 0 0

The left-hand side is zero except when m = n.

a

2
f I3 OwoMtD = L L3O+ EOu] = 2 TH )

0

since J,(A,4) = 0. Also,

f plo(Aup)dp = )\ih(/\na)
0 1
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Hence,

a? po @
Gni 3 )\na =-— )\,,a
7 Ji(Aua) - Ji(Aua)

n
or

_ 2p
6a)\njl()‘na)

showing that G, is a constant. Thus,
Fi{l* Ar% Fn - Gn

which is an inhomogeneous ordinary differential equation. Its solution is

F,(z) = C, sinh(\,z) + D, cosh()\,z) — i\;;’
However,
Gy
Fn(O):O - Dn :)\75
Thus,
Vv, = Z ToOup)|C, sinh(M,2) + (;; [cosh(\z) —1] 2.211)
n=1 n
Imposing the conditions at z = b, that is,
VK(p/ b) = ‘/g(p/ b)
we obtain
A, sinh(\,c) = C, sinh(\,b) + (;2 [cosh(\b)—1] (2.212)
Also,
AR
0z z=b ' Oz z=b
gives

A A, cosh(,¢) = —6A,C, cosh(\b) — G'Aﬁsinh(xnb) 2.213)

1
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Solving Equations 2.212 and 2.213, we get

A, =22 [cosh(yb)—1]

n n

C, = RZ’;( [cosh(\b)cosh(A,0) + & sinh(\b)sinh(Ac) — cosh(A,0)]

n n

where
K, = sinh(\,b)cosh(\.c) + €. cosh(\,b) sinh(\,c)
Rn - GOHAS]] (/\11‘1)

Substituting A, and C, in Equations 2.209 and 2.211, we obtain the complete solution as

sinh(,2) [cosh(A,b)cosh(),c)

n

+ ¢, sinh(\b)sinh(\c) — cosh(Ac)] — cosh(\z) +1]  (2-2142)

00 ) :
Vé = Z Rf@ ]0()\710)

n=1

]

Ve = Z R2 /;{ Jo(\up)lcosh(N,b) —1]sinh[, (b +c —2)] (2.214b)

n=1

2.7.3 Strip Transmission Line

Consider a strip conductor enclosed in a shielded box containing homogeneous medium as
shown in Figure 2.13a. If TEM mode of propagation is assumed, our problem is reduced to
finding V satisfying Laplace’s equation V?V = 0. Due to symmetry, we need only consider
one quarter-section of the line as in Figure 2.13b. This quadrant can be subdivided into
regions 1 and 2, where region 1 is under the center conductor and region 2 is not. We now
seek solutions V; and V, for regions 1 and 2, respectively.

If w >> b, region 1is similar to a parallel-plate problem. Thus, we have a one-dimensional
problem similar to Equation 2.14 with solution

Vi=ay+a,
Since Vi(y = 0) = V, and Vi(y = -b/2) = V|, a, = 0, a; = -2V /b. Hence,

~2V,
Vilx, y)=——

2.215
, Y (2.215)

For region 2, the series expansion solution is of the form

W(x,y)= Z A, sin%sinh n?ﬂ(a/Z —X), (2.216)

n=1,3,5
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YA V=0
' 5
2
Vi
V=0— : UI &
E i le— = ()
E = b
—a W ) W T a?
2 2 2 2
V=0
(a)
YA
Vu X
ob—v--==== —
[
® @ |ev-=o
-b I
v ]
0o w a
2 2

(b)

FIGURE 2.13
Strip line example.

which satisfies Laplace’s equation and the boundary condition along the box. Notice that
the even-numbered terms could not be included because they do not satisfy the boundary
condition requirements about line y = 0, that s, E, (y = 0) = — 9V,/dy|,_, = 0. To determine
the expansion coefficients A, in Equation 2.216, we utilize the fact that V must be continuous
at the interface x = w/2 between regions 1 and 2, that is,

Vl(x: w/zly): Vz(x: w/zly)

or

—ZVTDy: EA,, sin%sinh%(a—w),

n=odd

which is Fourier series. Thus,

.| nmw
b 8V, sin|——
., hm 2 2Vyy . nm ° [ 2 ]
An Sll’lhﬂ(a — w> = —E b sin by dy = — nzﬂ-z

—b/2
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Hence,

8V, sin
2

s1nh ) (a w) (2.217)

It is instructive to find the capacitance per unit length C of the strip line using the fact
that the energy stored per length is related to C according to

W= %CVOZ (2.218)
where
1 1 2
:—fD~Edv:—ef|E| dv (2.219)
2 2
For region 1,
ov ov 2V,
E=-VV=—"-a,———a,=""a
dy oy ' b
Hence,
1 f 14
eVow
W, :Eef f ‘dbz ydx = b (2.220)
x=0y=-b/2
For region 2,
Ex:—%: Ancosh—(a/Z x)sin—=> ny
Ox b b
A nm nry
E, = —_—Z A”smh (a/2 X)cos b

and

W, :%eff(Eﬁ 1 E2)dxdy

0 a/2
mn’ﬂ'
A A,
y=—b/2x=w/2 " m
nmy
b

smh—(a/2 x)sinh? " ) T (a/2— x)cosTycos

—s—cosh—(a/z x)cosh? "™ (a/2 x)sin bysmmTy dxdy
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where the double summation is used to show that we are multiplying two series which
may have different indices m and n. Due to the orthogonality properties of sine and cosine
functions, all terms vanish except when m = n. Thus,

0 2242 o
e T [ o ol

n=odd w/2

2 42
=5 Z A iCoshm(afw)sinhn—ﬂ(afw)
nmw 2b 2b

n=odd

Substituting for A, gives

82
W, = Z e th—(a w) 2.221)

n=1,3,5

The total energy in the four quadrants is

W=4W, + W,
Thus,
2W
C= V2 = V2 (Wl +W2)
=€ 4—w+% i: lcothn—ﬁ(a—w) @22
b 7T3 n=1,3,5 n3 2b
The characteristic impedance of the lossless line is given by
\/ .Urer \/;
C/e
or
7 _ 1207
4w 64 1 T (2.223)
\/;\b +7T3Zn135n Cth (a w)]

where ¢ = 3 x 10° m/s, the speed of light in a vacuum, and y, = 1 is assumed.

EXAMPLE 2.12

Solve the two-dimensional problem

v =P

€
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where
p. = x(y — h)nC/m?
subject to
eV(x,00=0, Vlx,b)=V, V0O,y)=0=Vay
Solution
If we let
V2V, =0, (2.224a)
subject to
Vix, 00 =0, Viix, )=V, V,0,y)=0=V(ay (2.224b)
and
ViV, = —%, (2.225a)
subject to
V2(xr 0) = 0/ V2(X, b) = 0/ VZ(OI y) =0= V(ﬂ, y) (2225b)

By the superposition principle, the solution to the given problem is
V=V, +V, (2.226)

The solution to Equation 2.224 is already found in Section 2.3.1, that is,

smh nry

V1 7 == g
=2 (2.227)

The solution to Equation 2.225 is a special case of that of Equation 2.205. The only
difference between this problem and that of Equations 2.203 and 2.204 is that this problem
is two-dimensional while that of Equations 2.203 and 2.204 is three-dimensional. Hence,

Va(x,y) = ZZA""' Sm sm Zy (2.228)

m=1 n=1

where, according to Equation 2.206, A,,, is given by

A = (/2 + (/]

fff(x y)sm sm@dxdy

(2.229)

89
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But f (x, y) = x(y — 1)/g,nC/m?,

-9
fff(x y)sm sm—ydxdy—lo fxsm dxf(y 1)sm

9 2
10~ [ a cosmw][ b cosnm +b[cosn7rl]]

T 10°%/36n mr nm nm
_q\ymtn ;21,2

S D Ly 2.230)
mnm b

since cos nm = (-1)". Substitution of Equation 2.230 into Equation 2.229 leads to

Ay =|(mr/ay* +(nm/b)| 1w[1—1[1—(—1)”]] (2.231)
mnm b

Substituting Equations 2.227 and 2.228 into Equation 2.226 gives the complete solution

as
mmx nmy
4V S sin sinh —Z nry
V(x,y)=—" —a 4 A,,,n sm
where A,,, is in Equation 2.231.
—

2.8 Practical Applications

The scattering of EM waves by a dielectric sphere, known as the Mie scattering problem
due to its first investigator in 1908, is an important problem whose analytic solution is
usually referred to in assessing some numerical computations. Though the analysis of the
problem is more rigorous, the procedure is similar to that of Example 2.5, where scattering
due to a conducting cylinder was treated. Our treatment here will be brief; for an in-depth
treatment, consult Stratton [10].

2.8.1 Scattering by Dielectric Sphere

Consider a dielectric sphere illuminated by a plane wave propagating in the z direction and
E polarized in the x direction as shown in Figure 2.14. The incident wave is described by

E' =E,e/“a, (2.233a)

i Eo j(wt—kz
H = ;e’( ", (2.233b)
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FIGURE 2.14
Incident EM plane wave on a dielectric sphere.

91

The first step is to express this incident wave in terms of spherical wave functions as in

Example 2.8. Since
a, =sin  cos ¢ a, + cos 0 cos ¢ a;—sin ¢ a,,

the r-component of E/, for example, is

El — cos¢sin6E] = E,ei* 5 0 jircomr)
jkr 00

Introducing Equation 2.184,
Ei — E et €059 i ()" @1 +1)ju(kr) -2 P, (cos6)
jkr 4= 90

However,

0P,
00

—p!

hence

El = E,e™ C;)ks;b Z (—))"(2n+1)j,(kr)P}(cosb)
n=1

(2.234)
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where the 7 = 0 term has been dropped since P} = 0. The same steps can be taken to express
Ej and E; in terms of the spherical wave functions. The result is

E —a,F, et ko)

Z Znﬂ ; (2.235a)
_E juwt n M(nl) k NS}) k
2 ey +1) (k)+ /NS (k)|
H' =a,H,e/“
Z anl ; (2.235b)
jwt n Mg) k _ Nﬁll) k
S 2Dy M)~ NP )
where
1
M, (k)= 1 z,(kr)P, (cosf)cospa, — Zn(kr)w singa, 026)
siné o
1
N, (k) = n(n+1) z,(kr)P, (cosf)cospa, +lﬁ[ (kr)}wcowag 2.237)
! kr or 06
1 9
A (kr)P;
krsin® Or ——[zu(kr)|P,; (cosf)singa,

The superscript (1) on the spherical vector functions M and N in Equation 2.235 indicates
that these functions are constructed with spherical Bessel function of the first kind; that
is, z,(kr) in Equations 2.236 and 2.237 is replaced by j,(kr) when M and N are substituted in
Equation 2.235.

The induced secondary field consists of two parts. One part applies to the interior of the
sphere and is referred to as the transmitted field, while the other applies to the exterior of
the sphere and is called the scattered field. Thus, the total field outside the sphere is the
sum of the incident and scattered fields. We now construct these fields in a fashion similar
to that of the incident field. For the scattered field, we let

2n+1 .
. jwt ) nME14) k b,,N(n4) k 2.238
Ece E 1( i) n(n +1)a (k) +] ) (2.238a)
KE, e, ap 2n+1 .
H = e M§ —) MO (k) — b, NP (k 2.238b
Mwe n:l( 7 ”(71-1—1)[” =7 ( )] ( )

where a, and b, are expansion coefficients and the superscript (4) on M and N shows that
these functions are constructed with spherical Bessel function of the fourth kind (or Hankel
function of the second kind); that is, z,(kr) in Equations 2.236 and 2.237 is replaced by WP (kr)
when M and N are substituted into Equation 2.238. The spherical Hankel function has
been chosen to satisfy the radiation condition. In other words, the asymptotic behavior of
WP (kr), namely,
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—kr
W2%kr) ~ 18—, (2.239)
kr

when combined with the time factor ¢, represents an outgoing spherical wave (see
Equation 2.106d). Similarly, the transmitted field inside the sphere can be constructed as

y 2n+ 1 o o
_Ef “Z( Vs (MO (ky) + N (k) (2.2402)
a ]wtz( )n 21’1 + 1 CnM(nl)(kl) _ ]angzl)(kl)] (2240]3)

where ¢, and d, are expansion coefficients, k; is the propagation constant in the sphere. The
functions M and N in Equation 2.240 are obtained by replacing z,(kr) in Equations 2.236
and 2.237 by j,(k); j, is the only solution in this case since the field must be finite at the
origin, the center of the sphere.

The unknown expansion coefficients a,, b,, c, and d, are determined by letting the fields
satisfy the boundary conditions, namely, the continuity of the tangential components of the
total electric and magnetic fields at the surface of the sphere. Thus atr = a,

a, x (E'+E-EY=0 (2.241a)
a, x (H + H-H) =0 (2.241b)
This is equivalent to
E)+E =E), r=a (2.242a)
E,+E =E,, r=a (2.242b)
H,+H;=H), r=a (2.242¢)
H,+H;=H,, r=a (2.242d)

Substituting Equations 2.235, 2.238, and 2.240 into Equation 2.242, multiplying the
resulting equations by cos ¢ or sin ¢ and integrating over 0 < ¢ < 2, and then multiplying
by (d,oﬁ1 / df) and integrating over 0 < 6 < 7, we obtain

ju(ka) + a,hP (ka) = c,ja(kia) (2.243a)
i [k (ka)] + aup [kah® (ka)]| = o[ kna, (kia)] (2.243b)
/ffljn (ka) + bn,ullh;(lz)(ka) = dnﬂjn (kla) (2243C)

K [kaj, (ka)] + bk [kah® (ka)| = duks [Kna, (ki) (2.243d)
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Solving Equations 2.243a and 2.243b gives a, and c,, while solving Equations 2.243c and
2.243d gives b, and d,.. Thus, for pn = p, = 1,

L Juma)[ag(@)] — ()| mas, (ma)] s
juma)|al(a)] —HP(@)|maj,(me)| (2.2442)
b — ]'n(Oé)[MOzjn(ma)}’ _ ijn(ma)[(ajn(a)}/ -
@), ()] )P ] 224
Cp= j/ e
h,ﬁz)(a)[majn(ma)]’ - fnn(ma)[ahLZ)(a)]/ (2.2440)
d, = j/a
1P (@) [maj,(ma)] —m?j,(ma)[ah® ()] (2.244d)

where o = ka = 2ma/A and m = k;/k is the refractive index of the dielectric, which may be
real or complex depending on whether the dielectric is lossless or lossy. The primes at the
square brackets indicate differentiation with respect to the argument of the Bessel function
inside the brackets, that is, [xz,(x)]" = (0/0x)[xz,(x)]. To obtain Equations 2.244c and 2.244d,
we have made use of the Wronskian relationship

i 0)] B, ()Y =~/ x (2.245)

If the dielectric is lossy and its surrounding medium is free space,
ki = wpo(we — jo), k> = wpe, (2.246)

so that the (complex) refractive index m becomes

m=R e = e = — " (2.247)
k we

0

The problem of scattering by a conducting sphere can be obtained as a special case of the
problem considered above. Since the EM fields must vanish inside the conducting sphere,
the right-hand sides of Equations 2.242a, 2.242b, 2.243a, and 2.243d must be equal to zero
so that(c,=0=4d,)

@
")

(2.248a)

b, — _m (2.248b)
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Thus we have completed the Mie solution; the field at any point inside or outside the sphere
can now be determined. We will now apply the solution to problems of practical interest.

2.8.2 Scattering Cross Sections

Often scattered radiation is most conveniently measured by the scattering cross section Q,,
(in meter’) which may be defined as the ratio of the total energy scattered per second W, to
the energy density P of the incident wave, that is,

Wi
Qsca =

b (2.249)

The energy density of the incident wave is given by

2
P= L _ 1E§\/: (2.250)
2n 2 I

The scattered energy from the sphere is
2 ™
W, = %Re f f |[EsH,, — E;H, [ sinfd dg
0 0

where the star sign denotes complex conjugation and field components are evaluated at far
field (r >> a). By using the asymptotic expressions for spherical Bessel functions, we can
write the resulting field components as

Ej =nH; = —éEaej(“"’k’) 08 $S,(0) (2.251a)

—E, =nHj = —éEoef(”t’k’) cos $S:(0) (2.251b)

where the amplitude functions S,(¢) and S,(f) are given by [11]

“~ 2n+1{ a, ., dP}(cos6)
S1(0) = Pl(cos)+b, 20 2.252
10) ;n(nﬂ)[sine (cost)+ 0 (2.2522)
—~ 2n+1( b, dP}(cosb)
S,(0) = PX(cos0) +a, —-27) 2.252b
2(0) nz;n(n+l) sing |+ (OSO)TaT0, (2.2520)

Thus,

E2 '
Ws = ;—kzn Ref(| 51(9) |2 + | 52(9) |2)51n9d9
0
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This is evaluated with the help of the identities [10]

B 0,
»[ [ddlj dcgl - siri2 0 FiPy|sin0d) = 2n2+ . ((7:1+11))! n(n+1),
and
] dP,i dP, Pnl P"l’]sinedﬂo
) sinf df  sin@ do
We obtain

00

2
W, = an E @n+1)(|a, [+, P)
n+1

n=m

n=m

(2.253)

Substituting Equations 2.250 and 2.253 into Equation 2.249, the scattering cross section

is found to be

2 o
Qsca :%Z(zn—‘rl)(l an |2 + | b” |2)

n=1

(2.254)

Similarly, the cross section for extinction Q,, (in meter?) is obtained [11] from the amplitude

functions for 8 = 0, that is,

4
Qext = kuRe S(O)

or

00

ReZ(zn +1)(a, +b,)

n=1

2

Qext = F

where

00

5(0) = (0 = 5:(0) = 2> 2n+ (@, +1)

In obtaining Equation 2.256, we have made use of

1
B,
sind

_dp)
o d0

=nn+1)/2

=0

(2.255)

(2.256)
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If the sphere is absorbing, the absorption cross section Q,,, (in meter?) is obtained from

Qabs = Qext - Qsca (2257)

since the energy removed is partly scattered and partly absorbed.

A useful, measurable quantity in radar communications is the radar cross section or back-
scattering cross section o, of a scattering obstacle. It is a lump measure of the efficiency of the
obstacle in scattering radiation back to the source (§ = 180°). It is defined in terms of the far
zone scattered field as

2|Es |2
EZ’
0

o, = 4nr

O=nr (2.258)

From Equation 2.251,
27 2 2
ov="7 S +18:(m)F]

But
—=S(m) = Sy(m) = ;2(—1)"(271 +1)(a, —by)

where we have used

P, dp, .
sing|,__ do|__
Thus,
. 2
Tr n
o= 2;(1) (2n+1)(a, ~b,) (2:259)
Similarly, we may determine the forward-scattering cross section (f = 0°) as
27 2 2
o =190 F +15:0)F]
Substituting Equation 2.256 into this yields
0 2
or= iy @n+ 1), +b,) (2:260)
n=1
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2.9 Attenuation due to Raindrops

The rapid growth in demand for additional communication capacity has put pressure on
engineers to develop microwave systems operating at higher frequencies. It turns out,
however, that at frequencies above 10 GHz attenuation caused by atmospheric particles
can reduce the reliability and performance of radar and space communication links. Such
particles include oxygen, ice crystals, rain, fog, and snow. Prediction of the effect of these
precipitates on the performance of a system becomes important. In this final subsection,
we will examine attenuation and phase shift of an EM wave propagating through rain
drops. We will assume that raindrops are spherical so that Mie rigorous solution can be
applied. This assumption is valid if the rate intensity is low. For high rain intensity, an
oblate spheroidal model would be more realistic [12].

The magnitude of an EM wave traveling through a homogeneous medium (with N
identical spherical particles per unit volume) in a distance ¢ is given by e ¥, where ~ is the
attenuation coefficient given by [11]

7 = N Qext
or

2
7=V Res(0) (2.261)

Thus, the wave is attenuated by

A =10logs 1 ~€10logyg €

e

or

A=4343y( (indB)

The attenuation per length (in dB/m) is

A= 4343
or
2
A= 4332 N Res(0) (2.262)
T

Similarly, it can be shown [11] that the phase shift of the EM wave caused by the medium
is
NN

v

= ImS(0) (inrad/unit length)
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or

2
@:—)\N
2

mS0) 2 (indeg/m) (2.263)
vig ™

To relate attenuation and phase shift to a realistic rainfall rather than identical drops
assumed so far, it is necessary to know the drop-size distribution for a given rate intensity.
Representative distributions were obtained by Laws and Parsons [13] as shown in Table
2.9. To evaluate the effect of the drop-size distribution, suppose for a particular rain rate
R, p is the percent of the total volume of water reaching the ground (as in Table 2.9), which
consists of drops whose diameters fall in the interval centered in D cm (D = 2a), the number
of drops in that interval is given by

N, = pN(D) (2.264)

The total attenuation and phase shift over the entire volume become

2
A—043432 . 10°) " pN(D)ReS(0) (dB/km) (2.265)
™
o N 10°) " pN(D)ImS(0) (deg/km) (2.266)
7_[_2

where ) is the wavelength in cm and N(D) is the number of raindrops with equivolumic
diameter D per cm®. The summations are taken over all drop sizes. In order to relate the
attenuation and phase shift to the rain intensity measured in rain rate R (in mm/h), it is

TABLE 2.9

Laws and Parsons’ Drop-Size Distributions for Various Rain Rates

Rain Rate (mm/h)

Drop 0.25 1.25 2.5 5 12.5 25 50 100 150
Diameter (cm) Percent of Total Volume

0.05 28.0 10.9 7.3 4.7 2.6 1.7 1.2 1.0 1.0
0.1 50.1 37.1 27.8 20.3 11.5 7.6 54 4.6 4.1
0.15 18.2 31.3 32.8 31.0 245 18.4 12.5 8.8 7.6
0.2 3.0 13.5 19.0 22.2 254 239 19.9 139 117
0.25 0.7 49 7.9 11.8 17.3 19.9 20.9 171 139
0.3 - 1.5 3.3 5.7 10.1 12.8 15.6 184 177
0.35 - 0.6 1.1 25 43 8.2 10.9 15.0 16.1
0.4 - 0.2 0.6 1.0 2.3 35 6.7 9.0 119
0.45 - - 0.2 0.5 1.2 2.1 33 5.8 7.7
0.5 - - - 0.3 0.6 11 1.8 3.0 3.6
0.55 - - - - 0.2 0.5 1.1 1.7 22
0.6 - - - - - 0.3 0.5 1.0 1.2
0.65 - - - - - - 0.2 0.7 1.0

0.7 - - - - - - - - 0.3
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necessary to have a relationship between N and R. The relationship obtained by Setzer
[13], shown in Table 2.10, involves the terminal velocity u (in m/s) of the rain drops, that is,

R=u-N- (volume of a drop)

3
—uN 4ra

(inm/s)

or

R=67NuD?-10° (mm/h)

Thus,

R
6muD?®

N(D)= 10° (2.267)

Substituting this into Equations 2.265 and 2.266 leads to

_ 4343 S r
A= 4.343?12 oD’ ReS(0) (dB/km) (2.268)
\? P
o= —90?1{ E D ImS(0) (deg/km), (2.269)

where N(D) is in per cm®, D and )\ are in cm, u is in m/s, p is in percent, and S(0) is the
complex forward-scattering amplitude defined in Equation 2.256. The complex refractive
index of raindrops [14] at 20°C required in calculating attenuation and phase shift is shown
in Table 2.11.

TABLE 2.10

Raindrop Terminal Velocity
Radius (cm) Velocity (m/s)
0.025 2.1

0.05 3.9
0.075 5.3

0.10 6.4
0.125 7.3

0.15 79
0.175 8.35
0.20 8.7
0.225 9.0

0.25 9.2
0.275 9.35
0.30 9.5

0.325 9.6
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TABLE 2.11

Refractive Index of Water at 20°C

Frequency (GHz) Refractive Index (m = m’ — jm”)
0.6 8.960 —-j0.1713
0.8 8.956 —j0.2172
1.0 8.952 —j0.2648
1.6 8.933 - j0.4105
2.0 8.915 - j0.5078
3.0 8.858 —j0.7471
4.0 8.780 - j0.9771
6.0 8.574 —j1.399
11 7.884 —j2.184
16 7.148 - j2.614
20 6.614 —j2.780
30 5.581 —j2.848
40 4.886 —j2.725
60 4.052 -j2.393
80 3.581 —;2.100
100 3.282 - j1.864
160 2.820 -71.382
200 2.668 —j1.174
300 2.481 - j0.8466

EXAMPLE 2.13

For ice spheres, plot the normalized back-scattering cross section, o,/ma% as a function
of the normalized circumference, o = 2ma/)\. Assume that the refractive index of ice is
independent of wavelength, making the normalized cross section for ice applicable over
the entire microwave region. Take m = 1.78 —j2.4 x 107 at 0°C.

Solution
From Equation 2.259,

2

00

> 1" @n+ 1)@, - by)

n=1

™
Op = —

k2

Since a = ka, the normalized back-scattering cross section is

2

(2.270)

i(_l)n(zn + 1)(an - bn)

[ 1
ma® o’

Using this expression in conjunction with Equation 2.244, the section SCATTERING in
the MATLAB code of Figure 2.15 was used as the main program to determine o,/ma* for
0.2 < a < 4. Details on the program will be explained in the next example. It suffices to
mention that the maximum number of terms of the infinite series in Equation 2.270 was 10.
It has been found that truncating the series at n = 2a provides sufficient accuracy. The plot
of the normalized radar cross section versus 4 is shown in Figure 2.16. From the plot, we
note that back-scattering oscillates between very large and small values. If « is increased
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R R LR R R R LR RN L RN LR R R R LR LR LR TR RERRERIRRLS

% MAIN PROGRAM

%
FOR SPHERICAL RAIN DROPS, THIS PROGRAM CALCULATES ATTENUATION IN dB/KM
BND PHASE SHIFT IN DEG/KM FOR A GIVEN RAIN RATE

R = RAIN RATE IN MM/HR

D = DROP DIAMETER IN CM

FREQUENCY IN GHEZ

AT = ATTENUATION IN dB/KM

PH = PHASE SHIFT IN DEG/KM

TERMINAL VELOCITY OF RAIN DROPS

PERCENT OF TOTAL VOLUME AS MEASURED

COMPLEX REFRACTIVE INDEX OF WATER AT T = 20 C
ALPHA = K*A

o0 90 O of OF OF oF OF O P o0 o
|
L}

=g
1l

clear all; format compact; tic

$Inputs:
F = 11.0; %Frequency (GHz)
NMAX = 10; %Ideally inf but 10 is sufficient egn (2.256)

LAM = 30.0/F; % WAVELENGTH IN CM

% Raindrop Terminal Velocity Data
v=(2.1,3.9,5.3,6.4,7.3,7.9,8.35,8.7,9.0,9.2,9.35,9.5,9.6,9.6];

% Rain rate (mm/hr)
rR=(0.25,1.25,2.5,5.0,12.5,25.0,50.0,100.0,150.0];

% Laws and Parsons drop-size distribution for warious rain rate (% of to-

tal volume)

P =1/100*[28.0, 50.1, 18.2, 3.0, 0.7, 0 00000O0O0O;...
10.9, 37.1, 31.3, 13.5, 4.9, 1.5, 0.6, 0.2, 00 00O
7.3y 27.8, 32.8, 19.0, 7.9, 3.3; 1l.1; 0.6, 0.2, 00
4.7, 20.3, 31.0, 22.2, 11.8, 5.7, 2.5, 1.0, 0.5, 0.3
2.6, 11.5, 24.5, 25.4, 17.3, 10.1, 4.3, 2.3, 1.2, 0.6,
1.7, 7.6, 18.4, 23.9, 19.9, 12.8, 8.2, 3.5, 2.1, 1.1
1.2, 5.4, 12.5, 19.9, 20.9, 15.6, 10.9, 6.7, 3.3, 1.8
1.0, 4.6, 8.8, 13.9, 17.1, 18.4, 15.0, 9.0, 5.8, 3.0
1.0, 4.1, 7.6, 11..7, 13.9, 17.7, 16.1, 11.9, 7.7, 3.6

f=(0.60.811.62 346 11 16 20 30 40 60 80 100 160 200 300);

% Refractive Index of Water at 20 degrees C, real and complex portions

mr= [8.96 8.956 8.952 8.933 B8.915 8.858 B8.78 8.574 7.884 7.148 6.614 5.581 4.886
4.052 3.581 3.282 2.82 2.668 2.481);

mi= [0.1713 0.2172 0.2648 0.4105 0.5078 0.7471 0.9771 1.399 2.184 2.614 2.78 2.848
2.725 2.393 2.100 1.864 1.382 1.174 0.8466];

% Interpolate refractive index of water to target frequency. F must be
% within the range of f.

mr_i = interpl(f,mr,F);

mi_i = interpl(f,mi,F);

M =mr_i - mi_i*i;
FIGURE 2.15
MATLAB program for Examples 2.13 and 2.14. (Continued)

further, the normalized radar cross section increases rapidly. The unexpectedly large cross
sections have been attributed to a lens effect; the ice sphere acts like a lens which focuses
the incoming wave on the back side from which it is reflected backward in a concentrated
beam. This is recognized as a crude description, but it at least permits visualization of a
physical process which may have some reality.
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N = 1:NMAX:

D = 0.05*(1l:1length(V));

50 = zeros(l,length(V));

SB = zeros(l,length(V));

for I = l:length(V) %I sweeps rain drop diameter

X = pi*D(I)/LAM;
% CALCULATE THE SCATTERING COEFFICIENTS an and bn

% Spherical Bessel function of the first kind of order n

J = sgrt(pi./(2*X)).*besselj(N+0.5,%);

JD = -N.*sqgrt(pi./(2*X)).*besselj(N+0.5,X)+ X.*sgrt(pi./(2*X)).*bessel]j(N+0.5-
1,X);

JM = sgrt(pi./(2*M*X)).*besselj(N+0.5,M*X);

JMD= -N.*sgrt(pi./(2*M*X)).*besselj(N+0.5,M*X)+ M*X.*sqrt(pi./(2*M*X)).*bessely(N+0.5-
1,M*%X);

H = sgrt(pi./(2*X)).*besselh(N+0.5,2,X});

HD = -N.*sgrt(pi./(2%X)).*besselh(N+0.5,2,X)+X.*sgrt(pi./(2*X)).*besselh(N+0.5-
1,2,%X);

Al = JM.*JD - J.*JMD;

A2 = JM.*HD - H.*JMD;

Bl = J.*JMD - (M"2)*JM.*JD;
B2 = H.*JMD - (M"2)*JM.*HD;
an = Al./A2;

bn = Bl./B2;

cn = i./(X*A2);
-i*M./(X*B2);

o
=
Ll

% FORWARD SCATTERING AMPLITUDE FUNCTION 5(0)

S0(I) = sum((2*N+1).*(antbn))/2;

% NORMALIZED RADAR CROSS-SECTION

SB(I)=(abs( sum((2*N+1).*((-1})."N).*( an - bn }) )/X)."2;
end

AT = zeros(l,size(P,2));

PH = zeros(l,size(P,2));

for n = l:size(P,2) % N sweeps rain rate
% CALCULATE ATTENUATION AND PHASE SHIFT
ATO = real(S0O).*P(:,n)'./(6*D."3.* V);
AT(n) = 4.343*R(n)*(LAM/pi)"2*sum(ATO);

PHO = imag(S0).*P(:,n)'./(6*D."3.*V);
PH(n) = 90.0*R(n)*(LAM/pi)"2/pi*sum(FPHO);
end

disp(['Attenuation and Phase Shift at ',num2str(F),' GHz'])

hdr = [{'Rain rate (mm/hr)'},{'Attenuation (dB/km)'},{'Phase shift (deg/km)'}];
out = [hdr; num2cell([R', AT', PH'])]:

disp{out)

figure(l),
semilogy(R,AT, ' --"),
xlabel( 'rain rate (mm/hr)'),ylabel('Attenuation (dB/km)"')
legend([num2str(F),"' GHz'], 'location', 'southeast')

FIGURE 2.15 (Continued)
MATLAB program for Examples 2.13 and 2.14.

EXAMPLE 2.14

Assuming the Laws and Parsons’ rain drop-size distribution, calculate the attenuation
in dB/km for rain rates of 0.25, 1.25, 2.5, 5.0, 12.5, 50.0, 100.0, and 150.0 mm/h. Consider
the incident microwave frequencies of 6, 11, and 30 GHz.
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FIGURE 2.16

Normalized back-scattering (radar) cross sections o = 2ma/\ for ice at 0°C.

Solution

The MATLAB code developed for calculating attenuation and phase shift of microwaves
due to rain is shown in Figure 2.15. The main program calculates attenuation and phase
shift for given values of frequency and rain rate by employing Equations 2.268 and 2.269.
For each frequency, the corresponding value of the refractive index of water at 20°C is
taken from Table 2.11. The data in Tables 2.9 and 2.10 on the drop-size distributions and
terminal velocity are incorporated in the main program.

MATLAB provides commands for calculating Bessel functions. The derivative of
Bessel-Riccati function [xz,(x)] is obtained from (see Problem 2.14)

[xz, ()] = —nz,(x) + x2,1(x)

where z,, is j,, j_,, Y, or h,(x). Subroutine GAMMA calculates I'(n + 1/2) using Equation
2.165, while subroutine FACTORIAL determines n!. All computations were done in
double precision arithmetic, although it was observed that using single precision would
only alter results slightly.

Typical results for 11 GHz are tabulated in Table 2.12. A graph of attenuation vs. rain
rate is portrayed in Figure 2.17. The plot shows that attenuation increases with rain
rate and conforms with the common rule of thumb. We must note that the underlying
assumption of spherical raindrops renders the result as only a first-order approximation
of the practical rainfall situation.

TABLE 2.12

Attenuation and Phase Shift at 11 GHz

Rain Rate (mm/h)  Attenuation (dB/km) Phase Shift (deg/km)
0.25 2.56 x 107° 0.4119
1.25 1.702 x 1073 1.655
25 4.072 x 1072 3.040
5.0 9.878 x 107° 5.601
12.5 0.3155 12.58
25 0.7513 23.19
50 1.740 42.74
100 3.947 78.59
150 6.189 112.16
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FIGURE 2.17
Attenuation vs. rain rate.

2.10 Concluding Remarks

We have reviewed analytic methods for solving PDEs. Analytic solutions are of major
interest as test models for comparison with numerical techniques. The emphasis has
been on the method of separation of variables, the most powerful analytic method. For an
excellent, more in-depth exposition of this method, consult Myint-U [5]. In the course of
applying the method of separation of variables, we have encountered some mathematical
functions such as Bessel functions and Legendre polynomials. For a thorough treatment
of these functions and their properties, Johnson and Johnson [8] is recommended. The
mathematical handbook by Abramowitz and Stegun [15] provides tabulated values of these
functions for specific orders and arguments. A few useful texts on the topics covered in this
chapter are also listed in the references.

As an example of real-life problems, we have applied the analytical techniques developed
in this chapter to the problem of attenuation of microwaves due to spherical raindrops.
Spherical models have also been used to assess the absorption characteristics of the human
skull exposed to EM plane waves [16-20] (see Problems 2.58 through 2.61).

We conclude this chapter by remarking that the most satisfactory solution of a field
problem is an exact analytical one. In many practical situations, no solution can be obtained
by the analytical methods, and one must therefore resort to numerical approximation or
graphical or experimental solutions. (Experimental solutions are usually very expensive,
while graphical solutions are not so accurate.) More information on analytical modeling in
EM can be found in References 1, 21-24. The remainder of this book will be devoted to a
study of the numerical methods commonly used in EM.

PROBLEMS
21 Consider the PDE

a®., +bd,, +c®,, +d®, +eP, + f®=0

where the coefficients g, b, ¢, d, ¢, and f are in general functions of x and y. Under
what conditions is the PDE separable?
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2.2 Determine the distribution of electrostatic potential inside the conducting
rectangular boxes with cross sections shown in Figure 2.18.

LY

=¥

Vi =

A\
Y

2
o= —»
]

(b)

FIGURE 2.18
For Problem 2.2.

2.3 The cross sections of the cylindrical systems that extend to infinity in the
z-direction are shown in Figure 2.19. The potentials on the boundaries are as
shown. For each system, find the potential distribution.

YA
V=0
b v
L’:O\ /1,*:(:.

V= Vyxla
(a)

YA V= V,cos nx/a

BI2 /

V:()\ ‘/V=0

¥

-afl2 0 al2 x

/ ~b/2

V=V, cos mxia

(b)

FIGURE 2.19
For Problem 2.3.
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24 Find the solution U of

a. Laplace equation

VAU =0, O<x,y<m
ux(()/y):o:ux(ﬂ-/y)r u(x/O)ZOI
U(x,m)=—x, O<x<m
b. Heat equation
ku,.. =Uu,, 0<x<Lt>0
uo,))=0,t>0, U1H=1t>0
U(x,0)=0, 0<x<1
c. Wave equation
a?U,, = Uy, 0<x<1,t>0
uo,)y=0=uU(,t), t>0
U(x,0)=0, Ui(x,0)=x

2.5 Find the solution ® of

a. Laplace equation

Vd=0, p>10<oé<m
®(1,9)=sing,  P(p,0)=P(p,m)=0

b. Laplace equation
V=0, 0<p<gq0<z<L
D(p,0)=0=>(p,L), D(a,z)=1
c. Heat equation

O, =kV®, 0<p<l,—c0<z<00,t>0
(a,0,t)=0,t>0,  B(p,¢,0)=p*c0os2¢,0 < ¢ <2m

2.6 The one-dimensional heat equation is given by

U.=U;, 0<x<l1,t>0

subject to Neumann boundary condition
U.(0,t)=0=U.(11t)
and an inhomogeneous initial condition
U(x, 0)= f(x)=cos(2mx)

Obtain the solution for U(x, f).
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2.7 Solve the diffusion equation
U,=U, 0<x<1,t>0
subject to boundary conditions
U@, )=0=U(,t)
and the initial condition
U(x,0)=x(1—x)
2.8 Solve the two-dimensional wave equation

Uy +Uy =U,, O<x<m, O<y<m, t>0

subject to the following conditions:

uQ,y,t)=0, U(r,y,t)=1
U(x,0,t) =0 = U(x, 1)

U(x,y,0) = sin(3mx)sin(4my) + >
s
ui (xr yr 0) =0
29 Solve the two-dimensional heat equation

Us,+U,=U, 0<x<l, 0<y<l, t>0

Boundary conditions:
uo,y,t)=0=U,y,t), 0<y<l, t>0
U(x,0,t)=0=U(x,1,t), 0<x<1, t>0
Initial condition:
U(x,y,00=10xy, 0<x<1l, O<y<l1
210 Solve the PDE

o' 9%
4 —+—=0, 0<x<l1, t>0
ox*  or?

subject to the boundary conditions:

®(0,t) =0=®(1,t) = ©,,(0,t) = D,.(1,1)

and initial conditions:

D,(x,0)=0, P(x,0)=x
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211

212

213

214

215

Consider the following Laplace’s equation with Neumann boundary conditions:

VV(x,y)=0, O<x<m,0<y<m
Vi(0,y)=0=Vi(m,y)
V,(x,0)=cosx, V,(x,m)=0

Show that the analytical solution is

Vix,y)=

ta
Solve Laplace’s equation
VWV =0, 0<y<l0<x<oo

subject to:

V(x,00=0=V(x,1)
V(0,y)=10, V(co,y)=0

Determine the solution to the wave equation

Uy(x,t) = a’U(x,t), 0<x<1,t>0

subject to
uo,H)=0=uU(,t), t>0
U(x,0)=x(1—x), 0<x<1
ut(xro)zol 0<x<1
Find the solution to Laplace’s equation

VU=0, 0<x<1,0<y<l1
subject to the boundary conditions
ux(oly) =0= ux(lly)
U(x,0)=0, U(x,1)=x
A cylinder similar to the one in Figure 2.20 has its ends z = 0 and z = L held at

zero potential. If

V(a,2)= V,z/L, 0<z<L/2
YOV 1—2/L), L/2<z<L

find V(p, z). Calculate the potential at (p, z) = (0.84, 0.3L).
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FIGURE 2.20
For Problem 2.9.

2.16 Determine the potential distribution in a hollow cylinder of radius 4 and length L
with ends held at zero potential while the lateral surface is held at potential V, as
in Figure 2.20. Calculate the potential along the axis of the cylinder when L = 2a.

2.17 The conductor whose cross section is shown in Figure 2.21 is maintained at
V = 0 everywhere except on the curved electrode where it is held at V = V,. Find
the potential distribution V(p, ¢).

2.18 Solve the PDE

2 2
U210 _09 g<p<atzo
Op~ pOp Ot

under the conditions

®(0,t) is bounded, d(a,t)=0,t >0,

3(p,0=1-p /), 22 —0,0<p<a

FIGURE 2.21
For Problem 2.11.
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2.19 Find the solution of

vzu:aaljaupfr/l)up:u“ O0<p<1,t>0

subject to

u@,t)=0, U(p,0)=V,(constant)

2.20 Determine the solution to

uPp+lup+uZZ:ut/ 0<p<l,0<z<1,t>0
p

subject to the boundary conditions

U(p,0,t)=0=U(p,1,t) = U(L,z,t)

and initial condition

U(p, z,0) = V,(constant)

2.21 a. Prove that

00

pivsing _ z (1) (p)e™

n=-—o0

b. Derive the Bessel’s integral formula

™

h(ﬂ)z%fcos(nQ—psine)de

0

2.22 Show that

cosx = ]D(x)+22(—1)"]zn(x)

n=1

and

sinx = Zi(*l);lJrl]ZnJrl(x)

n=1
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2.23 Show that

dﬂ
d. ——J,
g )

a. Jipx)= /isinx,
T
2

b. Jo1(x)=,|]-= cosx,
X

¢ ;fi[x*"fn<x>1::-—x"fn+l<x).
X

27!

4

x=0

e. % [xz,(x)] = —nz,(x) + x2,_1(x) = (1 + 1)z, (%) + X241 (x)

2.24 Prove that

L) =1+
X

i—ﬂhu)
X

2.25 Evaluate the following integrals:

a. fx”]n,l(x)dx,

1
btf;iMMMx

2.26 Reduce fxzfz(x)dx to an integral involving only J(x).

2.27 Write a computer program that will evaluate the first roots ), of Bessel function

() forn=1,2, ..., 5, thatis, J,(\,,) = 0.

2.28 Evaluate

1

a.jlﬂmBWMx

bkfmqu,

c. fszg(x)dx

0

2.29 In Legendre series of the form ZOO A,P,(x), expand
n=0

0, -—-1<x<0,
1, O<x<1

o -]

b. f(x)=x", —-1<x<1,
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2.30

2.31

2.32

2.33

2.34

2.35

2.36

0, -1<x<0,
X, O<x<l1

o]

1+x, —-1<x<0,
1—x, O<x<l1

d fr)= [

Derive the following associated Legendre functions:
a. P{(x),

b. P(x),

c. Pi(x)

Determine the following polynomials:

a. Ly(x),

b. Ts(x), Ta(x)

. Us(x), Us(x)

Use MATLAB to determine:

a. J3(0.5),

b. P5(0.5),

c. T3(0.5),

d. U5(0.5)

Evaluate

a. Hy(x) and H,(x)

b. L,(x) and L,(x)

Laguerre polynomials can be defined as

et dﬂ
n! dt"

L.(t)= (t”e"), n=0,12,...

Use this definition to obtain Ly(t), Li(t), Lo(t), and Ls(¢).

Hermite polynomials may be given by Rodrigue’s formula:
n x2 a’ —x? _
H,(x)=(-1'e” (), n=012..

Use this formula to determine Hy(x), Hi(x), H»(x), and H3(x).

Solve Laplace’s equation:
1, 0<fO<m/2

. VU=0, 0<r<a, U,b=
a =r=a (@,9) {O, otherwise

%—u =cosO+3cos®d, O0<O<m,
L P

c. VU=0, r<a 0<f<nm, 0<o¢<2m,

b. VU=0, r>a,

U(a,f,¢) =sin’ 0

113
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2.37

2.38

2.39

240

241

242

243

244
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A hollow conducting sphere of radius a has its upper half charged to potential
V, while its lower half is grounded. Find the potential distribution inside and
outside the sphere.

A circular disk of radius a carries charge of surface charge density p,. Show that
the potential at point (0, 0, z) on its axis # = 0 is

_Pofr 2 212
V—zg[(z +a?)? ]

From this deduce the potential at any point (7, 6, ¢).
a. Verify the three-term recurrence relation

(2n+1)xP,(x) = (n+ 1P (x) + 1P, 1 (x)

b. Use the recurrence relation to find P,(x) and P,(x).
Establish the formula

Py(=x) = (=1)"P,(x)

Verify the following identities:
1

a. fpn(x)Pm(x) d'x = iénml

2n+1
“1
' |
b. f P ()P (x)dx = — 2 (s
2n+1(n—m)!
-1

Rework the problem in Figure 2.8 if the boundary conditions are now

Vir=a)=V,, V(r— o0)=E,;rcosf+V,

Find V and E everywhere. Determine the maximum value of the field strength.

In a sphere of radius 4, obtain the solution V(r, 6) of Laplace’s equation
VV(r,0)=0, r<a
subject to

V(a,0) = 3cos’0+3cosf+1

Determine the solution to Laplace’s equation
VAV =0

outside a sphere r > a subject to the boundary condition

gV(a, 0) = cosf +3cos’ 0
or
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2.45 Find the potential distribution inside and outside a dielectric sphere of radius a
placed in a uniform electric field E,,.

Hint: The problem to be solved is V2V = 0 subject to

VoV
" or or
V, =—E,rcosf asr— oo

nr=a, V=V, onr=a,

246 a. Derive the recurrence relation of the associated Legendre polynomials

2m

an+1(X) — W

B"(x)~[n(n +1) — m(m—1IB"(x)

b. Using the recurrence relation on the formula for P}", find P5, 5, P}, and P;.

247 Expand V = cos 2¢ sin’¢ in terms of the spherical harmonics P;"(cos ) sin m¢ and
P, (cos ) cos ma.

248 In the prolate spheroidal coordinates (¢, 1, ¢), the equation

V+k*d=0
assumes the form
0 2 1
G2 nE 1-17
3§l(£ ) 5] \( Yon ] lﬁ -1
+ 1 |9%®
2 9¢7

+ KA — )P =0

Show that the separated equations are

av, 12d> i
1 kd —c|¥;=0
d§(§+)d§] 5 c|¥y
d 2, AV, 292 2 m’
—|(1—n7)—=|—|k°d —c|¥,=0
dn\( n)dn] [ Uil R
2
dd§3+m2xp3_o

where m and c are separation constants.
249 Solve Equation 2.203 ifa = b = c = 7 and
a. flx,y,z)=¢7
b. f(x, y,z) = sin® x.
2.50 Solve the inhomogeneous potential problem

Ug+U, =—xy, 0<x<m, 0<y<m
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Subject to the following boundary conditions

uo,y)=0, U(r,y)=0
U(x,0)=0, U(x,n)=U,(constant)

2.51 Solve the inhomogeneous PDE

2 2
8—(12) 16’—(1)—87?:—<I>gsir1wt, 0<p<a,t>0
op~ pOp Ot

subject to the conditions ®(a, t) =0, ®(p, 0) =0, ®,(p, 0) =0, ® is finite for all
0 <p < a. Take @, as a constant and aw not being a zero of J(x).

2.52 Infinitely long metal box has a rectangular cross section shown in Figure 2.22.
If the box is filled with charge p, = p,x/a, find V inside the box.

2.53 In Section 2.72, find E, and E, the electric field intensities in gas and liquid,
respectively.

2.54 Consider the potential problem shown in Figure 2.23. The potentials at x =0,
x =a, and y = 0 sides are zero while the potential at y = b side is V,. Using the
series expansion technique similar to that used in Section 2.7.2, find the potential
distribution in the solution region.

V=0
" £

V=0
4

/O

V=0
FIGURE 2.22
For Problem 2.52.
y V=V,
: '
£y
¢ le— V= ()
V=0— &
0 gy
V=0
FIGURE 2.23

Potential system for Problem 2.54.
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Earthed rectangular pipe partially filled with charged liquid—for Problem 2.36.
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2.55 Consider a grounded rectangular pipe with the cross section shown in Figure
2.24. Assuming that the pipe is partially filled with hydrocarbons with charge
density p,, apply the same series expansion technique used in Section 2.7.2 to

2.56

2.57

2.58

2.59

find the potential distribution in the pipe.

Write a program to generate associated Legendre polynomial, with x =
cos 6 = 0.5. You may use either series expansion or recurrence relations. Take
0 <n <150 <m < n. Compare your results with those tabulated in standard

tables.
Show that

f To(x)dx = Ty (x)
1 1
le(x)dx = ZTZ(XH—Z

an(x)dx:% Tra(x) _ Ta(x)

, n>1
n+1 n—1
A function is defined by

) 1, —-1<x<1
fx)= 0, otherwise
a. Expand f(x) in a series of Hermite functions,

b. Expand f(x) in a series of Laquerre functions.

By expressing E; and E} in terms of the spherical wave functions, show that

Equation 2.235 is valid.
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2.60

2.61

2.62

2.63
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By defining

pu() = L In[xh® (1),
dx

o (x) = %ln[xn(x)],

show that the scattering amplitude coefficients can be written as

o (@) —mo, (ma)

_ @)
" ()

_ @)
" ()

pu(a) — ma, (mev)

ou(ma) —mo,(a)

On (ma) —maoy (a)

For the problem in Figure 2.14, plot Eilfor—a<z<a along the axis of
the dielectric sphere of radius 2 =9 cm in the x — z plane. Take E, = 1, w =
2m x 5 x 10° rad/s, &, = 4e,, 1y = ,, 07 = 0. You may modify the program in
Figure 2.15 or write your own.

In analytical treatment of the radio-frequency radiation effect on the human
body, the human skull is frequently modeled as a lossy sphere. Of major concern
is the calculation of the normalized heating potential

|E'(n)[*
|E, [

B(r) = Q-m)™,

1,
27

where E, is the internal electric field strength and E, is the peak incident field
strength. If the human skull can be represented by a homogeneous sphere
of radius a = 10 cm, plot ®(r) against the radial distance —10 <7 =z < 10 cm.
Assume an incident field as in Figure 2.14 with f=1 GHz, 1, = 1,6, = 60,0 = 0.9
mhos/m, E, = 1.

Instead of the homogeneous spherical model assumed in the previous problem,
consider the multilayered spherical model shown in Figure 2.25 with each
region labeled by an integer p, such that p = 1 represents the central core region
and p = 4 represents air. At f = 2.45 GHz, plot the heating potential along the x
axis, y axis, and z axis. Assume the data given below.

Region p Tissue Radius (mm) €, o (mho/m)
1 Muscle 185 46 2.5

2 Fat 19 6.95 0.29

3 Skin 20 43 2.5

4 Air 1 0
n=1

Note that for each region p, the resultant field consists of the transmitted and
scattered fields and in general given by
n 2n+1

E\(r,0,6)=E ef”Z( ol
- ]bnpNﬁéf(k) + MG (k1) + jdy NG (k1)

(a2, M) ()]
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zZA k

=Y

FIGURE 2.25
For Problem 2.63, a multilayered spherical model of the human skull.

2.64 The absorption characteristic of biological bodies is determined in terms of the
specific absorption rate (SAR) defined as the total power absorbed divided as the
power incident on the geometrical cross section. For an incident power density
of 1 mW/cm?in a spherical model of the human head,

SAR = 2% mW /cm?

a

where 4 is in centimeters. Using the above relation, plot SAR against frequency
for 0.1 < f <3 GHz, a = 10 cm assuming frequency-dependent and dielectric
properties of head as

=

12+(f/fo)2]
1+(f/f,)?

‘ 1+62(f/f0)2]

L+ (f/f,)

where fis in GHz and f, = 20 GHz.

2.65 For the previous problem, repeat the calculations of SAR assuming a six-layered
spherical model of the human skull (similar to that of Figure 2.25) of outer radius
a =10 cm. Plot P,/P; vs. frequency for 0.1 < f < 3 GHz where

% _ éZ(ZrH—l)[Re(ﬂn +b) = (ja, P +1b.P)],
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P, = absorbed power, P; = incident power, a = 2wa/\, X is the wavelength in the
external medium. Use the dimensions and electrical properties shown below.

00
Layer p Tissue Radius (mm) e, (mho/m)

Brain 9 5V(f) 6V(f)
CSF 12 7V () 8V ()
Dura 13 4v(f 8V(f)
Bone 17.3 5 62
Fat 18.5 6.95 0.29
Skin 20 43 2.5

N U1 = W N -

where p, =1,

1+12(f/f.)
T+ (f/f)?

1+62(f/f,)?
T+(fF/H)?

V()=

A(f)=

fisin GHz, and f, = 20 GHz. Compare your result with that from the previous
problem.
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Finite Difference Methods

The reason why worry kills more people than hard work is that more people worry than work.

—Robert Frost

3.1 Introduction

It is rare for real-life EM problems to fall neatly into a class that can be solved by the
analytical methods presented in the preceding chapter. Classical approaches may fail if [1]

* PDE is not linear and cannot be linearized without seriously affecting the result

The solution region is complex

The boundary conditions are of mixed types

The boundary conditions are time-dependent

The medium is inhomogeneous or anisotropic

Whenever a problem with such complexity arises, numerical solutions must be employed.
Of the numerical methods available for solving PDEs, those employing finite differences
are more easily understood, more frequently used, and more universally applicable than
any other.

The finite difference method (FDM) was first developed by A. Thom [2] in the 1920s under
the title “the method of squares” to solve nonlinear hydrodynamic equations. Since then,
the method has found applications in solving different field problems. The finite difference
techniques are based upon approximations which permit replacing differential equations
by finite difference equations. These finite difference approximations are algebraic in form;
they relate the value of the dependent variable at a point in the solution region to the values
at some neighboring points. Thus a finite difference solution basically involves three steps:

1. Dividing the solution region into a grid of nodes

2. Approximating the given differential equation by finite difference equivalent that
relates the dependent variable at a point in the solution region to its values at the
neighboring points

3. Solving the difference equations subject to the prescribed boundary conditions
and/or initial conditions

The course of action taken in three steps is dictated by the nature of the problem being
solved, the solution region, and the boundary conditions. The most commonly used grid
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(a) (b)

(c) (d)
FIGURE 3.1

Common grid patterns: (a) rectangular grid, (b) skew grid, (c) triangular grid, (d) circular grid.

patterns for two-dimensional problems are shown in Figure 3.1. A three-dimensional grid
pattern will be considered later in the chapter.

3.2 Finite Difference Schemes

Before finding the finite difference solutions to specific PDEs, we will look at how one
constructs finite difference approximations from a given differential equation. This
essentially involves estimating derivatives numerically.

Given a function f (x) shown in Figure 3.2, we can approximate its derivative, slope or the
tangent at P by the slope of the arc PB, giving the forward-difference formula

f(x,) o~ L A0 f () 61
Ax
Sx) B
=
P, a
A
Xy — Ax X Xo + Ax x

FIGURE 3.2
Estimates for the derivative of f (x) at P using forward, backward, and central differences.
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or the slope of the arc AP, yielding the backward-difference formula

Flay) = SO =30 =A%) (32)
Ax
or the slope of the arc AB, resulting in the central-difference formula
/ fx, +Ax)— f(x, — Ax)
0) = 3.3
f(x) o ¢

We can also estimate the second derivative of f(x) at P by applying Equation 3.3 twice

fl(x+ Ax/2)— fl(x, — Ax/2)

f(x0) = N
_ 1+ Ax)— fxo)  f(x0)— fx, —Ax)
Ax Ax Ax

or

f/l(x )N f(x0+Ax)_2f(xo)+f(xo —AX)
o (Ax)?

(3.4)

Any approximation of a derivative in terms of values at a discrete set of points is called
finite difference approximation.

The approach used above in obtaining finite difference approximations is rather intuitive.
A more general approach is using Taylor’s series. According to the well-known expansion,

F(x, 4+ Ax) = f(x,) + Axf'(x,) +%(Ax)2f”(x0) +%(Ax)3f”’(x0)+~-~ (3.5)
and
Flxo =A%) = Flx) = Daf (x)+ ) (WP F(x) = 3 (A f )+ G6)

Upon adding these expansions,
fto+A2)+ fxo = Ax) = 2f(x) + (Ax)’ f"(x,) + O(Ax)°* 3.7)

where O(Ax)* is the error introduced by truncating the series. We say that this error is of
the order (Ax)* or simply O(Ax)*. Therefore, O(Ax)* represents terms that are not greater
than (Ax)*. Assuming that these terms are negligible,

~ f(xo +Ax)_2f(xo)+f(xo _Ax)

f(x0) (A

which is Equation 3.4. Subtracting Equation 3.6 from Equation 3.5 and neglecting terms of
the order (Ax)? yields

f(x, +Ax)— f(x, — Ax)
2Ax

fl(x0) ~
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ji

mI

- iAx x

FIGURE 3.3
Finite difference mesh for two independent variables x and ¢.

which is Equation 3.3. This shows that the leading errors in Equations 3.3 and 3.4 are of
the order (Ax)% Similarly, the difference formula in Equations 3.1 and 3.2 have truncation
errors of O(Ax). Higher-order finite difference approximations can be obtained by taking
more terms in Taylor-series expansion. If the infinite Taylor series were retained, an exact
solution would be realized for the problem. However, for practical reasons, the infinite
series is usually truncated after the second-order term. This imposes an error which exists
in all finite difference solutions.

To apply the difference method to find the solution of a function ®(x, t), we divide the
solution region in the x — ¢ plane into equal rectangles or meshes of sides Ax and At as in
Figure 3.3. We let the coordinates (x, t) of a typical grid point or node be

x=iAx, i=0,1,2,...
t=jAt, j=0,12,...

(3.8a)
and the value of ® at P be
O, = O(i Ax, j At) = (i, j) (3.8b)

With this notation, the central difference approximations of the derivatives of ® at the
(i, j)th node are

Do~ 2l ]3;;13(1' =1, (3.9a)
oy, ~ BT 1; ;;I)(i, -1 (35b)
Bl ‘I’(i+1,j)2(‘i(il)z)+¢(ilr]'), (3.9¢)
0y, ~ T 2((2(;) )+0(,j- D) (35d)

Table 3.1 gives some useful finite difference approximations for ¢, and ®,,.
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TABLE 3.1
Finite Difference Approximations for ®, and ®,,
Derivative Finite Difference Approximation Type Error
o, Lin =i FD O(Ax)
Ax
D, —D;,
—_ BD oA
Ax (Ax)
(bi 1 éi 1
e CD O(Ax)?
2Ax (&%)
—®; 5 +4P;,, —3; FD O(Ax)?
2Ax
30, —49, 1+ D,,
_— BD O(Ax)?
2Ax (%)
o, Dy +8Pi1 =8P 1 + P CD O(Ax)*
’ 12Ax
iy —290i1 + P
—_— FD Ax)?
o 0y
D, —20; 1 +P;,
— G BD O(Ax)?
(Ax)? (Ax)
Qi —20;+ P4
e =0t T CD 2
(Ax) O(Ax)
—Diyr +16D 44 —30<I>i2+ 16D; 1 — P, » cD O(Axy*
12(Ax)

where FD = Forward Difference, BD = Backward Difference, and CD = Central Difference.

3.3 Finite Differencing of Parabolic PDEs

Consider a simple example of a parabolic (or diffusion) partial differential equation with
one spatial independent variable

(02 _ 0 (3.10)
ot ox*
where k is a constant. The equivalent finite difference approximation is

p 80 j+1) =, f) _ Di+1,j)— 2%, )+ (-1, ))
At B (Ax)?

3.11)

where x =iAx,i=0,1,2,...,n t=jAt j=0,1, 2,.... In Equation 3.11, we have used
the forward difference formula for the derivative with respect to f and central difference
formula for that with respect to x. If we let

At

= A (3.12)

Equation 3.11 can be written as

|03, j+1) = r®(i+1,/)+(1—2r)0(, )+ rei —1,))| (3.13)
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() j+1 () j+l

1of {e]/ »: . 1]/
i i+l i-1 : i+1

FIGURE 3.4
Computational molecule for parabolic PDE: (a) for 0 < r <1/2, (b) forr =1/2.

This explicit formula can be used to compute ®(x, t + Af) explicitly in terms of ®(x, t). Thus,
the values of ® along the first time row (see Figure 3.3), t = At, can be calculated in terms
of the boundary and initial conditions, then the values of ® along the second time row,
t = 2At, are calculated in terms of the first time row, and so on.

A graphic way of describing the difference formula of Equation 3.13 is through the
computational molecule of Figure 3.4a, where the square is used to represent the grid point
where @ is presumed known and a circle where ¢ is unknown.

In order to ensure a stable solution or reduce errors, care must be exercised in selecting
the value of r in Equations 3.12 and 3.13. It will be shown in Section 3.6 that Equation 3.13
is valid only if the coefficient (1 — 2r) in Equation 3.13 is nonnegative or 0 < r < 1/2. If we
choose r = 1/2, Equation 3.13 becomes

O, j+1) = %[cb(i +1, )+ (-1, /)] (3.14)

so that the computational molecule becomes that shown in Figure 3.4b.

The fact that obtaining stable solutions depends on r or the size of the time step At
renders the explicit formula of Equation 3.13 inefficient. Although the formula is simple to
implement, its computation is slow. An implicit formula, proposed by Crank and Nicholson
in 1974, is valid for all finite values of . We replace 9>®/0x? in Equation 3.10 by the average
of the central difference formulas on the jth and (j + 1)th time rows so that

2 O, j+1)— DG, f) _1 O>i+1,7) 223, )+ 2 —1,7)

At 2 (Ax)y?
L O+ Lj+1) =200, j+ 1)+ 8 =1, j+1)
(Ax)y?

This can be rewritten as

—rB(i—1,+ 1)+ 201+ 1D, j+1)— rd(i +1,j +1)
= r®(i—1,j)+ 20— 1B, ) + rd(i+1, ) (3.15)

where 7 is given by Equation 3.12. The right-hand side of Equation 3.15 consists of three
known values, while the left-hand side has the three unknown values of ®. This is illustrated
in the computational molecule of Figure 3.5a. Thus if there are 1 free nodes along each time
row, then for j = 0, applying Equation 3.15 tonodes i = 1, 2, ... , n results in n simultaneous
equations with n unknown values of ® and known initial and boundary values of ®.
Similarly, for j =1, we obtain n simultaneous equations for n unknown values of ® in
terms of the known values j = 0, and so on. The combination of accuracy and unconditional
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I j+l .
1*] ol
i i+

(a) (b)

0,

(*) j+1

. ILlf
i-1

FIGURE 3.5
Computational molecule for Crank-Nicholson method: (a) for finite values of 7, (b) for r = 1.

stability allows the use of a much larger time step with the Crank-Nicholson method than
is possible with the explicit formula. Although the method is valid for all finite values of 7,
a convenient choice of » = 1 reduces Equation 3.15 to

D=1, 1) 44D, 1) — B+ 1, + 1) =BG — 1, ) + DG+ 1, 7) (3.16)

with the computational molecule of Figure 3.5b.

More complex finite difference schemes can be developed by applying the same principles
discussed above. Two of such schemes are the Leapfrog method and the Dufort-Frankel
method [3,4]. These and those discussed earlier are summarized in Table 3.2. Notice that
the last two methods are two-step finite difference schemes in that finding ® at time j 4 1
requires knowing ® at two previous time steps j and j — 1, whereas the first two methods
are one-step schemes. For further treatment on the finite difference solution of parabolic
PDEs, see Smith [5] and Ferziger [6].

TABLE 3.2
L L . . 9D 10%
Finite Difference Approximation to the Parabolic Equation: Ty s k>0
X
Method Algorithm Molecule
1. First order (Euler) M _@l @), —20/+d],
At KAy D—E—D
explicit, stable for
r= At/k(Ax)? < 0.5
2. Crank-Nicholson I — @l _ @{ﬁ — 20/ 4 3]
At 2k(Ax)?
@], —20] + 9/,
+ 2
2k(Ax)
implicit, always stable
3. Leapfrog [ -/ _ o, —20] + O/,
2At k(Ax)*
explicit, always unstable
4. Dufort-Frankel M@t B, - -+ D,
20 k(Ax)?
explicit, unconditionally stable
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EXAMPLE 3.1

Solve the diffusion equation

gj{%:%f, 0<x<1 (3.17)
subject to the boundary conditions
0,)=0=d(1,H=0, t>0 (3.18a)
and initial condition
(x, 0) = 100 (3.18b)

Solution

This problem may be regarded as a mathematical model of the temperature distribution
in a rod of length L = 1 m with its end in contact with ice blocks (or held at 0°C) and
the rod initially at 100°C. With that physical interpretation, our problem is finding the
internal temperature ¢ as a function of position and time. We will solve this problem
using both explicit and implicit methods.

a. Explicit Method
For easy hand calculations, let us choose Ax = 0.1, ¥ = 1/2 so that

At = kr(Ax)> = 0.005

since k = 1. We need the solution for only 0 < x < 0.5 because the problem is
symmetric with respect to x = 0.5. First, we calculate the initial and boundary
values using Equation 3.18. These values of ® at the fixed nodes are shown in
Table 3.3 for x =0, x =1, and ¢ = 0. Notice that the values of ®(0, 0) and &(1, 0)
are taken as the average of 0 and 100. We now calculate ® at the free nodes using
Equation 3.14 or the molecule of Figure 3.4b. The result is shown in Table 3.3.
The analytic solution to Equation 3.17 subject to Equation 3.18 is

0

O(x,t) = @lein nr xexp(—n’r’t), n=2k+1
T An

TABLE 3.3
Results for Example 3.1
x 0 0.1 0.2 0.3 04 0.5 0.6 1.0
t
0 50 100 100 100 100 100 100 50
0.005 0 75.0 100 100 100 100 100 0
0.01 0 50 87.5 100 100 100 100 0
0.015 0 43.75 75 93.75 100 100 100 0
0.02 0 37.5 68.75 87.5 96.87 100 96.87 0
0.025 0 34.37 62.5 82.81 93.75 96.87 93.75 0

0 31.25 58.59 78.21 89.84 93.75 89.84 0

0.03

0.1 0 14.66 27.92 38.39 45.18 47.44 45.18 0
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TABLE 3.4

Comparison of Explicit Finite Difference Solution with Analytic
Solution; for Example 3.1

Finite Difference Analytic Solution Percentage

t Solution at x = 0.4 atx =0.4 Error
0.005 100 99.99 0.01
0.01 100 99.53 0.47
0.015 100 97.85 22
0.02 96.87 95.18 1.8
0.025 93.75 91.91 2.0
0.03 89.84 88.32 1.7
0.035 85.94 84.61 1.6
0.04 82.03 80.88 14
0.10 45.18 45.13 0.11

Comparison of the explicit finite difference solution with the analytic solution at
x = 0.4 is shown in Table 3.4. The table shows that the finite difference solution
is reasonably accurate. Greater accuracy can be achieved by choosing smaller
values of Ax and At.
b. Implicit Method

Let us choose Ax = 0.2, r = 1 so that At = 0.04. The values of ® at the fixed
nodes are calculated as in part (a) (see Table 3.3). For the free nodes, we apply
Equation 3.16 or the molecule of Figure 3.5b. If we denote ®(;, j + 1) by &(i =1,
2, 3, 4), the values of ® for the first time step (Figure 3.6) can be obtained by
solving the following simultaneous equations:

—0 + 4%, — ®, = 50 + 100
—®, + 43, + &, = 100 + 100
—®, + 40, — &, = 100 + 100
—®, + 4D, — 0 = 100 + 50

7 7
7
% 7
7 7
t=0.08 ? L ® L » ¢
é %
t= 0.04? ¢¢1 ﬁ% ﬁ% ¢¢' /
% %
7 UL JUL UL Q0 50 .//i
=0 0.2 0.4 0.6 0.8 1.0

FIGURE 3.6
For Example 3.1, part (b).
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We obtain
®, =5813, ®,=8254 &,=72, &, =555

at t = 0.04. Using these values of ®, we apply Equation 3.16 to obtain another set of
simultaneous equations for t = 0.08 as

—0+ 40, — &, =0 + 82.54
—®, + 4D, — B, = 5813 + 72
—®, + 4D, — &, = 82.54 + 55.5

—D,+ 4D, —-0=72+0

which results in
®, =3444, ®,=5523 &,=56.33, &, =32.08

This procedure can be programmed and accuracy can be increased by choosing more
points for each time step.

3.4 Finite Differencing of Hyperbolic PDEs
The simplest hyperbolic PDE is the wave equation of the form

e 0%
2 = .19
T G19)
where u is the speed of the wave. An equivalent finite difference formula is
2 D(i+1,/) =200, )+ (-1 j) _ DG, j+1)—20(, j)+ 3 j—1)
(Ax)? (At
where x =i Ax, t =j At i,j=0,1,2, ... This equation can be written as
|96, j+1) = 20—, )+ @G +1, )+ (i —1, )] - 2, j— 1) (3.20)
where ®(j, j) is an approximation to ®(x, f) and r is the “aspect ratio” given by
2
- [”At (3.21)
Ax

Equation 3.20 is an explicit formula for the wave equation. The corresponding
computational molecule is shown in Figure 3.7a. For the solution algorithm in Equation
3.20 to be stable, the aspect ratio r < 1, as will be shown in Example 3.5. If we choose r =1,
Equation 3.20 becomes

G+ D)=+ L)+ —-1,j)—2Gj—-1) (3.22)
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FIGURE 3.7
Computational molecule for wave equation: (a) for arbitrary r <1, (b) for r = 1.

with the computational molecule in Figure 3.7b. Unlike the single-step schemes of Equations
3.13 and 3.15, the two-step schemes of Equations 3.20 and 3.22 require that the values of ® at
times jand j — 1 be known to get ® at time j + 1. Thus, we must derive a separate algorithm
to “start” the solution of Equation 3.20 or 3.22; that is, we must compute (i, 1) and ®(, 2).
To do this, we utilize the prescribed initial condition. For example, suppose the initial
condition on the PDE in Equation 3.19 is

o2 _
Ot |,_o

We use the backward-difference formula

0P(x,0) _ @(i1,1)—P(i,—1)
ot 2At B

0

or
O3, 1) = O, —1) (3.23)
Substituting Equation 3.23 into Equation 3.20 and taking j = 0 (i.e,, at t = 0), we get
O3, 1) =201 — NPE 0) + [0 — 1,0) + &G + 1, 0)] — O, 1)

or

®(i,1) = (1—r)®(i, 0) +%[¢I>(i—1,0) +O(i+1,0)] (3.24)

Using the starting formula in Equation 3.24 together with the prescribed boundary
and initial conditions, the value of ® at any grid point (i, j) can be obtained directly from
Equation 3.20.

There are implicit methods for solving hyperbolic PDEs just as we have implicit methods
for parabolic PDEs. However, for hyperbolic PDEs, implicit methods result in an infinite
number of simultaneous equations to be solved and therefore cannot be used without
making some simplifying assumptions. Interested readers are referred to Smith [5] or
Ferziger [6].
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EXAMPLE 3.2

Solve the wave equation
o,=2, 0O0<x<1 t>0
subject to the boundary conditions
0, ) =0=2(1,4), t>0
and the initial conditions

d(x,0) =sinmx, 0<x<1,

P, 00=0, 0<x<1

Solution

The analytical solution is easily obtained as
D(x, t) = sin mx cos ~t (3.25)
Using the explicit finite difference scheme of Equation 3.20 with r = 1, we obtain
G j+D)=2( -1, )+ +1,j)—-2Gj—-1, j>1 (3.26)
For j = 0, substituting

_ 21 =2G, 1)

® AL =0
or
O@, 1) = O(, —1)
into Equation 3.26 gives the starting formula
o3i,1) = %[@(i71,0)+¢(i+1,0)] (3.27)

Since u =1, and r =1, At = Ax. Also, since the problem is symmetric with respect
to x = 0.5, we solve for ® using Equations 3.26 and 3.27 within 0 < x < 0.5, t > 0. We
can either calculate the values by hand or write a simple computer program. With the
MATLAB code in Figure 3.8, the result shown in Table 3.5 is obtained for At = Ax = 0.1.
The finite difference solution agrees with the exact solution in Equation 3.25 to six
decimal places. The accuracy of the FD solution can be increased by choosing a smaller
spatial increment Ax and a smaller time increment At.
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L L T e Y

% MATLAB code for example 3.2 on one-dimensional wave eguation solved

% using an explicit finite difference scheme
%******************i******************************************ﬁ*******

clear all; format compact; tic

%Explicit Method

delx = 0.1; % resolution size
r=1; % 'aspect ratio’
u=1; % Constant of given wave egquation

delt = r*2*delx/u; % time step size
Tsteps = round(l/delt); % Number of time steps

% X1 is the potential grid of the simulation, due to symetry only half
% of the field is calculated.
X1 = zeros(Tsteps,l/(2*delx)+2); % Initilize X1

$Initial conditions and reflection line defined
x = O:delx:.5+delx;

X1(1,:) = sin(pi*x);

X1(2,2:end-1) = .5%(X1(1l,1l:end-2)+X1(1,3:end));
X1(2,end) = X1(2,end-2); %reflection line

for row = 3:size(X1,1)
for col = 2:size(X1,2)-1
Xl(row,col) = Xl(row-1,col-1)+Xl(row-1,col+l)-X1(row-2,col); % eqgn. (3.26)
end
Xl(row,end) = Xl(row,end-2); treflected line
end

%Use symetry condition to create entire field
X2 = [X1,fliplr(Xl(:,1l:end-3))];

figure(l),imagesc(0:delx:1,(0:delt:Tsteps*delt),X2),colorbar
ylabel('\leftarrow time (sec)')
xlabel('x")
title( 'Hyperbolic PDE')

if (delx==.1)
dispmat = [X1(1:8,1:7)];
disp(sprintf(’\nCompare to Table 3.5, Solution of the Wave Equation in Exam-
ple 3.2'))
disp(num2str(dispmat))
end

FIGURE 3.8
MATLAB code for Example 3.2.

TABLE 3.5

Solution of the Wave Equation in Example 3.2

x 0 0.1 0.2 0.3 0.4 0.5 0.6

t

0.0 0 0.3090 0.5879 0.8990 0.9511 1.0 0.9511
0.1 0 0.2939 0.5590 0.7694 0.9045 0.9511 0.9045
0.2 0 0.2500 0.4755 0.6545 0.7694 0.8090 0.7694
0.3 0 0.1816 0.3455 0.4755 0.5590 0.5878 0.5590
0.4 0 0.0955 0.1816 0.2500 0.2939 0.3090 0.2939
0.5 0 0 0 0 0 0 0

0.6 0 —0.0955 -0.1816 —-0.2500 —-0.2939 -0.3090 —0.2939
0.7 0

—-0.1816 —-0.3455 —0.4755 —0.5590 —-0.5878 —0.5590
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3.5 Finite Differencing of Elliptic PDEs

A typical elliptic PDE is Poisson’s equation, which in two dimensions is given by

*d 9%
V=" 4= = o(x, 3.28
o | oy g(x,y) (3.28)

We can use the central difference approximation for the partial derivatives of which the
simplest forms are

0D _ B(i+1,)—29(, )+ D(i—1,j)

= Ay +O(AY) (3.292)
PO _0j+D =226, )+ 2 i=1) | o, (3.29)
ayz (Ay)Z

where x =i Ax,y=j Ay,and i, =0, 1, 2, .... If we assume that Ax = Ay = h, to simplify
calculations, substituting Equation 3.29 into Equation 3.28 gives

[<I>(i +1,)+20—-1,))+ 230, j)+ P30, - 1)] —49(i,j) = h*¢(i, )

or

(i, j) = %[@(i +1, )+ @ —1, )+ ®(, +1)+ D, j—1) - K8, )] (3.30)

at every point (i, j) in the mesh for Poisson’s equation. The spatial increment & is called
the mesh size. A special case of Equation 3.28 is when the source term vanishes, that is, g(x,
y) = 0. This leads to Laplace’s equation. Thus for Laplace’s equation, Equation 3.30 becomes

(i, f) = %[(I)(i +1,j)+ B —1, )+ 0@, j+1)+ 0, j—1)] (3.31)

It is worth noting that Equation 3.31 states that the value of ¢ for each point is the
average of those at the four surrounding points. The five-point computational molecule
for the difference scheme in Equation 3.31 is illustrated in Figure 3.9a, where values of the

0 (a)

FIGURE 3.9
Computational molecules for Laplace’s equation based on: (a) second-order approximation, (b) fourth-order
approximation.



Finite Difference Methods 137

coefficients are shown. This is a convenient way of displaying finite difference algorithms
for elliptic PDEs. The molecule in Figure 3.9a is the second-order approximation of Laplace’s
equation. This is obviously not the only way to approximate Laplace’s equation, but it is the
most popular choice. An alternative fourth-order difference is

—209(i, )+ 4[®(i+1,/) + PG —1, /) + P, ]+ 1)+ @, ] —1)]
+ B +1,j D)4+ D(—1,j 1)+ B —1,j+1)
+®(i4+1,j+1)=0 (3.32)

The corresponding computational molecule is shown in Figure 3.9b.

The application of the finite difference method to elliptic PDEs often leads to a large
system of algebraic equations, and their solution is a major problem in itself. Two commonly
used methods of solving the system of equations are band matrix and iterative methods.

3.5.1 Band Matrix Method

From Equations 3.30 through 3.32, we notice that only nearest-neighboring nodes affect the
value of ¢ at each node. Hence, application of any of Equations 3.30 through 3.32 to all free
nodes in the solution region results in a set of simultaneous equations of the form

[A][X] = [B] (3.33)

where [A] is a sparse matrix (it has many zero elements), [X] is a column matrix consisting
of the unknown values of ¢ at the free nodes, and [B] is a column matrix containing the
known values of ® at fixed nodes. Matrix [A] is also banded in that its nonzero terms appear
clustered near the main diagonal. Matrix [X], containing the unknown elements, can be
obtained from

[X]T = [A]"'[B] (3.34)

or by solving Equation 3.33 using the Gauss elimination discussed in Appendix C.1.

3.5.2 lterative Methods

The iterative methods are generally used to solve a large system of simultaneous equations.
An iterative method for solving equations is one in which a first approximation is used to
calculate a second approximation, which in turn is used to calculate a third approximation,
and so on. The three common iterative methods (Jacobi, Gauss—Seidel, and successive over-
relaxation [SOR]) are discussed in Appendix C.2. We will apply only SOR here.

To apply the method of SOR to Equation 3.30, for example, we first define the residual R(, j)
atnode (i, j) as the amount by which the value of ®(j, j) does not satisfy Equation 3.30, that is,

R(, j)=®(+1,/)+ P —1,/)+ D, j+1)
+ @i, j—1)—49(i, )~ h’g(i, j) (3.35)
The value of the residual at kth iteration, denoted by R%(j, j), may be regarded as a correction

which must be added to ®(j, j) to make it nearer to the correct value. As convergence to the
correct value is approached, R¥(, j) tends to zero. Hence to improve the rate of convergence,
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we multiply the residual by a number w and add that to ®(, j) at the kth iteration to get ®
(i, j) at (k + Dyth iteration. Thus,

(i, j) = DG, j)+ %R"(i, )
or
DU )= @)+ F]B+Lf)+ B -1 )+ 2N - 1)
+ (i, j+1)— 404, )~ W8 (i, )] (3.36)

The parameter wis called the relaxation factor while the technique is known as the method
of successive over-relaxation. The value of w lies between 1 and 2. (When w = 1, the method
is simply called successive relaxation.) Its optimum value w,,, must be found by trial and
error. In order to start Equation 3.36, an initial guess, ®°(, j), is made at every free node.
Typically, we may choose ®°(, j) = 0 or the average of ® at the fixed nodes.

EXAMPLE 3.3
Solve Laplace’s equation

VIV =0, 0<x<1, 0<y<l1
with V(x, 1) =45x(1 — x), V(x,0) =0=V(0,y) = V{1, »).

Solution

Let h = 1/3 so that the solution region is as in Figure 3.10. Applying Equation 3.31 to each
of the four points leads to

4V, -V, - V,—0=10
—V, +4V,—0—V,=10
~V,—0+4V,— V,=0

—0-V,— V,+4V,=0

¥4
10 10 0
0
0 : : 0
0 : : 0
0 0 0 0 %

FIGURE 3.10
Finite difference grid for Example 3.3.
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This can be written as

4 -1 -1 0] Vil (10
-1 4 0 -1 |V, |10
-1 0 4 1| |V, 0

0o -1 -1 4| |Vy 0

or
[A][V] = [B]

where [A] is the band matrix, [V]is the column matrix containing the unknown potentials
at the free nodes, and [B] is the column matrix of potentials at the fixed nodes. Solving
the equations either by matrix inversion or by Gauss elimination, we obtain

V,=375 V,=375 V,=125 V,=125
with MATLAB, [V] = inv[A]|[B].

EXAMPLE 3.4

Solve Poisson’s equation
VV=- 0<x, y<1
€

and obtain the potential at the grid points shown in Figure 3.11. Assume ps; = x(y — 1)
nC/m?3 and ¢, = 1.0. Use the method of successive over-relaxation.

Solution

This problem has an exact analytical solution and is deliberately chosen so that we can
verify the numerical results with exact ones, and we can also see how a problem with a
complicated analytical solution is easily solved using finite difference method. For the
exact solution, we use the superposition theorem and let

V=V, +V,
y Vy =20V
B
P ; i Insulating gap
b e h
V=10V —> «—V,=10V
a d z
X
V=0V

FIGURE 3.11
Solution region for the problem in Example 3.4.
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where V) is the solution to Laplace’s equation V2V, =0 with the inhomogeneous
boundary conditions shown in Figure 3.11 and V, is the solution to Poisson’s equation
V2V, = g = —pg/e subject to homogeneous boundary conditions. From Example 2.1, it is
evident that

Vi=Vi+V,+ VIII“’VIV

where V; to V}, are defined by Equations 2.53 through 2.56. V, can be obtained by the
series expansion method of Section 2.7. From Example 2.12,

- mn x n
. mwx . nmw
V, = E E A, sin sm—y
a b
m=1 n=1

where

a b
A = f f g(x,y)sin mrx sin nry dxdy
0 Jo a b

oD cayigdab

[(mx / a)? + (n7/bY] mnm

a=b=1and glx, y) =—x(@y — 1) - 10~%,.

For the finite difference solution, it can be shown that in a rectangular region,
the optimum over-relaxation factor is given by the smaller root of the quadratic
equation [7]

2u? — 16w+ 16 =0

where t = cos(n/N,) + cos(w/Ny) and N, and N, are the number of intervals along x and
y axes, respectively. Hence,

8— 64 —16t
D —
We try three cases of N, = N,=4,12, and 20 so that Ax = Ay = h = 1/4,1/12, and 1/20,
respectively. Also, we set
s x(y—1)x 107°

Figure 3.12 presents the MATLAB code for the solution of this problem. The potentials
at the free nodes for the different cases of & are shown in Table 3.6. Notice that as the
mesh size h reduces, the solution becomes more accurate, but it takes more iterations for
the same tolerance.

3.6 Accuracy and Stability of FD Solutions

The question of accuracy and stability of numerical methods is extremely important if
our solution is to be reliable and useful. Accuracy has to do with the closeness of the
approximate solution to exact solutions (assuming they exist). Stability is the requirement
that the scheme does not increase the magnitude of the solution with increase in time.
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The analysis of errors in numerical schemes is important because it indicates where
errors come from and how to minimize them. There are three sources of errors that are
nearly unavoidable in numerical solution of physical problems [8]:

1. Modeling errors,

2. Truncation (or discretization) errors, and

3. Roundoff errors.

FEERLTLFRALFLILALRRLIVGLILATRLTLRRARAILERRLR98090599%

HX

NY
AXEBE
V(I,J)

H

G O e P P 0 P D

1 HO.

FINITE DIFFERENCE SOLUTION OF POISSON'S EQUATION:

Vxx + Vyy = G

USING THE METHOD OF SUCCESSIVE OVER-RELAXATION

OF INTERVALS ALONG X-AXIS

NO. OF INTERVALS ALONG Y-AXIS
DIMENSION OF THE SOLUTION REGION
POTENTIAL AT GRID POINT (X,Y) = H*(I,J)

WHERE I = 0,1,...,NX, J=0,1,....,NY
: MESH SIZE

B L L L R

% SPECIFY BOUNDARY VALUES AND NECESSARY PARAMETERS

A=1:B=1;

V1=0;Vv2=10;V3=20;V4=-10;

HX= 20;
HY= HX;
H = A/NX

%4 12 20

% SET INITIAL GUESS EQUAL TO ZEROS OR TO AVERAGE OF FIXED VALUES

for I=1:

for J=1:NY-1

end
end

NX-1

V(I+1,J+1)=(V1 + V2 + V3 + V4)/4.0;

% SET POTENTIALS AT FIXED NODES

for I =

V(I+1,1)=V1;

1:NX-1

V{I+1,N¥Y+1)=v3;

end
for J=1:

V(1,J+1)=V4;

NY-1

V(NK+1,J+1)=V2;

end

V(l,1)=(V1 + V4}/2.0;

V(NX+1,1)=(V1 + V2)/2.0;

V{1,N¥+1)=(V3 + V4)/2.0;

V(NX+1,NY+1)=(V2 + V3)/2.0;

% FIND THE OPTIMUM OVER-RELAXATION FACTOR
T = cos(pi/NX) + cos(pi/NY);

W= (8 - sqrt(64 - 16*T"2))/(T"2);
disp([ 'SOR Factor Omega = ',num2str(W)])
WA = W/4;

4 ITERATION BEGINS
NCOUNT = 0;

loop = 1

while loop == 1;

RMIN = 0;
for I =1:NX-1

X = H*I;

for J
¥
G
R

=

1:NY-1

H*J;

-36.0%pi*X* (¥ - 1.0);

Wa*( V(I+2,J+1) + V(I,J+l) + V(I+1,J+42) + V{I+1,d)-

4.0%V(I+1,T+1) - G*H*H );

FIGURE 3.12
MATLAB code for Example 3.4.

(Continued)
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end

RMIN

Computational Electromagnetics with MATLAB®

RMIN = RMIN + abs(R);
V(I+1,J+1}) = WV(I+1,J+l) + R;
end

= RMIN/(NX*NY);

if (RMIN>=0.0001)

else

end
end

Vnum = V;

%Grab origin
abc
a_ti
vec
for

end

NCOUNT = NCOUNT + 1;
if (NCOUNT=>100)

loop = 0;

disp('SOLUTION DOES NOT CONVERGE IN 100 ITERATIONS')
end

#Then RMIN is less than .0001 and then solution has converged

loop = 0;

disp(['Solution Converges in ',num2str(NCOUNT),' iterations'])

disp(['h = ', num2str(H)])

al points a through i

= zeros(l,9);

c = 1;

= [0:H:1];

ii = ,25:.25:.75

for jj = .25:.25:.75
xind = find(vec==ii);
yind = find(vec==3jj);
#disp([xind,yind])
abc(a_tic) = Vnum(xind,yind);
a_tic = a_tic + 1;

end

B e W P

OUTPUT THE FINITIE DIFFERENCE APPROX. RESULTS

CALCULATE THE EXACT SOLUTION

POISSON'S EQUATION WITH HOMOGENEOUS BOUNDARY CONDITIONS
SOLVED BY SERIES EXPANSION

for I =1:NX-1

X = H*I;
for J = 1l:NY-1
Y = H*J;
SUM = 0;
for M = 1:10 % TAKE ONLY 10 TERMS OF THE SERIES
FM = M;
for N = 1:10
FN = N;
FACTOR1 = (FM*pi/A)"2 + (FN*pi/B)"2;
FACTOR2 = ( (=1)"(M+N}) )*144*A*B/(pi*FM*FN);
FACTOR3 = 1 - (1 - (-1)"N)/B;
FACTOR = FACTORZ*FACTOR3/FACTORIL;
SUM = SUM + FACTOR*sin(FM*pi*X/A)*sin(FN*pi*¥/B);
end
end
VH = SUM;

FIGURE 3.12 (Continued)
MATLAB code for Example 3.4.

(Continued)
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% LAPLACE'S EQUATION WITH INHOMOGENEOUS BOUNDARY CONDITIONS
% SOLVED USING THE METHOD OF SEPARATION OF VARIABLES

Cl=4*V1/pi;

C2=4*V2/pi;

C3=4*V3/pi;

C4=4*Vd/pi;

SuM=0;

for K =1:10 % TAKE ONLY 10 TERMS OF THE SERIES
N=2*K-1;
AN=N;
Al=sin(AN*pi*X/B);
A2=sinh(AN*pi*(A-Y)/B);
A3=AN*sinh (AN*pi*A/B);
TERM1=Cl*Al*R2/A3;
Bl=sinh(AN*pi*X/A);
B2Z=sin(AN*pi*Y/A);
B3=AN*sinh (AN*pi*B/A);
TERM2=CZ*B1*B2/B3;
Dl=sin(AN*pi*X/B);
D2=sinh(AN*pi*¥/B);
D3=AN*sinh (AN*pi*A/B);
TERM3=C3*D1+*D2/D3;
El=sinh(AN*pi~(B-X)/A);
EZ=sin(AN*pi*Y/a);
E3=AN*sinh(AN*pi*B/A);
TERM4=C4*E1*E2/E3;
TERM = TERM1 + TERM2 + TERM3 + TERM4;
SUM=SUM + TERM;

end

VI = SUM;

Vexact (I+1,J+1) = VH + VI;

end
end

#Grab original points a through i

abc2 = zeros(1,9);

a_tic = 1;

vec = [0:H:1);

for ii = .25:.25:.75

for jj = .25:.25:.75

xind = find(vec==ii);
yind = find(vec==3jj);
%disp([xind,yind])
abc2(a_tic) = Vexact(xind,yind);
a tic = a_tic + 1;

end
end
figure(l),
imagesc(flipud(vnum')),
colorbar
ylabel('y'), xlabel('x")

title( 'Example 3.4: Poisson PDE'})

format short g
disp("' numerical exact')
disp([abc' abc2'])

FIGURE 3.12 (Continued)
MATLAB code for Example 3.4.

Each of these error types will affect accuracy and therefore degrade the solution.

The modeling errors are due to several assumptions made in arriving at the mathematical
model. For example, a nonlinear system may be represented by a linear PDE. Truncation
errors arise from the fact that in numerical analysis, we can deal only with a finite number
of terms from processes which are usually described by infinite series. For example, in
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TABLE 3.6

Successive Over-Relaxation Solution of Example 3.4

h=1/4 h=1/12 h=1/20

Wopt = 1171 Wopt = 1.729 Wopt = 1.729 Exact
Node 8 iterations 26 iterations 43 iterations Solution
a -3.247 -3.409 -3.424 -3.429
b -1.703 -1.982 -2.012 -2.029
4 4.305 4.279 4.277 4.277
d -0.0393 -0.0961 -0.1087 -0.1182
e 3.012 2.928 2921 2913
f 9.368 9.556 9.578 9.593
g 3.044 2.921 2.909 2.902
h 6.111 6.072 6.069 6.065
i 11.04 11.12 11.23 11.13

deriving finite difference schemes, some higher-order terms in the Taylor series expansion
were neglected, thereby introducing truncation error. Truncation errors may be reduced
by using finer meshes, that is, by reducing the mesh size & and time increment At.
Alternatively, truncation errors may be reduced by using a large number of terms in the
series expansion of derivatives, that is, by using higher-order approximations. However,
care must be exercised in applying higher-order approximations. Instability may result if
we apply a difference equation of an order higher than the PDE being examined. These
higher-order difference equations may introduce “spurious solutions.”

Roundoff errors reflect the fact that computations can be done only with a finite
precision on a computer. This unavoidable source of errors is due to the limited size of
registers in the arithmetic unit of the computer. Roundoff errors can be minimized by the
use of double-precision arithmetic. The only way to avoid roundoff errors completely is
to code all operations using integer arithmetic. This is hardly possible in most practical
situations.

Although it has been noted that reducing the mesh size & will increase accuracy; it is not
possible to indefinitely reduce h. Decreasing the truncation error by using a finer mesh may
result in increasing the roundoff error due to the increased number of arithmetic operations.
A point is reached where the minimum total error occurs for any particular algorithm using
any given word length [9]. This is illustrated in Figure 3.13. The concern about accuracy
leads us to question whether the finite difference solution can grow unbounded, a property
termed the instability of the difference scheme. A numerical algorithm is said to be stable
if a small error at any stage produces a smaller cumulative error. It is unstable otherwise.
The consequence of instability (producing unbonded solution) is disastrous. To determine
whether a finite difference scheme is stable, we define an error, ¢, which occurs at time
step 1, assuming that there is one independent variable. We define the amplification of this
error at time step n + 1 as

el = get (3.37)

where ¢ is known as the amplification factor. In more complex situations, we have two or
more independent variables, and Equation 3.37 becomes

[e]™*! = [Gl[e]" (3.38)
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Error

Total
error

- error
error ™ -

- --— - -

Mesh Size i
FIGURE 3.13

Error as a function of the mesh size.

where [G] is the amplification matrix. For the stability of the difference scheme, it is required
that Equation 3.37 satisfies

et ] < fer|
or
gl <1 (3.39a)
For the case in Equation 3.38,
IGll <1 (3.39b)

One useful and simple method of finding a stability criterion for a difference scheme is to
construct a Fourier analysis of the difference equation and thereby derive the amplification
factor. We illustrate this technique, known as von Neumann’s method [4,5,7,10], by considering
the explicit scheme of Equation 3.13:

O = (1210} + (D) +P1y) (3.40)

where r = At/k(Ax)2.. We have changed our usual notation so that we can use j =+/—1 in the
Fourier series. Let the solution be

P = ZA”(t)ef""", 0<x<1 (341a)

where k is the wave number. Since the differential equation (3.10) approximated by Equation
3.13 is linear, we need consider only a Fourier mode, that is,

oI = A"(H)e™™ (3.41b)
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Substituting Equation 3.41b into Equation 3.40 gives
Artlehix = (1 — 2r)Arelkix + 1 (e*x 4 e k¥) Arefkix
or
A = A"[1 — 2r + 2r cos kx] (342)

Hence, the amplification factor is

An+1
= =1-2r+2rcoskx
g An
=1—4rsin? k7x (343)

In order to satisfy Equation 3.3%9a,
1—4rsin? k2x <1

Since this condition must hold for every wave number k, we take the maximum value of
the sine function so that

1—4r>-1 and r>0

or

rZ% and r>0

Of course, r = 0 implies At = 0, which is impractical. Thus,

0<r< % (3.44)

EXAMPLE 3.5

For the finite difference scheme of Equation 3.20, use the von Neumann approach to
determine the stability condition.

Solution

We assume a trial solution of the form
P = A"e jkix
e
Substituting this into Equation 3.20 results in
Antlgikix — 2(1 _ 1’) Areikix +7r (ejkx + e—jkz) Areikix . An—1gjkix
or

A = A" [2(1 — r) + 2r cos kx] — A" (3-45)
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In terms of ¢ = A"*1/A", Equation 3.45 becomes
£-2pg+1=0 (3.46)
where p =1 — 2r sin%x/2. The quadratic equation 3.46 has solutions
Qi=p+P-17 &=p-[p-1"
For |g;| <1, wherei=1,2, pmust lie between 1 and —1, thatis, -1 <p <1lor

—1§1—erin2k7x§1

which implies that » <1 or u At < Ax for stability. This idea can be extended to show

that the stability condition for two-dimensional wave equation is uAt/h < %, where
h=Ax=Ay. 2

3.7 Practical Applications I: Guided Structures

The finite difference method has been applied successfully to solve many EM-related
problems. Besides those simple examples we have considered earlier in this chapter, the
method has been applied to diverse problems [11] including

* Transmission-line problems [12-21],

* Waveguides [21-26],

e Microwave circuit [27-30],

* EM penetration and scattering problems [31,32],
¢ EM pulse (EMP) problems [33],

e EM exploration of minerals [34], and

¢ EM energy deposition in human bodies [35,36].

It is practically impossible to cover all those applications within the limited scope of this
chapter. In this section, we consider the relatively easier problems of transmission lines and
waveguides while the problems of penetration and scattering of EM waves will be treated
in the next section. Other applications utilize basically similar techniques.

3.7.1 Transmission Lines

The finite difference techniques are suited for computing the characteristic impedance,
phase velocity, and attenuation of several transmission lines—polygonal lines, shielded
strip lines, coupled strip lines, microstrip lines, coaxial lines, and rectangular lines [12-19].
The knowledge of the basic parameters of these lines is of paramount importance in the
design of microwave circuits.

For concreteness, consider the microstrip line shown in Figure 3.14a. The geometry in
Figure 3.14a is deliberately selected to be able to illustrate how one accounts for discrete
inhomogeneities (i.e., homogeneous media separated by interfaces) and lines of symmetry
using a finite difference technique. The techniques presented are equally applicable to other
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FIGURE 3.14
(a) Shielded double-strip line with partial dielectric support; (b) problem in (a) simplified by making full use of
symmetry.

lines. Assuming that the mode is TEM, having components of neither E nor H fields in the
direction of propagation, the fields obey Laplace’s equation over the line cross section. The
TEM mode assumption provides good approximations if the line dimensions are much
smaller than half a wavelength, which means that the operating frequency is far below
cutoff frequency for all higher-order modes [16]. Also due to biaxial symmetry about the two
axes only one quarter of the cross section needs to be considered as shown in Figure 3.14b.

The finite difference approximation of Laplace’s equation, V2V = 0, was derived in
Equation 3.31, namely,

Vﬁjﬁ:iWQ+Lﬁ+Vﬁ—Lﬁ+V@j+D+V@j—D] (347)

For the sake of conciseness, let us denote

Vo=V, j)

Vi=V(@, j+1)

Vo, =V(i-1,)) (348)
Vs =V(i, j—1)

Vi=V(i+1,j)
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FIGURE 3.15
Computation molecule for Laplace’s equation.
so that Equation 3.47 becomes
1 349
Vo= 472t Va4V (3:49)

with the computation molecule shown in Figure 3.15. Equation 3.49 is the general formula
to be applied to all free nodes in the free space and dielectric region of Figure 3.14b.
On the dielectric boundary, the boundary condition,

Dln = D2n/ (350)

must be imposed. We recall that this condition is based on Gauss’s law for the electric field,
that is,

fD . dI :§ cE- dl = Qenc =0 (351)
l

¢

since no free charge is deliberately placed on the dielectric boundary. Substituting E = —-VV

in Equation 3.51 gives
ov

4 ¢

where 0V/0n denotes the derivative of V normal to the contour €. Applying Equation 3.52
to the interface in Figure 3.16 yields

(‘/I_VO) (VZ_VO) h (VZ_VO) h

h n n

P A A A
Vs W) Va=Vo) h - Va=Vo) h

I
A P S e A

0:€1

+ &

Rearranging the terms,

2e+e)Vo=aVi+&Vs+ @(VZ +Vi)
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FIGURE 3.16
Interface between media of dielectric permittivities ¢, and e,.
or
& S
Vo= ! S y AT V2 += v4 (3.53)
2(e1 + 62) 2(61 +¢&2)

This is the finite difference equivalent of the boundary condition in Equation 3.50. Notice
that the discrete inhomogeneity does not affect points 2 and 4 on the boundary but affects
points 1 and 3 in proportion to their corresponding permittivities. Also note that when
€, = €, Equation 3.53 reduces to Equation 3.49.

On the line of symmetry, we impose the condition

v _y (3.54)
on
This implies that on the line of symmetry along the y-axis (x =0 or i =0),
ZV =(Vy—V2)/2h =0 or V, = V so that Equation 3.49 becomes
Vo= Vi+ Vs +21)] (3.552)
or
VIO,)= IV, j+1)+ VO, j~1)+2V(1, )] (3.550)

On the line of symmetry along the x-axis (y =0 orj = 0) —=WV1—V3)/2h=00rV,=V,
so that Ay

Vo= 12V 4V +Vi] (3.562)

or

V(i,0) = i[ZV(i, D+ V(i—1,0)+V(i+1,0)] (3.56b)
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FIGURE 3.17
Computation molecule used for satisfying symmetry conditions: (a) 9V/0x = 0, (b) 0V/0y = 0.

The computation molecules for Equations 3.55 and 3.56 are displayed in Figure 3.17.

By setting the potential at the fixed nodes equal to their prescribed values and applying
Equations 3.49, 3.53, 3.55, and 3.56 to the free nodes according to the band matrix or iterative
methods discussed in Section 3.5, the potential at the free nodes can be determined. Once
this is accomplished, the quantities of interest can be calculated.

The characteristic impedance Z, and phase velocity u of the line are defined as

7z = \F (3.57a)
C
1

> (3.57b)

JLC

where L and C are the inductance and capacitance per unit length, respectively. If the
dielectric medium is nonmagnetic (¢ = p,), the characteristic impedance Z,, and phase
velocity u, with the dielectric removed (i.e., the line is air-filled) are given by

z. - | & (3.58a)
G
1

Uy = 3.58b
IC. (3.58b)

where C, is the capacitance per unit length without the dielectric. Combining Equations
3.57 and 3.58 yields

z =L 1 (3.59%)

° T uJCC, uC

G _ (3.59b)

U=Uy | — =
0 C \/&

C
= (3.59¢)
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FIGURE 3.18
Rectangular path € used in calculating charge enclosed.

where u, = c = 3 x 108 m/s, the speed of light in free space, and ¢ is the effective dielectric
constant. Thus to find Z, and u for an inhomogeneous medium require calculating the
capacitance per unit length of the structure, with and without the dielectric substrate.

If V, is the potential difference between the inner and the outer conductors,

c_%Q

3.60
v (3.60)

so that the problem is reduced to finding the charge per unit length Q. (The factor 4 is
needed since we are working on only one quarter of the cross section.) To find Q, we
apply Gauss’s law to a closed path € enclosing the inner conductor. We may select ¢ as the
rectangular path between two adjacent rectangles as shown in Figure 3.18.

Q:§D~dlz NV
on
1 {

_E[VPA—XVN]Ay_|_€[Vz\/IA—xVL]Aereg VHA_]/VL]Ax
pel YoV Ay 3.61)
Ay

Since Ax = Ay =h,
Q=(Vp+ eVy + Vg + Vi ++) — (Vy + 26V, + eV +--9)

or

Q=¢, [Z &,V; for nodesion outer rectangle GHJMP

with corners (such as J) not counted] (3.62)

EE,M for nodes i on inner rectangle KLN

—&,

with corners (such as L) counted twice],



Finite Difference Methods 153

where V; and ¢,; are the potential and dielectric constant at the ith node. If i is on the
dielectric interface, €,; = (¢, + €,,)/2. Also if i is on the line of symmetry, we use V;/2 instead
of V; to avoid including V; twice in Equation 3.60, where factor 4 is applied. We also find

C,=4Q,/V, (3.63)

where Q, is obtained by removing the dielectric, finding V; at the free nodes and then using
Equation 3.62 with ¢, =1 at all nodes. Once Q and Q, are calculated, we obtain C and C,
from Equations 3.60 and 3.63 and Z, and u from Equation 3.59.

An outline of the procedure is given below.

1. Calculate V (with the dielectric space replaced by free space) using Equations 3.49,
3.53, 3.55, and 3.56.

2. Determine Q using Equation 3.62.
3. Find C, = 22
V.

d
4. Repeat steps 1 and 2 (with the dielectric space) and find C = %/—Q

1 d
5. Finally, calculate Z, = — ——,c=3x10%m /s.
Y cJCC,

The attenuation of the line can be calculated by following similar procedure outlined
in References 14,20,21. The procedure for handling boundaries at infinity and that for
boundary singularities in finite difference analysis are discussed in References 37,38.

3.7.2 Waveguides

The solution of waveguide problems is well suited for finite difference schemes because the
solution region is closed. This amounts to solving the Helmholtz or wave equation

Vo + k=0 (3.64)
where ® = E, for TM modes or ® = H, for TE modes, while k is the wave number given by
k2 = wPue — 32 (3.65)

The permittivity e of the dielectric medium can be real for a lossless medium or
complex for a lossy medium. We consider all fields to vary with time and axial distance
as exp j(wt — (z). In the eigenvalue problem of Equation 3.64, both k and ¢ are to be
determined. The cutoff wavelength is A\, = 27/k.. For each value of the cutoff wave number
k,, there is a solution for the eigenfunction ®;, which represents the field configuration of
a propagating mode.

To apply the finite difference method, we discretize the cross section of the waveguide
by a suitable square mesh. Applying Equation 3.29 to Equation 3.64 gives

(i +1, )+ (i —1, ) + (i, j+ 1)+ 8(i, j— 1) — (4— Kk, j) = 0| (3.66)

where Ax = Ay = h is the mesh size. Equation 3.66 applies to all the free or interior nodes.
At the boundary points, we apply Dirichlet condition (® = 0) for the TM modes and
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Ee A

FIGURE 3.19
Finite difference mesh for a waveguide.

Neumann condition (0®/0n = 0) for the TE modes. This implies that at point A in Figure
3.19, for example,

®,=0 (3.67)
for TM modes. At point A, 0®/0n = 0 implies that &, = ¢, so that Equation 3.64 becomes
Pp+ O+ 2P, — 4 — W2k 2, =0 (3.68)
for TE modes. By applying Equation 3.66 and either Equation 3.67 or Equation 3.68 to all
mesh points in the waveguide cross section, we obtain m simultaneous equations involving
the m unknowns (®,, ®,, ..., ®,). These simultaneous equations may be conveniently cast
into the matrix equation
A—-A)P=0 (3.69a)
or

AD = )\ (3.69b)

where Aisanm x mband matrix of known integer elements, I is an identity matrix, ® = (®,,
®,, ..., ®,) is the eigenvector, and

A= (ki) = [2;:’1] (3.70)

is the eigenvalue. There are several ways of determining A and the corresponding ®. We
consider two of these options.

The first option is the direct method. Equation 3.69 can be satisfied only if the determinant
of (A — M) vanishes, that is,

|A— M| =0 3.71)

This results in a polynomial in A\, which can be solved [39] for the various eigenvalues
A. For each ), we obtain the corresponding ® from Equation 3.66. This method requires
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storing the relevant matrix elements and does not take advantage of the fact that matrix A
is sparse. In favor of the method is the fact that a computer subroutine usually exists (see
Reference 40 or Appendix C.4) that solves the eigenvalue problem in Equation 3.71 and that
determines all the eigenvalues of the matrix. These eigenvalues give the dominant and
higher modes of the waveguide, although accuracy deteriorates rapidly with mode number.

The second option is the iterative method. In this case, the matrix elements are usually
generated rather than stored. We begin with &, = ¢, = --- = ¢, =1 and a guessed value
for k. The field @f}“ at the (i, j)th node in the (k + 1)th iteration is obtained from its known
value in the kth iteration using

wR,j

+ m (3.72)

¢k+1(il ]) — (I)k(i, ])

where w is the acceleration factor, 1 <w <2, and R; is the residual at the (i, j)th node
given by
Rj=@,j+ 1)+, j-1)+2(+1,))
(i~ 1, )~ (4= FK)D(, ) (373)

After three or four scans of the complete mesh using Equation 3.73, the value of A = h2k?
should be updated using Raleigh formula

- f VDS
S S—
f‘bz 9 (3.74)

S

The finite difference equivalent of Equation 3.74 is

_ —2ic1 22 O PIPE+1, )+ P =1, j) + (G, j+1) + (G, j — 1) — 4D(, j)]

k2
WY (i, )

(3.75)

where ®; are the latest field values after three or four scans of the mesh and the summation
is carried out over all points in the mesh. The new value of k obtained from Equation 3.75
is now used in applying Equation 3.72 over the mesh for another three or four times to
give more accurate field values, which are again substituted into Equation 3.75 to update
k. This process is continued until the difference between consecutive values of k is within
a specified acceptable tolerance.

If the first option is to be applied, matrix A must first be found. To obtain matrix A is not
easy. Assuming TM modes, one way of calculating A is to number the free nodes from left
to right, bottom to top, starting from the left-hand corner as shown typically in Figure 3.20.
If there are n, and n, divisions along the x and y directions, the number of free nodes is

ng=(n, — H(n, — 1) (3.76)
Each free node must be assigned two sets of numbers, one to correspond to m in ®,, and

the other to correspond to (i, j) in ® (i, j). An array NL(G, j)=m,i=1,2,...,n,—1,j=1,
2,...,n,—1is easily developed to relate the two numbering schemes. To determine the
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(5.3)
11 (312 (13 [14 [15

(1L.1)

FIGURE 3.20
Relating node numbering schemes for n, = 6, n, = 4.

value of element A,,,, we search NL(j, j) to find (i,, j,) and (i, j,), which are the values of (i, )
corresponding to nodes m and n, respectively. With these ideas, we obtain

4, m=n

=1, =iy ju=jut1
-1, =iy, Ju=ju—1
-1, dp=iy+1, ju=ja
-1, dy=iy—1  ju=jn
0, otherwise

Amn - (377)

EXAMPLE 3.6

Calculate Z, for the microstrip transmission line in Figure 3.14 with

a=b=25cm, d=05cm, w=1cm
t=0.001lcm, ¢=¢, € =235,

Solution

This problem is representative of the various types of problems that can be solved
using the concepts developed in Section 3.7.1. The computer program in Figure 3.21 was
developed based on the five-step procedure outlined above. By specifying the step size
h and the number of iterations, the program first sets the potential at all nodes equal to
zero. The potential on the outer conductor is set equal to zero, while that on the inner
conductor is set to 100 V so that V; = 100. The program finds C, when the dielectric slab
is removed and C when the slab is in place and finally determines Z,. For a selected #,
the number of iterations must be large enough and greater than the number of divisions
along x or y direction. Table 3.7 shows some typical results.

3.8 Practical Applications II: Wave Scattering (FDTD)

The finite-difference time-domain (FDTD) formulation of EM field problems is a convenient
tool for solving scattering problems. The FDTD method, first introduced by Yee [42] in 1966
and later developed by Taflove and others [31,32,35,43-46], is a direct solution of Maxwell’s
two time-dependent curl equations. The scheme treats the irradiation of the scatterer as an
initial value problem. Our discussion on the FD TD method will cover
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Yee’s finite difference algorithm,
¢ Accuracy and stability,

Lattice truncation conditions,
Initial fields, and
* Programming aspects.

Some model examples with MATLAB codes will be provided to illustrate the method.

PR RS R R RS R R R R R R e s A A A R e R R A R AR AR AR R AR AR RS R R AR R st s
% Using the finite difference method
% This program calculates the characteristic impedance of the transmission

% line shown in Figure 3.14.
S oo ok o e e o e o o o o o i o i o o e o o i o o ke o o e o o o o o e o e

clear all; format compact;

% Output:
® H NT Zo
$ mm—— —
% 0.25 700 69.77
% 0.1 500 65.75
© 0.05 500 70.53
% 0.05 700 67.36
% 0.05 1000 65.50
H = 0.05;
NT = 1000;

A=2.5 B=2.5;D=20.5 W= 1.0;

ER=2.35;
EO=8.81E-12;
U=3.0E+8;

NX = A/H;
NY = B/H;
ND = D/H;
NW = W/H;
VD = 100.0;

% CALCULATE CHARGE WITH AND WITHOUT DIELECTRIC
ERR = 1.0;
for L=1:2
El = EO;
E2 = EO*ERR;

% INITIALIZATION
V = zeros(NX+2,HY+2);

% SET POTENTIAL ON INNER CONDUCTOR (FIXED MODES) EQUAL TO VD
V(2:NW+1,ND+2) = VD;

% CALCULATE POTENTIAL AT FREE NODES
Pl = EL/(2*(El + E2});
P2 = E2/(2*(El + E2));
for K=1:NT
for I=0:NX-1
for J=0:NY-1
if( (J==ND)&{I<=HW} )
%do nothing
elseif (J==ND)
% IMPOSE BOUNDARY CONDITION AT THE INTERFACE
V(I+2,J+42) = 0.25%(V(I+3,J+2) + V(I+1,J+2)) + ...
PL#V(I+2,J+3) + P2+V(I+2,J+1};

FIGURE 3.21
MATLAB code for Example 3.6. (Continued)
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elseif(I==0)
% IMPOSE SYMMETRY CONDITION ALONG Y-AXIS
V(I+2,J+2) = (2*V(I+3,J+2) + V(I+2,J+3) + V(I+2,J+1))/4.0;
elseif (J==0)
% IMPOSE SYMMETRY CONDITION ALONG X-AXIS
V(I+2,J+2) = (V(I+3,J+2) + V(I+1,J+2) + 2#V(I+2,J+3))/4.0;
else
V(I+2,J42) = (V(I+3,J42)+V(I+1,J+2)+V(I+2,J+3)+V(I+2,T+41))/4.0;
end
end
end
% Animation of calculation
% figure(l),imagesc(V),colorbar,title([num2str(K),"'/"',num2str(NT)])
% drawnow
end

% NOW, CALCULATE THE TOTAL CHARGE ENCLOSED IN A
% RECTANGULAR PATH SURROUNDING THE INNER CONDUCTOR
IOUT = round((NX + WNW)/2);
JOUT = round((NY + ND)/2);
% S5UM POTENTIAL ON INNER AND OUTER LOOFPS
for K=1:2
SUM = El*sum(V(3:IOUT+1,JOUT+2)) ...
4+ E1*V(2,J0UT+2)/2 + E2*V(IOUT+2,2)/2;
for J=1:J00T-1
if (J<ND)
SUM = SUM + E2*V(IOUT+2,J+2);
elseif (J==ND)
SUM = SUM + (E1+E2)*V{IOUT+2,J+2)/2;
else
SUM = SUM + E1*V(IOUT+2,J+2);
end
end
if K==
SV(1) = SUM;
end
IOUT = IOUT - 1;
JOUT = JOUT - 1;
end
SUM = SUM + 2.0*E1*V(IOUT+2,JOUT+2);
SV(2) = SUM;
Q(L) = abs{ BV(1) - 8V(2) };
ERR = ER;
end

% FINALLY, CALCULATE Zo
CO = 4.0%Q(1)/vD;
Cl = 4.0%*Q(2)/VD;
20 = 1.0/( U*sgrt(CO*Cl) );

disp([H,NT,207])

FIGURE 3.21 (Continued)
MATLAB code for Example 3.6.

TABLE 3.7

Characteristic Impedance of a Microstrip Line for Example 3.6
h Number of Iterations Z,
0.25 700 69.77
0.1 500 65.75
0.05 500 70.53
0.05 700 67.36
0.05 1000 65.50

Other method [41]: Z, = 62.50.
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3.8.1 Yee’s Finite Difference Algorithm

In an isotropic medium, Maxwell’s equations can be written as

OH
VXE=—pu——-
"ot
VXH:JE—H:a—E
ot

159

(3.78a)

(3.78b)

The vector Equation 3.78 represents a system of six scalar equations, which can be
expressed in rectangular coordinate system as

OH,
ot

OH,
ot

OH,
ot

O,
ot

OF,

ot

OE,
ot

Following Yee’s notation, we define a grid point in the solution region as

1

o

_1
u

1

I

1
€

1

9

1

€

OF, OE.
oz ay )

OE, OE,

ox 9z )

OE, _%

oy ax |
oM. oH, .
oy 0z

OH, OH, _oF,
0z ox ’
OH, 7%7([&
ox oy

G k)=0AxjAYy k Az)

and any function of space and time as

Fi(i, j, k) = F(6, j6, k6, n Ap)

~

(3.79a)

(3.79b)

(3.79¢)

(3.79d)

(3.79%)

(3.79f)

(3.80)

(3.81)

where § = Ax = Ay = Az is the space increment, and At is the time increment, while i,
j, k, and n are integers. Using central finite difference approximation for space and time
derivatives that are second-order accurate,

8Fn(l,],k) _ Fn(l_~_1/2’],k)_F"(1—1/2,],k)

ox

6

OF"(i,j, k) F"™(i,j,k)— F"(i, k)

ot

At

+0O(A1?)

(3.82)

(3.83)
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FIGURE 3.22
Positions of the field components in a unit cell of the Yee’s lattice.

In applying Equation 3.82 to all the space derivatives in Equation 3.79, Yee positions the
components of E and H about a unit cell of the lattice as shown in Figure 3.22. To incorporate
Equation 3.83, the components of E and H are evaluated at alternate half-time steps. Thus,
we obtain the explicit finite difference approximation of Equation 3.79 as

ot
(i, j+1/2,k+1/2)6

<[EG, j+1/2,k + D~ E}G, j+1/2,K) (3.84a)
+E/G,j,k+1/2)—ElG,j+1,k +1/2)]/

Hc+1/2(l,]+1/2,k+1/2):H;Zfl/Z(l,]+1/2,k+1/2)+

of
u(i+1/2,j,k+1/2)8

x[E;’(i+ 1,j,k+1/2)—E!G,j,k+1/2)
+ELi+1/2,j,00)— EXi+1/2,j,k+1),

HyY2(i41/2,,k+1/2) = Hi V(i +1/2, 7,k +1/2) +

(3.84b)

ot
wi+1/2,j+1/2,k)8

+EjG,j+1/2,K) ~Ei(i+1,j+1/2,k),

HIY2(i41/2,j+1/2,k) = H Y2 (i4+1/2, j+1/2,k) +

y (3.840)

_oli+1/2,1, k)0t s
e(i+1/2,5,k) e(i+1/2,5,k)b

X[ HIY2(i41/2,j+1/2, k) = HE 2 (i+1/2,j-1/2,k)
FHI(i4+1/2,,k—1/2) — H;*l/z(i+1/2,j,k+1/2)],

ENi+1/2, j,k)—[l ]~E::(i+1/z, j k) +

(3.84d)
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- [, i+1/2, k)6t . ot
En+] , 1 2,k — 1_0-(1L 'En P 1 2/k e s A4A Ine
.04e
X[ HE2, 172,k +1/2)— HE V2, +1/2,k-1/2)
+H§+1/2(l—1/2,]+1/2,k) _ H§+1/2(1+1/2,]+1/2/k)]r
.. ./‘/k‘+'1/2)6t 11 5t
E;1+1 , ’k 1 2 — 170—(1]— E; 7 /k 1 2 i1 1/9\8
(3.84f)

X[Hy (i 41/2,j,k+1/2) = Hy2(i=1/2,j,k+1/2)
+H;1+1/2(i’]'_1/2,k _|_1/2) _ H;1+1/2(l"]'—|-1/2,k +1/2)]

Notice from Equations 3.84a through 3.84f and Figure 3.22 that the components of E
and H are interlaced within the unit cell and are evaluated at alternate half-time steps. All
the field components are present in a quarter of a unit cell as shown typically in Figure
3.23a. Figure 3.23b illustrates typical relations between field components on a plane; this
is particularly useful when incorporating boundary conditions. The figure can be inferred
from Equation 3.79d or Equation 3.84d. In translating the hyperbolic system of Equations
3.84a through 3.84f into a computer code, one must make sure that, within the same time
loop, one type of field component is calculated first and the results obtained are used in
calculating another type.

3.8.2 Accuracy and Stability

One factor that dictates the accuracy of FDTD technique is the number of points per
wavelength for any given frequency. To ensure the accuracy of the computed results, the
spatial increment 6 must be small compared to the wavelength (usually < »/10) or minimum
dimension of the scatterer. This amounts to having 10 or more cells per wavelength. To
ensure the stability of the finite difference scheme of Equations 3.84a through 3.84f, the
time increment At must satisfy the following stability condition [4347]:

-1/2

1 1 1

U A < + (3.85)
A Ayt AZ°
A
E, H,
i ——> HJ.
' E; H: H
: i L
' 1 e 1
| H,
— e
——>= H,
E H, ;
(a) (b)

FIGURE 3.23
Typical relations between field components: (a) within a quarter of a unit cell, (b) in a plane.
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where 1, is the maximum wave phase velocity within the model. Since we are using a
cubic cell with Ax = Ay = Az = §, Equation 3.85 becomes

UmaxAF 1 (3.86)

5§

where 1 is the number of space dimensions. (n here should not be confused with 7 in
Equation 3.84. The former n refers to the number of dimensions, whereas the latter refers
to time.) For practical reasons, it is best to choose the ratio of the time increment to spatial
increment as large as possible yet satisfying Equation 3.86.

3.8.3 Lattice Truncation Conditions

A basic difficulty encountered in applying the FDTD method to scattering problems is
that the domain in which the field is to be computed is open or unbounded (see Figure
1.3). Since no computer can store an unlimited amount of data, a finite difference scheme
over the whole domain is impractical. We must limit the extent of our solution region.
In other words, an artificial boundary must be enforced, as in Figure 3.24, to create the
numerical illusion of an infinite space. The solution region must be large enough to enclose
the scatterer, and suitable boundary conditions on the artificial boundary must be used to
simulate the extension of the solution region to infinity. Outer boundary conditions of this
type have been called radiation conditions, absorbing boundary conditions, or lattice truncation
conditions. Although several types of boundary conditions have been proposed [48,49], we
will only consider those developed by Taflove et al. [43,44].

The lattice truncation conditions developed by Taflove et al. allow excellent overall
accuracy and numerical stability even when the lattice truncation planes are positioned

Lattice truncation plane

/ (invisible to all waves)

Arbitrary E
structure ] 7“ >{\ :
: A :

X Scattered

|
1 -
. 1 ! wav
Incident ] K X ! ave
L

plane wave \& %/

FIGURE 3.24
Solution region with lattice truncation.
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no more than 56 from the surface of the scatterer. The conditions relate in a simple way the
values of the field components at the truncation planes to the field components at points
one or more ¢ within the lattice (or solution region).

For simplicity, we first consider one-dimensional wave propagation. Assume waves
have only E, and H, components and propagate in the £y directions. Also assume a time
step of &t = éy/c, the maximum allowed by the stability condition of Equation 3.86. If the
lattice extends from y = 0 to y = ] Ay, with E, component at the end points, the truncation
conditions are

EX0)=Er (1) (3.87a)
EX)=E"'(J-1) (3.87b)

With these lattice conditions, all possible +y-directed waves are absorbed aty = 0 and | Ay
without reflection. Equation 3.87 assumes free-space propagation. If we wish to simulate the
lattice truncation in a dielectric medium of refractive index m, Equation 3.87 is modified to

E/(0)=EX"(1) (3.88a)
EX(J)=E"(J 1) (3.88b)

For the three-dimensional case, we consider scattered waves having all six field
components and propagating in all possible directions. Assume a time step of 6t = §/2c, a
value which is about 13% lower than the maximum allowed (6t = §/+/3c) by Equation 3.86.
If the lattice occupies 1/26 < x < (Imax +1/2)8, 0 < Y < Jmaxd, 0 <z < Kinaxd, the truncation
conditions are [36,44]:

a. Planei=1/2

HI(1/2,j,k+1/2) = %[H’;’ZB/Z, jk—1/2)+HI2(3/2,j,k+1/2)

+Hy2(3/2,j,k+3/2), (3.89a)

HI(1/2, j+1/2,k):%[Hz”’2(3/2, j41/2,k— 1)+ HI2(3/2,+1/2,k)

+HI(3/2,j+1/2,k+1)], (3.89b)

b. Planei=1_,, + 1/2
Hy(Imax +1/2,j,k+1/2)
- . . .
:§[Hy (Imax —1/2, 7,k =1/2) + Hy *(Inax — 1/2,j,k +1/2)
+Hy 2 (Inax —1/2,j,k 4+ 3/2)), (3.890)

H(Imax +1/2,j+1/2,k)

- %[H;iz(lmax _1/2’]+1/2/k_1)+H272(1max _1/2/]+1/2/k)

+ HE (Lo = 1/2,j+1/2,k 4+ 1)), (3.89d)
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c. Planej =0,
E}(i+1/2,0,k)=E;*(i+1/2,1,k), (3.8%)
E!i,0,k+1/2)=E'?@i,1,k+1/2), (3.89f)
d. Planej = ] .«
EX(i+1/2, Jmax, k) = EY2(i+1/2, Jmax — 1,k) (3.89g)
EX(i, Jmax, kK +1/2) = EX72(i, Jmax — L,k +1/2), (3.89h)

e. Plane k =0,

Eli+1/2,j,0)= %[E’;’z(i —1/2,j )+ B 4+1/2,1, )+ E2(+3/2,5,0)],  (3.89)
H}(i,j+1/2,0)= %[ES*Z(i —1j+1/2 D) +E) 2, j+1/2, )+ B2 +1,j+1/2,1)], (3.89)

f. Plane k = K

ENi41/2,j, Knar) = %[E}Z’z(i ~1/2,j, Kenax = 1) + B2 +1/2, ], Ko — 1)

+EL (4 3/2,, Knax = 1), (3.89K)

Eli, j+1/2,Kay) = %[E{}*Z(i —1,j+1/2, Kunax = 1)+ EZ 26, j+1/2, Kooy — 1)

+E) 2041,/ 41/2, Ko 1), (3.89)

These boundary conditions minimize the reflection of any outgoing waves by simulating
the propagation of the wave from the lattice plane adjacent to the lattice truncation plane in
a number of time steps corresponding to the propagation delay. The averaging process is
used to take into account all possible local angles of incidence of the outgoing wave at the
lattice boundary and possible multiple incidences [43]. If the solution region is a dielectric
medium of refractive index m rather than free space, we replace the superscript n — 2 in
Equations 3.89a through 3.891 by n — m.

3.8.4 Initial Fields

The initial field components are obtained by simulating either an incident plane wave pulse
or single-frequency plane wave. The simulation should not take excessive storage nor cause
spurious wave reflections. A desirable plane wave source condition takes into account the
scattered fields at the source plane. For the three-dimensional case, a typical wave source
condition at plane y = j, (near y = 0) is

EX(i, j., k +1/2) < 1000sin(27 fnn 6t) 4+ E2 (i, ji, k +1/2) (3.90)
where fis the irradiation frequency. Equation 3.90 is a modification of the algorithm for all

points on plane y = j; the value of the sinusoid is added to the value of E; obtained from
Equations 3.84a through 3.84f.
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Att = 0, the plane wave source of frequency fis assumed to be turned on. The propagation
of waves from this source is simulated by time stepping, that is, repeatedly implementing
Yee’s finite difference algorithm on a lattice of points. The incident wave is tracked as it
first propagates to the scatterer and then interacts with it via surface—current excitation,
diffusion, penetration, and diffraction. Time stepping is continued until the sinusoidal
steady state is achieved at each point. The field envelope, or maximum absolute value,
during the final half-wave cycle of time stepping is taken as the magnitude of the phasor
of the steady-state field [32,43].

From experience, the number of time steps needed to reach the sinusoidal steady state
can be greatly reduced by introducing a small isotropic conductivity o, within the solution
region exterior to the scatterer. This causes the fields to converge more rapidly to the
expected steady-state condition.

3.8.5 Programming Aspects

Since most EM scattering problems involve nonmagnetic media (p, = 1), the quantity &/u(,
j, k)6 can be assumed constant for all (i, j, k). The nine multiplications per unit cell per
time required by Yee’s algorithm of Equations 3.84a through 3.84f can be reduced to six
multiplications, thereby reducing computer time. Following Taflove et al. [31,35,44], we
define the following constants:

R = 6t/2e, (391a)

R, = (c8t/5)%, (391b)

R, = 8t/u,6, (3910)

oL
R,

e 391
"= ¢ (m)+ Ro(m) G319

where m = MEDIA(j, , k) is an integer referring to the dielectric or conducting medium type
atlocation (i, j, k). For example, for a solution region comprising three different homogeneous
media shown in Figure 3.25, m is assumed to be 1-3. (This m should not be confused with

N
%\\\_

3

(22 poy )

FIGURE 3.25
A typical inhomogeneous solution region with integer m assigned to each medium.
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the refractive index of the medium, mentioned earlier.) In addition to the constants in
Equation 3.91, we define proportional electric field

E=RE (3.92)
Thus, Yee’s algorithm is modified and simplified for easy programming as [50,51]:

H!(,j,k)=H!"G,j,k)+Ei (G, 7,k +1)

— B, 5, k)~ EXNG 4+ L)+ BN, k), (393a)
H;(lr]rk) = H],/Zil(i/ j/ k) + E;Zil(l + 1/ j/ k) - Egil(irjrk)
— B, j k+ D) —EF G k), (3.93b)

HY(i,j,k)=HZ(, j,k)+ EX (i, j+1,k)— E¥ (i, j, k)
—Ey7 417,00+ E G k), (393¢)
EL(i,j, k) = Co(m)EL (G, j, k)
+Cy(m)[H2 (G, ) — HE (G, j —1,K)
—Hy (G, j,k)+ Hy (i, k1), (393d)
E}(i,j, k) = Co(m)E) (i, j, k)
+ Cb(m) H;Hl(i/j/ k) - Hﬁil(i/jrk - l)
—H\(i, 00+ HENi—1,7,k)), (393¢)

EX(i, j,k) = C.(m)EX\(i, ], k)
+Cy(m)[Hy (G, j,k)— Hy ' (i=1,,k)
—HI G, j, k) + HY i j—1,k)] (3.93f)

The relationship between the original and modified algorithms is illustrated in Figure
3.26 and shown in Table 3.8. Needless to say, the truncation conditions in Equations 3.8%
through 3.891 must be modified accordingly. This modification eliminates the need for
computer storage of separate ¢ and ¢ arrays; only a MEDIA array which specifies the
type-integer of the dielectric or conducting medium at the location of each electric field
component in the lattice need be stored. Also the programming problem of handling half
integral values of i, j, k has been eliminated.

With the modified algorithm, we determine the scattered fields as follows. Let the
solution region, completely enclosing the scatterer, be defined by 0 <i <1, 0 <j < Jay

0 <k < K. At t <0, the program is started by setting all field components at the grip
points equal to zero:
E2G, j,k)=ES(, j,k) = EX(G, j,k) =0 (394a)
HYG,j,k)y=H)@,jk)=HG,jk)=0 (3.94b)

for 0 <i<I,., 0 <j<Jnaw 0 <k <K, If we know

H{G, g, k), BN gk),
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FIGURE 3.26
Modified node numbering.

and
E;”l(i, j k)

at all grid points in the solution region, we can determine new H, (i, j, k) everywhere from
Equation 3.93a. The same applies for finding other field components except that the lattice
truncation conditions of Equations 3.89a through 3.891 must be applied when necessary.
The plane wave source is activated at t = ¢t, the first time step, and left on during the entire
run. The field components are advanced by Yee’s finite difference formulas in Equations
3.93a through 3.93f and by the lattice truncation condition in Equations 3.89a through 3.891L
The time stepping is continued for t = N, &, where N,,,, is chosen large enough that the
sinusoidal steady state is achieved. In obtaining the steady-state solutions, the program
must not be left for too long (i.e,, N,,,, should not be too large), otherwise the imperfection
of the boundary conditions causes the model to become unstable.

The FDTD method has the following inherent advantages over other modeling techniques,
such as the moment method and transmission-line modeling:

¢ Itis conceptually simple, general, and robust.

* The algorithm does not require the formulation of integral equations, and relatively
complex scatterers can be treated without the inversion of large matrices.

e Itis simple to implement for complicated, inhomogeneous conducting or dielectric
structures because constitutive parameters (g, p, €) can be assigned to each lattice
point.
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TABLE 3.8

Relationship between Original and Modified Field Components (lattice

Original Modified Limits on Modified (i, j, k)

HYY2(x1, Y4172, Z12) Hi(@i,j,k) =0 Lo
7=0, 0 Joax — 1
k=0,..., K. —1

Hy ™2 (xi172, Y, Zki1/2) Hy(i,j,k) =0 Ly =1
F=0, oo, Jnax
k=0, ..., Ky —1

HE 2 012, o2, 20) H G, 0) PO
7=0 0 Joax — 1
k= 0,..., Kmax

E2 (Xio1/2, Y, 2) E2Gi,j,k) =0, d = 1
j = 0/ /]m.ix
k=0, ..., K,

EJ (X, Y2 2) EJi,j,K) =0 Lo
j:O/ /]maxi 1
k=0, ..., K,

EX(xi,Yj,2k1172) EZ(i,j,k) 1=0, s e
F=0, oo, Jnax
k:O/ "/Kmax_l

¢ Its computer memory requirement is not prohibitive for many complex structures
of interest.

¢ The algorithm makes use of the memory in a simple sequential order.

¢ It is much easier to obtain frequency domain data from time-domain results than
the converse. Thus, it is more convenient to obtain frequency domain results via
time domain when many frequencies are involved.

The method has the following disadvantages:

¢ Its implementation necessitates modeling an object as well as its surroundings.
Thus, FDTD requires a lot of memory space and the required program execution
time may be excessive.

e Its accuracy is at least one order of magnitude worse than that of the method of
moments, for example.

¢ FDTD employs a low-order approximation in space that requires at least 10 cells
per wavelength to achieve acceptable accuracy.

¢ Since the computational meshes are rectangular in shape, they do not conform

to scatterers with curved surfaces, as is the case of the cylindrical or spherical
boundary.

* As in all finite difference algorithms, the field quantities are only known at grid
nodes.



Finite Difference Methods 169

Time-domain modeling in three dimensions involves a number of issues which are yet
to be resolved even for frequency-domain modeling. Among these are whether it is best to
reduce Maxwell’s equations to a second-order equation for the electric (or magnetic) field
or to work directly with the coupled first-order equation. The former approach is used in
Reference 35, for example, for solving the problem of EM exploration for minerals. The latter
approach has been used with great success in computing EM scattering from objects as
demonstrated in this section. In spite of these unresolved issues, the FDTD algorithm has
been applied to solve scattering and other problems including the following:

1. Aperture penetration [44,52,53],

2. Antenna/radiation problems [54-60],

3. Microwave circuits [61-66],

4. Eigenvalue problems [67],

5. EM absorption in human tissues (bioelectromagnetics) [35,36,68-72], and
6. Other areas [73-77].

The following two examples are taken from the work of Taflove et al. [32,43,44]. The
problems whose exact solutions are known will be used to illustrate the applications and
accuracy of FDTD algorithm.

EXAMPLE 3.7

Consider the scattering of a 4 y-directed plane wave of frequency 2.5 GHz by a uniform,
circular, dielectric cylinder of radius 6 cm. We assume that the cylinder is infinite in
the z direction and that the incident fields do not vary along z. Thus, 9/0z = 0 and the
problem is reduced to the two-dimensional scattering of the incident wave with only
E,, H, and Hy components. Our objective is to compute one of the components, say E,,
at points within the cylinder.

Solution

Assuming a lossless dielectric with
e =4¢, pg=p, 03=0, (3.95)

the speed of the wave in the cylinder is

c

P
e

Hence, \; = u,/f=6 cm. We may select § = Ax = Ay = Az = ),/20=0.3 cm and
0t = §2c = 5 ps. Thus, we use the two-dimensional grid of Figure 3.27 as the solution
domain. Due to the symmetry of the scatterer, the domain can be reduced relative
to Figure 3.27 to the 25 x 49 subdomain of Figure 3.28. Choosing the cylinder axis as
passing through point (i, j) = (25.5, 24.5) allows the symmetry condition to be imposed at
line i = 26, that is,

=15%x10*m /s (3.96)

E!(26, ) = EZ(25, j) (3.97)

Soft-grid truncation conditions are applied atj = 0,49 and i = 1/2, that is,

@@m=%FTW7LD+H”@D+E*ﬁ+LW, (3.99)
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FIGURE 3.27
Two-dimensional lattice for Example 3.7.
E!(i,49) = % Ef2(i—1,48)+ E!%(i,48) + I 2(i +1, 48)], (3.99)
H;(0.5,49) = %[H;"z(l.S,]’) +H, *(1.5,j—1)+H) *(1.5,j+ 1)} (3.100)
Assumptions:
E,=E,=0; H.;=0
9 )
0z
j
49
44 +
391
34
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24
191
14 1
9t kyI
4 -
E; H.
0 | ! | ! —_—
1 5 100 15 20 25 i
FIGURE 3.28

Finite difference model of cylindrical dielectric scatterer relative to the grid of Figure 3.27.
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Maxwell’s equations:

OH, 1 0E,

ot woy
OH, 10E,

ot ox

O, _1[8Hy _6Hx_UEx]
ot | Ox oy

where n — 2 is due to the fact that § = 2¢ét is selected. Notice that the actual values of
(i, j, k) are used here, while the modified values for easy programming are used in the
program; the relationship between the two types of values is in Table 3.8.

Grid points (i, j) internal to the cylinder, determined by

[(i — 25.5% + (j — 24.57]2 < 20, (3.101)

are assigned the constitutive parameters ¢, 1, and ¢; while grid points external to the
cylinder are assigned parameters of free space (¢ = €, p = j,, o = 0).

A FORTRAN program has been developed by Bemmel [78] based on the ideas
expounded above. A similar but more general code is THREDE developed by Holland
[50]. The program starts by setting all field components at grid points equal to zero. A
plane wave source

E!'(i,2) — 1000sin(2r f nét) + EX(i,2) (3.102)

is used to generate the incident wave at j = 2 and n = 1, the first time step, and left on
during the entire run. The program is time stepped to t = N, 6, where N, ,, is large
enough that sinusoidal steady state is achieved. Since f = 2.5 GHz, the wave period
T = 1/f = 400 ps = 80¢t. Hence, N, = 500 = 6.25 T/ét is sufficient to reach steady state.
Thus, the process is terminated after 500 timesteps. Typical results are portrayed in
Figure 3.29 for the envelope of E? (15, j) for 460 < n < 500. Figure 3.29 also shows the exact
solution using series expansion [79]. Bemmel’s code has both the numerical and exact
solutions. By simply changing the constitutive parameters of the media and specifying
the boundary of the scatterer (through a look-up table for complex objects), the program
can be applied to almost any two-dimensional scattering or penetration problem.

EXAMPLE 3.8

Consider the penetration of 2 4 y-directed plane wave of frequency 2.5 GHz by a uniform,
dielectric sphere of radius 4.5 cm. The problem is similar to the previous example except
that it is three dimensional and more general. We assume that the incident wave has only
E, and H, components.

Solution

As in the previous example, we assume that internal to the lossless dielectric sphere,
e, =4€, pi=p, 0;=0 (3.103)
We select
0=2X/20=0.3cm (3.104)
and

&t = 6/2c =5 ps (3.105)
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—— Computed solution
------- Exact solution
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FIGURE 3.29
Computed internal E; on line: (a) i = 25, (b) i = 15.

This choice of the grid size implies that the radius of the sphere is 4.5/0.3 = 15 units.
The sphere model centered at grid point (19.5,20,19) ina 19 x 39 x 19 lattice is portrayed
in Figure 3.30 at two lattice symmetry planes k =19 and i = 19.5. Grid points (i, j, k)
internal to the sphere are determined by

[ — 1952 + (j — 20 + (k — 1972 < 15 (3.106)

Rather than assigning o = 0 to points external to the sphere, a value ¢ = 0.1 mho/m
is assumed to reduce spurious wave reflections. The MATLAB code shown in Figure
3.31, a modified version of Bemmel’s [78], is used to generate field components E, and E,
near the sphere irradiation axis. With the dimensions and constitutive parameters of the
sphere specified as input data, the program is developed based on the following steps:

1. Compute the parameters of each medium using Equation 3.91 where m =1, 2.

2. Initialize field components.

3. Use the FDTD algorithm in Equations 3.93a through 3.93f to generate field
components. This is the heart of the program. It entails taking the following
steps:

a. Calculate actual values of grid point (x, y, z) using the relationship in Table
3.8. This will be needed later to identify the constitutive parameters of the
medium at that point using subroutine MEDIA.

b. Apply soft lattice truncation conditions in Equations 3.89a through 3.891 at
appropriate boundaries, thatis, at x = §/2, y = 0, Y ,..,» and z = 0. Notice that
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FIGURE 3.30
FDTD model of dielectric sphere.

some of the conditions in Equations 3.89a through 3.891 are not necessary
in this case because we restrict the solution to one fourth of the sphere due
to geometrical symmetry. At other boundaries (x = x,,,, and z = z,,,), the
symmetry conditions are imposed. For example, at k = 19,

Eli,j,20) = EX(i,,18)

c. Apply FDTD algorithm in Equations 3.93a through 3.93f.
d. Activate the plane wave source, that is,

EX(i,j, k) < sin(2 fin6t) + E2 (i, ., k)

where j, = 3 or any plane near y = 0.
e. Time step until steady state is reached.
4. Obtain the maximum absolute values (envelopes) of field components in the
last half-wave and output the results.

Figure 3.32 illustrates the results of the program. The values of |E,| and |E,| near the
sphere axis are plotted against j for observation period 460 < n < 500. The computed
results are compared with Mie’s exact solution [80] covered in Section 2.8. The code for
calculating the exact solution is also found in Bemmel’s work [78].

3.9 Absorbing Boundary Conditions for FDTD

The FDTD method is a robust, flexible (adaptable to complex geometries), efficient, versatile,
easy-to-understand, easy-to-implement, and user-friendly technique to solve Maxwell’s
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equations in the time domain. Although the method did not receive as much attention as it
deserved when it was suggested, it is now becoming the most popular method of choice in
computational EM. It is finding widespread use for solving open-region scattering, radiation,
penetration/absorption, electromagnetic interference (EMI), electromagnetic compatibility
(EMC), diffusion, transient, bioelectromagnetics, and microwave circuit modeling problems.

FREEE R A AR A A I AT IR R AR R AR AR AR I A I F IR IR AR AR Ak kdhdddF TR AR Rk Rk kkkd ke d &

% APPLICATION OF THE FINITE DIFFERENCE METHOD

% This program involves the penetration of a lossless dielectric SPHERE
% by a plane wave. The program provides in the maximum absclute value of
% Ey and Ez during the final half-wave of time-stepping

% Assumption:

% +y-directed incident wave with components Ez and Hx.

% I,J,K,NN correspond to X,Y¥,Z, and Time.

% IMAX,JMAX,KMAX are the maximum values of X,y,Z

% NNMAX is the total number of timesteps.

% NHW represents one half-wave cycle.

% MED is the number of different uniform media sections.

% JS is the j-position of the plane wave front.

0

THIS PROGRAM WAS DEVELOPED BY V. BEMMEL [BO]
% AND LATER IMPROVED BY D. TERRY

clear all; format compact; tic

IMAX=19; JMAX=39; KMAX=19;
NMAX=2; NNMAX=500; NHW=40; MED=2; J5=3;
DELTA=3E-3; CL=3.0EB; F=2.5E9;

% Define scatterer dimensions
0I=19.5; O0J=20.0; OK=19.0; RADIUS=15.0;

ER=[1.0,4.0]; % CONSTITUTIVE PARAMETERS
8IG=[0.1,0.0];

% Statement function to compute position w.r.t. center of the sphere

E0=(1E-9)/(36%pi);
UO=(1E-7)*4*pi;
DT=DELTA/ ( 2*CL) ;

R=DT/EQ;
RA=(DT"2)/(UO*EQ*(DELTA"2) ) ;
RB=DT/ (UO*DELTA) ;

TPIFDT = 2.0*pi*F*DT;

L T e e T T L e

% STEP # 1 - COMPUTE MEDIA PARAMETERS

e

CA = 1-R*SIG./ER;
CB = RA./ER;
CEMRB = CB/RB;

% (i) CALCULATE THE REAL/ACTUAL GRID POINTS

Initialize the media arrays.Index (M) determines which

medium each point is actually located in and is used to

index into arrays which determine the constitutive

parameters of the medium.There are separate M determining

arrays for EX, EY, and EEZ. These arrays correlate the

integer values of I,J,K to the actual position within

the lattice. Computing these values now and storing them in these
arrays as opposed to computing them each time they are

needed saves a large amount of computation time.

W 0 P

FIGURE 3.31
Computer program for FDTD three-dimensional scattering problem. (Continued)



Finite Difference Methods 175

X o= 0:(IMAX+1l); y = 0:(JMAX+1); z = 0:(KMAX+1);
[Mx,My,Mz]=ndgrid(x,y,z);

IXMED = (sgrt((Mx-0I+.5)."2+(My-0J)."2+(M2-0K)."2)<=RADIUS)+1;
IYMED = (sqrt((Mx-0I)."2+(My-0J+.5)."2+(Mz-0K)."2)<=RADIUS)+1;
IZMED = (sqrt((Mx-0I)."2+(My-0J)."2+(Mz-0K+.5)."2)<=RADIUS)+1;

e T T T

STEP # 2 - INITIALIZE FIELD COMPONENTS

3k e e e ook o o o o ok o ok ko o o o o e o ke e ok o e e o

components for output

EY1 zeros(1l,JMAN+2);
EZ1l = zeros(l,JMAX+2);

EX=zeros (IMAX+2, JMAX+2 , KMAX+2 ,NMAX+1);
EY=zeros ( IMAX+2,JMAX+2, KMAX+2 , NMAX+1) ;
EZ=zeros(IMAX+2,JMAX+2 , KMAK+2 NMAX+1);
HX=zeros (IMAX+2, JMAX+2,KMAX+2 ,NMAX+1);
HY=zeros (IMAX+2 ,JMAX+2, KMAX+2 NMAX+1);
HEZ=zeros (IMAX+2,JMAX+2, KMAX+2 NMAX+1);

L Rl E s g g g e e e
STEP # 3 - USE FD/TD ALGORITHM TO GENERATE
FIELD COMPONENTS
dhkhkkkkkdrdk ko k kA AR A r bk ko kk kA Ak kA h A Ak Ak h ko h ko hkrhhh ok ko k &
SINCE ONLY FIELD COMPONENTS AT CURRENT TIME (t) AND PREVIOUS
TWO TIME STEPS ( t-1 AND t-2) ARE REQUIRED FOR COMPUTATION,
WE SAVE MEMORY SPACE BY USING THE FOLLOWING INDICES
NCUR is index in for time t
NPR1 is index in for t-1
NPRZ is index in for t-2

o P P P P P NP P P

% NOTES $33RF2R2333293200232223323028833333309383333 338403323430 0803334%
% *ind03c.m I incremented the time so it goes 1 2 3, instead of 0 1 2

FEERRRTLILLLLLBRTLLLLLLLRLRILLLLLRLLILLLELLRBRLLLLLLLELR92RRRRRRRR

NCUR = 3;
NPR1 = 2;
NPRZ = 1;

for NN = 1: NNMAX % TIME LOOP
if mod(NN,10)==0
disp(['NN = ',num2str(NN)]) % DISPLAY PROGRESS
end
% Next time step - move indices up a notch.
NPRZ2 = NPRI1;
NPR1 = NCUR;
NCUR = mod( NCUR, 3)+1;
for K=0:KMAX % I LOOP
for J=0:JMAX % Y LOOP
for I=0:IMAX % X LOOP
% (ii)-APPLY SOFT LATTICE TRUNCATION CONDITIONS
$---x=delta/2
if (I==0)
if ((K~=KMAX)&&(K~=0))

HY(0+1,J+1,K+1,NCUR) = (HY(1+1,J+1,K-
141,NPR2) + HY(1+1,J+1,K+1,NPR2)+ HY(1+1,J+1,K+1+1,NPR2))/3;

FIGURE 3.31 (Continued)
Computer program for FDTD three-dimensional scattering problem. (Continued)
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HZ(0+1,J+1,K+1,NCUR) = (HZ(1+1,J+1,K-
1+1,NPR2) + HZ(1+1,J+1,K+1,NPR2)+ HZ(1+1,J+1,K+1+1,NPR2))/3;

else
if (K==KMAX)
HY(0+1,J+1,KMAX+1,NCUR) = (HY(1+1,J+1,KMAX-
1+1,NMPR2)+ HY(1l+1,J+1,EMAX+1,NPR2))/2;

HEZ(0+1,J+1,K+1,NCUR)=( HZ(l+l,J+1,K-
1+1,NPR2)+ HZ(1+1,J+1,K+1,NPR2) )/2;
else
HY(0+1,J+1,K+1,NCUR) = ( HY(1l+l,J+1,K+1,NPR2)
+ HY(1+1,J+1,K+1+1,NPR2))/2;
HZ(0+1,J+1,K+1,NCUR)=(HZ(1+1,J+1,K+1,NPR2)+
HZ(1+1,J+1,K+1,1+1,NPR2))/2;

end
end
end
% ——=-y=0
if (J==0)

EX(I+1,0+1,K+]1,NCUR)=EX(I+1,1+1,K+1,NPR2);
EZ(I+1,0+1,K+1,NCUR)=EZ(I+1,1+1,K+1,NPR2);
else
Be——y=ymax
if (J==JMAX)
EX(I+1,JMAX+1,K+1,NCUR)=EX(I+1,JMAX-1+1,K+1,NPR2);
EZ(I+1,JMAX+],K+]1,NCUR)=EZ(I+1,JMAN-1+1,K+]1,NPR2);
end
end
t-——z=0
if(K==0)
if ((I-=0)&&(I-=IMAX))
EX(I+1,J+1,0+1,NCUR) = (EX(I-
1+1,J+1,1+1,NPR2) + EX(I+1,J+1,1+1,NPR2)+EX(I+1+1,J+1,1+1,NPR2))/3;
EY(I+1,J+1,0+1,NCUR) = (EY(I-
141,J+1,1+1,NPR2) + EY(I+1,J+1,1+1,NPR2)+EY(I+1+1,J+1,1+1,NPR2))/3;
else
if (I==0)
EX(0+1,J+1,0+1,NCUR)=(EX(0+1,J+1,1+1,NPR2)+
EX(1+1,J+1,1+1,NPR2))/2;
EY(I+1,J+1,0+1,NCUR)=(EY(I+1,J+1,1+1,NPR2)+
EY(I+1+1,J+1,1+1,NPR2))/2;
else
EX(I+1,J+1,0+1,NCUR)=(EX(I-
141,341,141 ,HPR2)+EX(I+1,J+1,1+1,HPR2))/2;
EY(I+1,J+1,0+1,NCUR)=(EY(I-
1+41,J+1,1+1,NPR2)+EY(I+1,J+1,1+1,NPR2))/2;
end
end
end

% (iii) APPLY FD/TD ALGORITHM

fmmm—— a. HX¥ generation:

HX(I+1,J+1,K+1,NCUR)=HX(I+1,J+1,K+1,NPR1)+RB*(EY(I+1,J+1,K+1+1,NPR1)—

EY(I+1,J+1,K+1,NPRL)+EZ(I+1,J+1,K+1, NPR1)-EZ(I+1,J+1+1,K+1,NPR1));
Fm b. HY generation:

HY (I+1,J+1,K+1,NCUR)=HY(I+1,J+1,K+1,NPR1)+RB* (EZ(I+1+1,J+1,K+1,NPR1)—

EZ(I+1,J+1,K+1,NPR1)+EX(I+1,J+1,K+1,NPR1)-EX(I+1,J+1,K+1+1,NPR1});

FIGURE 3.31 (Continued)
Computer program for FDTD three-dimensional scattering problem.

(Continued)
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Fmmmm c. HZ generation:
HEZ (I+1,J+1,K+1,NCUR)=HZ (I+1,J+1,K+1,NPR1}+RB* (EX(I+1,J+1+1,K+1,NPRl}-
EX(I+1,J+1,K+]1,NPR1}+EY(I+1,J+1,K+1,NPR1)-EY(I+1+1,J+1,K+1,NPRLl));
$---k=kmax ! SYMMETRY
if (K==KMAX)
HX(I+1,J+1,KMAX+1,NCUR)=HX(I+1,J+1,KMAX-1+1,6NCUR);
HY(I+1,J+1,KMAX+1,NCUR)=HY(I+1,J+1,KMAX-1+1,NCUR);

R L d. EX generation:
if ((J~=0)&&(J~=IJMAX)&& (K~=0))
M = IXMED{ I+1, J+1, K+1 };
EX(I+1,J+1,K+1,NCUR) = CA(M)*EX(I+1,J+1,K+1,NPR1) + CBMRB(M)*(HZ(I+1,J+1,K+1,NCUR)~
HEZ (I+1,J-1+1,K+1,NCUR)+HY(I+1,J+1,K-1+1,NCUR)-HY (I+1,J+1,K+1,NCUR});

end

Fmmmmm e. EY generation:

if (K~=0)
M = IYMED( I+1, J+1, K+1 );
if I~=0

EY(I+1,J+1,K+1,NCUR)=CA(M)*EY(I+1,J+1,K+1,NPR1} + CBMRB(M)*(HX(I+1,J+1,K+1,NCUR)-
HX(I+1,J+1,K-1+1,NCUR}+HZ(I-1+1,J+1,K+1,NCUR)-HZ (I+1,J+1, K+1,NCUR});

else
EY(I+1,J+1,K+1,NCUR)=CA(M)*EY(I+1,J+1,K+1,NPR1) + CBMRB(M)*(HX(I+1,J+1,K+1,NCUR)~-
HX(I+1,J+1,K-1+1,NCUR)+ 0 -HZ(I+1,J+1,K+1,NCUR)});
end
end
fommmm f. EZ generation:

if ((J~=0)&&(J~=JMAX))

M = IZMED( I+1, J+1, K+1 };
% sig(ext)=0 for Ez only from Taflove[32]
if(M==1}
CAM=1;
else
CAM=CA (M) ;
end

if I~=0
EZ(I+1,J+1,K+1,NCUR)=CAM*EZ(I+1,J+1,K+1,NPR1)+CBMRBE(M)* (HY(I+1,J+1, K+1,6NCUR)-HY (I~
141,J+1,K+1,NCUR)+HX (I+1,J-1+1,K+1,NCUR)-HX (I+1,J+1,K+1,HCUR));

else
EZ(I+1,J+1,K+]1,NCUR)=CAM*EZ(I+1,J+]1,K+1,NPR1)+CBMRB(M)*(HY(I+1,J+1,K+1,NCUR)-
0 +H¥(I+1,J-1+1,E+1,NCUR)~-HX(I+1,J+1,K+1,NCUR));

end

% (iv) APPLY THE PLANE-WAVE SOURCE
if (J==J%)
EZ(I+1,JS+1,K+1,NCUR) = EZ(I+1,JS+1,K+1,NCUR)+sin{ TPIFDT*NN );
end
end
t---i=imax+1/2 ! SYMMETRY
if(I==IMAX)
EY(IMAX+1+41,J+1,K+]1,NCUR)=EY ( IMAX+1,J+1,K+1,NCUR);
EZ (IMAX+1+1,J+1,K+1,HCUR)=EZ { IMAX+1,J+1,K+1,NCUR);

end
t-——k=kmax
if (K==KMAX)

EX(I+1,J+1,KMAX+1+1,HCUR)=EX(I+1,J+1,KMAX-1+1,NCUR);
EY(I+1,J+1,KMAX+1+]1,NCUR)=EY(I+1,J+1,KMAX-1+1,NCUR);
end
end % X LOOP

FIGURE 3.31 (Continued)
Computer program for FDTD three-dimensional scattering problem. (Continued)
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%
% STEP # 4 - RETAIN THE MAXIMUM ABSOLUTE VALUES DURING
% THE LAST HALF-WAVE
% R RS R S R R R R R R R R R R S R R R R
if ( (K==KMAX)&& (NN>(NNMAX-NHW)) )
TEMP = abs( EY(IMAX+1,J+1,KMAX-1+1,NCUR) );
if (TEMP > EY1(J+1) )
EY1(J+l) = TEMP;
end
TEMP = abs( EZ(IMAX+1,J+1,KMAX+1,NCUR) );
if (TEMP > EZ1(J+1) )
EZ1(J+1) = TEMP;
end
end
end % Y LOOP
end % I LOOP
end % TIME LOOP

R

toc

figure(3),plot(6:34,EY1(6:34),".=-")
ylabel('Computed |E_v|/|E_i_n_e|")
xlabel('3")
grid on
figure(4),plot(5:34,E21(5:34),"'.-")
ylabel('Computed |E_z|/|E_i_n c|")
xlabel('j")
grid on

FIGURE 3.31 (Continued)
Computer program for FDTD three-dimensional scattering problem.

FIGURE 3.32
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Finite Difference Methods 179

However, the method exhibits some problems such as slow convergence for solving resonant
structures, requirement of large memory for inhomogeneous waveguide structures due to
the necessity of a full-wave analysis, inability to properly handle curved boundaries due to
its orthogonal nature, low stability, and low accuracy unless fine mesh is used, to mention a
few. These problems prohibit the application of the standard FDTD technique and have led
to various forms of its modifications [81-91] and hybrid FDTD methods [92-94]. Although
these new FDTD methods have enhanced the standard FDTD (increase accuracy and
stability, etc.), some researchers still prefer the standard FDTD.

One of the major problems inherent in the standard FDTD, however, is the requirement
for artificial mesh truncation (boundary) condition. The artificial termination truncates the
solution region electrically close to the radiating/scattering object but effectively simulates
the solution to infinity. These artificial termination conditions are known as absorbing
boundary conditions (ABCs) as they theoretically absorb incident and scattered fields. The
accuracy of the ABC dictates the accuracy of the FDTD method. The need for accurate ABCs
has resulted in various types of ABCs [95-105], which are fully discussed in Reference 102.
Due to space limitation, we will consider only Berenger’s perfectly matched layer (PML) type
of ABC [98-102] since PML has been the most widely accepted and is set to revolutionize
the FDTD method. It acts in the same way as absorbing material in anechoic rooms.

In the PML truncation technique, an artificial layer of absorbing material is placed around
the outer boundary of the computational domain. The goal is to ensure that a plane wave
that is incident from FDTD free space to the PML region at an arbitrary angle is completely
absorbed there without reflection. This is the same as saying that there is complete
transmission of the incident plane wave at the interface between free space and the PML
region (see Figure 3.33). Thus, the FDTD and the PML region are said to be perfectly matched.

To illustrate the PML technique, consider Maxwell’s equation in two dimensions for
transverse electric (TE) case with field components E,, E, and H, and no variation with z.
Expanding Equations 1.22c and 1.22d in Cartesian coordinates and setting E, =0=0/0z,
we obtain

N OE, toE. = OH, (3.107a)
ot dy
gD ¥
free space region PML region

£ Hp

>

Transmitted
wave

ty

Incident
wave

FIGURE 3.33
Reflectionless transmission of a plane wave at a PML/free-space interface.
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e, OB oF, = OH- (3107b)
ot Ox
oH OE, OE
ke *H, =0 T 3.107¢c
Hoar 77 oy ox SE

where the PML, as a lossy medium, is characterized by an electrical conductivity ¢ and a
magnetic conductivity o*. The conductivities are related as

*

o _9 (3.108)
€ Mo

This relationship ensures a required level of attenuation and forces the wave impedance
of the PML to be equal to that of the free space. Thus, a reflectionless transmission of a
plane wave propagation across the interface is permitted. For oblique incident angles, the
conductivity of the PML must have a certain anisotropy characteristic to ensure reflectionless
transmission. To achieve this, the H, component must be split into two subcomponents, H,
and H,, with the possibility of assigning losses to the individual split field components.
This is the cornerstone of the PML technique. It leads to four components E,, E,, H,,, and
H.,, and four (rather than the usual three) coupled field equations.

6Ex a(Hzx +sz)

X +o0,E, = 3.109a
ot dy 10
e 9B, p _ OHx+Hy) (3.109b)
ot ! ox
OHu | oy Oy (3.109¢)
’ ox

OH., OE
OHy | ey _ O 3.109d
ot +oyriyy dy ( )

These equations can be discretized to provide the FDTD time-stepping equations for
the PML region. The standard Yee time-stepping cannot be used because of the rapid
attenuation to outgoing waves afforded by a PML medium. We use the exponentially
differenced equations to preclude any possibility of diffusion instability. In the usual FDTD
notations, the resulting four time-stepping equations for the PML region are [99]

n N oot/ pn L (1= ey
EXfNi+1/2,j)=e "B +1/2, ) 4
oy ()0
_H?fl/z(i+1/2,]'—1/2)_H§y+1/z(i+1/21]._1/2)] (3.1102)

(1 _ efcfx(i)bt/m )
o (i)6
x[HEM2(i=1/2,j+1/2)+ HY V(i =1/2,j+1/2)

—HEV2(i41/2,j+1/2) - HL V2 (+1/2,j + 1/2)] (3.110Db)

Ejti(i, j+1/2)=e ~OYOEN G, j+1/2,k) +
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Hg:1/2(1+1/2’]+1/2) _ e—a}(i+1/2)bt/uoH;l;1/2(i+1/2,j+1/2)
(1 _ e*di(i+1/2)5t//to )

ox(i+1/2)6

|EiG,j+1/2)~Eji+1,j+1/2)] (3:1100)

HA Y2 4+1/2,j+1/2) = e WOV (41/2, 1 +1/2)
(1 _ e*d?(iJrl/Z)é‘t/p,o )

oi(i+1/2)6

[Eii+1/2,j+1)~Ei(i+1/2,))] (3:110d)

These equations can be directly implemented in an FDTD simulation to model PML
medium. All that is required is to select the depth of the PML and its conductivity. In
theory, the PML could be § deep and have near-infinite conductivity. It has been shown,
however, that increasing the conductivity gradually with depth minimizes reflections;
hence, the “layering” of the medium and the dependence of o0 oniand ;.

The TM case can be obtained by duality, with E, split so that E, = E,, + E.,. In three
dimensions, all six Cartesian field components are split so that the resulting PML
modification of Maxwell’s equations yields 12 equations [102].

3.10 Advanced Applications of FDTD

As a versatile, powerful technique, FDTD is being used in several areas including
computing, communications, and medicine. The simple technique has been improved upon
in the following ways:

e Perfectly matched layers (PML), discussed earlier.

¢ The segmented FDTD (SFDTD), which divides the problem space into segments so
that the computational redundancy is reduced [106].

¢ Fast and memory-efficient algorithms of the high-order difference equations [107].

® Pseudospectral time-domain (PSTD) methods for broadband electromagnetic
[108,109].

These changes coupled with the advances in computer hardware have expanded the
popularity, accuracy, and speed of FDTD modeling.

In this section, we consider some topics that are useful in a variety of FDTD applications
[110]. Since the topics are advanced and there is space limitation, only an introductory
treatment is provided; the reader is encouraged to get more information from the references
provided [102,111].

3.10.1 Periodic Structures

Periodic structures, such as frequency selective surfaces and volumes, are useful in practice
because of their spatial filtering characteristics. They are found in photonic bandgap
structures and antenna arrays. Due to the geometric nature of the structure, this kind of
problem can be handled by modeling a single period of the structure [112,113]. Since the
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structure consists of replicas of the basic element, one can model the basic element using
FDTD algorithm and apply boundary conditions to simulate the periodic replication.

3.10.2 Antennas

FDTD is lagging behind the method of moments (MOM) in antenna modeling because
MOM can handle antennas with less time and memory. Originally, FDTD was basically
used to model the scattering of EM waves from objects. The technique has now been
developed to model radiating structures (transmitting and receiving antennas) with
realistic complexity. It has been accurately used to model antennas and obtain their farfield
radiation and reception properties such as farfield radiation patterns, receiving apertures,
gain, efficiency, and driving-point impedances.

3.10.3 PSTD Techniques

FDTD modeling of electrically large-scale problems is very challenging for scattering
and propagation problems. To address this challenge, various hybrid methods have been
proposed recently. These include the PSTD techniques and the general vector auxiliary
differential equation (GVADE). We will consider only PSTD here. There are two common
types of PSTD techniques for solving Maxwell’s equations: the Fourier and Chebyshev
methods. PSTD applications for large-scale problems include wave propagation, wave
scattering, nonlinear optics, and photonics. The emerging PSTD techniques have expanded
the scope and applicability of the original FDTD scheme. The major advantage of the PSTD
algorithm over the standard FDTD algorithm lies in its higher accuracy achieved by less
sampling density. Its low sampling rate, as low as two cells per wavelength, makes it much
more efficient than the conventional FDTD [114].

3.10.4 Photonics

The application of FDTD has been expanded to embrace a closely related PSTD. FDTD
together with PSTD can be used to discretize Maxwell’s equations on a spatial mesh and
apply a leapfrog time-matching schemes. This can be applied to wide variety of photonic
technologies such as optical waveguides, microcavity rings, photonic crystals, biophotonics,
nanotechnology, and biomedical applications of light. It requires simulating the behavior
of the materials involved at optical wavelengths. FDTD and PSTD can put Maxwell’s
equations to work in the analysis and simulation of a wide range of biophotonic devices.
This application will grow with the continuing improvement in computer capabilities.

3.10.5 Metamaterials

Until recently, research by CEM community has focused on fields and waves in vacuum and
in other simple mediums. Interest in complex-mediums electromagnetics (CME) has been
demonstrated and given impetus by the emergence of nanoscience and nanotechnologies
[115]. There is the potential ability to engineer the exotic properties of metamaterials for
a variety of engineering applications. Two of those properties are negative refractive
index and decrease in size and weight of components and devices. The FDTD technique
is regarded as the most effective numerical method for studying metamaterial-based
structures. The incorporation of material nonlinearity and handling of metamaterials is
an emerging area in FDTD modeling [116,117].
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3.10.6 MEEP

This is a free, open-source implementation of the FDTD simulation. The software package
was developed at MIT. MEEP is an acronym for MIT electromagnetic equation propagation.
Such a free FDTD package will greatly aid research in EM. It was first released in 2006 and
it can be downloaded from http://ab-initio.mit.edu/meep

MEEP can handle: arbitrary anisotropic, nonlinear media; a variety of boundary
conditions including symmetries and perfectly matched layers (PML); distributed-memory
parallelism; and Cartesian and cylindrical coordinates [118].

3.11 Finite Differencing for Nonrectangular Systems

So far in this chapter, we have considered only rectangular solution regions within which
arectangular grid can be readily placed. Although we can always replace a nonrectangular
solution region by an approximate rectangular one, our discussion in this chapter would
be incomplete if we failed to apply the method to nonrectangular coordinates since it is
sometimes preferable to use these coordinates. We will demonstrate the finite differencing
technique in cylindrical coordinates (p, ¢, z) and spherical coordinates (1, 6, ¢) by solving
Laplace’s equation V2V = 0. The idea is readily extended to other PDEs.

3.11.1 Cylindrical Coordinates
Laplace’s equation in cylindrical coordinates can be written as

2 2 2
_oV 1oV 10V oV (3.111)

vV ———t S at 7
op* pdp p* oyt 07

Refer to the cylindrical system and finite difference molecule shown in Figure 3.34. At
point O(p,, ¢, z,), the equivalent finite difference approximation is

V1—2V02—|—V2 lV1—V2+V3—2VotV4 V5—2V02—|—V6:0 (3112)
(Ap) po 28p (PoAP) (Az)
z
/;:_P\ 5 5
\i/
o Az
Ag
2 Qe 1
4 Ap
>y
bo / 6

FIGURE 3.34
Typical node in cylindrical coordinate.
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L,

Axis of symmetry

FIGURE 3.35
Finite difference grid for an axisymmetric system.

where Ap, A¢, and Az are the step sizes along p, ¢, and z, respectively, and

Vo = V(p01¢orzo)/ ‘/1 - V(pu + Ap1¢orzo)/ VZ == V(pa _Ap/¢arzu)/
VB = V(por¢o + P0A¢/ Zy )/ V4 = V(pmd)o - P0A¢/ Zy )/ (3113)
V5 - V(pm Qsorzo + AZ)/ V6 - V(pur¢orza - AZ)

We now consider a special case of Equation 3.112 for an axisymmetric system [119]. In
this case, there is no dependence on ¢ so that V = V(p, z). If we assume square nets so that
Ap = Az = h, the solution region is discretized as in Figure 3.35 and Equation 3.112 becomes

14" Vi+|1- h Vo + Vs +V,—4V, =0 (3.114)
2100 Zpu
If point O is at (p,, z,) = (ih, jh), then
h _ 2i+1 h _ 2i—1

1+

20, 2~ 2p, 2

so that Equation 3.114 becomes

i

Vi, j) =% V(@i j-D)+V(,j +1)+[2i2;1] V(i—1,j)+ [2i2+1]V(i+1, j)] (3.115)

Notice that in Equation 3.114, it appears we have a singularity for p, = 0. However, by
symmetry, all odd order derivatives must be zero. Hence,

v

=0 3116
op (3.116)

p=0
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since
V(Ap, z,) = V(=Ap, z,) (3.117)
Therefore by L'Hopital’s rule,
2
lim 1ov) _9 ‘; (3.118)
P=0p, dp| — Op

Thus, at p = 0, Laplace’s equation becomes

2 2
oV _ oV _, (3.119)

2 +
op> 07

The finite difference equivalent to Equation 3.119 is
1
Vo= g(4vl +Vs+Ve)

or

VWJ%:%H«Qi—h+¢daﬁ+n+4vajn (3.120)

which is used at p = 0.

To solve Poisson’s equation V2V = —p /e in cylindrical coordinates, we obtain the finite
difference form by replacing zero on the right-hand side of Equation 3.112 with ¢ = —p,/e.
We obtain

21 . . 2i+1
Vi-1,7)+
2 Vil

V@ﬁ=iWWJ+D+V@j—D+ V(i+1,j)+gh?|| (3121

where / is the step size.

As in Section 3.7.1, the boundary condition D,, = D,, must be imposed at the interface
between two media. As an alternative to applying Gauss’s law as in Section 3.7.1, we will
apply Taylor-series expansion [120]. Applying the series expansion to points 1, 2, 5 in
medium 1 in Figure 3.36, we obtain

) 21 7(1) 7,2
Vi=v,+ Vel OV
op ap~ 2
1) 2y7(1) 1,2
szva_aVa h+8V02 K. (3.122)
Op op~ 2
Vu(l) ZVD(1) hZ
V5:V0—|—8 h+8 — 4

9z 8z 2
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FIGURE 3.36
Interface between two dielectric media.

where superscript (1) denotes medium 1. Combining Equations 3.111 and 3.122 results in

vy N h(V, —Vs)

WYV =V, +V, +2Vs —4V, —2h=° =0
0z 20,
or
h(Vi —V2)
8V0(1) B Vi+V,+2Vs -4V, + 2p0 (3123)
0z 2h
Similarly, applying Taylor series to points 1, 2, and 6 in medium 2, we get
vy, oV
Vi=Vo+—"—h+—5—+--
! ap op* 2
(1) 2v7(1) 1,2
Vo=, - Ve OVl B (3:124)
dp ap~ 2
ovR oV’
V =V,— 0 h + °o T ...
° Oz 0z* 2
Combining Equations 3.111 and 3.124 leads to
(2) _
BV = ViV 42V, -4, —2n Ve V) g
0z 20,
or
h(Vi —V2)
) oV - Vi+Vo+2Vg -4V, + 2 (3.125)
0z 2h
But D,, = D,,, or
(O] (2)
o Vo _ OV (3.126)

0z 2 9z
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Substituting Equations 3.123 and 3.125 into Equation 3.126 and solving for V, yields

1 h 1 h &1 &
Vo="114+—|Vi+—|1- |V + Vs + v, (3.127)
4[ ZpD] ' 4[ 2p0] P ate) | Aate)

Equation 3.127 is only applicable to interface points. Notice that Equation 3.127 becomes
Equation 3.114 if ¢, = ¢,.

Typical examples of finite difference approximations for boundary points, written for
square nets in rectangular and cylindrical systems, are tabulated in Table 3.9. For more
examples, see References 12,121. The FDTD has also been applied in solving time-varying
axisymmetric problems [91,122].

3.11.2 Spherical Coordinates

In spherical coordinates, Laplace’s equation can be written as

OV 20V 19V  coth VvV 1 9V _

VWV =Gttt + 5 =0 (3.128)
or* ror r*oe*  r* 00  r’sin*6 0¢°
TABLE 3.9
Finite Difference Approximations at Boundary Points
Description Figure Cartesian Equation Cylindrical Equation
1. Bottom edge 3 4V, =V, + V, + 2V, AV, =V, + V, + 4V,
2 0 1
2. Top edge 2 0 1 4V, =V +V,+2V, 4V, =V, +V, + 2V,
4
3. Left edge 3 4V, =2V, + V4V, ]
& 0 2+ VstV 8V0:4V2+[21fr1]V3
0 2 i
2i—1
4 +[ ! ; ]V4
4. Right edge 3 4V, =2V, + V53 + V. i
18 8 0 2+ VitV 8V0:4V2+[21—.i_1]v3
2 0 !
4 +[21 'fl]v4
i
5. Bottom left corner point 31 2Vy=V,+V, 3V,=V,+2V,
0 1
6. Bottom right corner point IB 2Vy=V,+V, 3V,=V,+2V,
2 V]
7. Top left corner point OI—q 2V, =V, +V, 3V, =V, +2V,
4
8. Top right corner point 2 »—IO 2V, =V, +V, 3Vy=V,+2V,

S
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FIGURE 3.37
Typical node in spherical coordinates.

At a grid point O(r,, 6, ¢,) shown in Figure 3.37, the finite difference approximation to
Equation 3.128 is

Vi—2V,+ Vs +2[\/1 —1/2]+ Ve —2V, + Vs
(Ar)? n{ 2Ar (r,A0)>
Vs —V6]+ Vs—2V,+ Vi _
2A0 (nA¢sinb, )

cotd,
12

(3.129)

Note that 6 increases from node 6 to 5, and hence we have V; — V; and not V; — V; in
Equation 3.129.

EXAMPLE 3.9

Consider an earthed metal cylindrical tank partly filled with a charge liquid, such
as hydrocarbons, as illustrated in Figure 3.38a. Using the finite difference method,
determine the potential distribution in the entire domain. Plot the potential along
p=0.5,0 <z <2m and on the surface of the liquid. Take

a=b=c=10m,
€, = 2.0 (hydrocarbons),
0, =105C/m?

Solution

The exact analytic solution to this problem was given in Section 2.7.2.

Itis apparent from Figure 3.38a and from the fact that p, is uniform that V = V(p, 2) (i.e.,
the problem is two-dimensional) and the domain of the problem is symmetrical about
the z-axis. Therefore, it is only necessary to investigate the solution region in Figure 3.38b
and impose the condition that the z-axis is a flux line, that is, 9V/on = 9V/dp = 0.

The finite difference grid of Figure 3.35 is used with 0 <i < I and 0<j <] ..
Choosing Ap = Az = h = 0.05 mmakes I, = 20 and ] ,,,, = 40. Equation 3.115 is applied
for gas space, and Equation 3.121 for liquid space. Along the z-axis, that is, i =0, we
impose the Neumann condition in Equation 3.120. To account for the fact that the gas
has dielectric constant €,; while the liquid has ¢,,, we impose the boundary condition in
Equation 3.127 on the liquid-gas interface.

Based on these ideas, the computer program shown in Figure 3.39 was developed to
determine the potential distribution in the entire domain. The values of the potential
along p = 0.5,0 < z < 2 and along the gas-liquid interface are plotted in Figure 3.40.



Finite Difference Methods 189

e N
Ko [ A T
gas — > c
liquid —h’—\_______.) {
E,E, Py b
| |

Y

o
-

(b)

FIGURE 3.38
For Example 3.9: (a) earthed cylindrical tank, (b) solution region.

It is evident from the figure that the finite difference solution compares well with the
exact solution in Section 2.7.2. It is the simplicity in concept and ease of programming
finite difference schemes that make them very attractive for solving problems such as this.

3.12 Numerical Integration

Numerical integration (also called numerical quadrature) is used in science and engineering
whenever a function cannot easily be integrated in closed form or when the function is
described in the form of discrete data. Integration is a more stable and reliable process than
differentiation. The term quadrature or integration rule will be used to indicate any formula
that yields an integral approximation. Several integration rules have been developed over
the years. The common ones include

1. Euler’s rule,

2. Trapezoidal rule,

3. Simpson’s rule,

4. Newton—-Cotes rules, and

5. Gaussian (quadrature) rules.
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The first three are simple and will be considered first to help build up background for
other rules which are more general and accurate. A discussion on the subject of numerical
integration with diverse FORTRAN codes can be found in Davis and Rabinowitz [123]. A
program package called QUADPACK for automatic integration covering a wide variety
of problems and various degrees of difficulty is presented in Piessens et al. [124]. Our
discussion will be brief but sufficient for the purpose of this text.

3.12.1 Euler’s Rule

To apply the Euler or rectangular rule in evaluating the integral

b
I= f fx)dx, (3.130)

where f (x) is shown in Figure 3.41, we seek an approximation for the area under the curve.
We divide the curve into n equal intervals as shown in Figure 3.41. The subarea under the
curve within x,; < x < x;is

X

A= f fx)dx~hf; (3.131)

Xi—

ERERLELERERLRLRLRLRLRRRLRRRY

% MATLAB CODE FOR EXAMPLE 3.9:

% AN AXISYMMETRIC PROBLEM OF AN EARTHED CYLINDER PARTIALLY FILLED WITH
% CHARGED LIQUID SOLVED USING FINITE DIFFERENCE SCHEME
FEERRRRRRREILLILLLBBRBRLR009%

A=1; % Radius of cylindrical tank (meters)
B=1; % Height of liguid in tank

C=1; % Height of gas in tank

ER1=1;ER2=2;E0=8.854E-12; %dielectric parameters

H = 0.05; #spacial step size

NA = A/H; $number of points along A

NB = B/H; tnumber of points along B

NC = C/H; tnumber of points along C

NBC = NB + NC; %%number of points along B & C
NMAX = 500; %number of iterations

RHOV = 1E-5;
G = -RHOV/(ER2*E0);
GH2 = G*H"2;

FINITIALIZE - THIS ALSO TAKES CARE OF DIRICHLET CONDITIONS
V = zeros(NA+1,NBC+1); %V{radius, height)

¥NOW, APPLY FINITE DIFFERENCE SCHEME

for N = 1:NMAX
for I = 2:NA %step through radius
FM = (2*(I-1) - 1)/(2*(I-1)); %note that indicie starts at 1 instead of 0
FP = (2%(I-1) + 1}/(2*(I-1)});

FIGURE 3.39
MATLAB code for Example 3.9. (Continued)
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#step through liguid (z+ direction)
for J = 2:NB
V(I,J) = 0.25%( V{I,J-1) + V{I,J+1}...
+ FM*V(I-1,J) + FP*V(I+1,J) - GH2 );
end

%¥step through gas (z+ direction)
for J = NB+2:NBC
V(I,J) = 0.25%( V(I,J-1) + V(I,J+1)...
+ FM*V(I-1,J) + FP*V(I+1,J) );
end
%ALONG THE GASS-LIQUID INTERFACE
V(I,NB+1) = 0.5*%( V(I,NB+2)*ERL/(ER1+ER2)+...
V{I,NB)*ER2/(ERL+ER2) )...
+ 0.25% (FM*V(I-1,NB+1)+FP*V(I+1,NB+1) );
end
%IMPOSE NEUMANN CONDITION ALONG THE Z-AXIS
for J = 2:NBC
V(1,J) = ( 4.0*V(2,J) + V{1,J-1)+V(1,J+1})/6.0;
end
end

% OUTPUT THE POTENTIAL ALONG RHO = 0.5, 0 < % < 1.0
NRS = 0.5/H;

radius = 0:H:A;
height = 0:H:(B+C);

figure(l),
subplot(211),
plot(height,V(NR5+1, (0:NBC)+1)/1000.0}
ylabel('V({kV)')
title('Potential distribution in the tank of Figure 3.38 along \‘rho=0.5m'})
subplot(212)
plot(radius ,V((0:NA)+1,NB+1)/1000.0)
title('Potential distribution in the tank of Figure 3.38 along gas-
liquid interface')
ylabel('V(kv)"')

figure(2),surf(height,radius,v/1000)
ylabel('radius in tank')
xlabel( 'height in tank')
zlabel( 'Potential (kV)')

FIGURE 3.39 (Continued)
MATLAB code for Example 3.9.

where f; = f (x;). The total area under the curve is

b n
I:ff(x)dx’:ZAi
=Hfi+ fott fil

or

I— hi: f (3132)

It is clear from Figure 3.41 that this quadrature method gives an inaccurate result
since each A; is less or greater than the true area introducing negative or positive error,
respectively.
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FIGURE 3.40
Potential distribution in the tank of Figure 3.38: (a) along p = 0.5 m, 0 < z < 2 m; (b) along the gas-liquid interface.

3.12.2 Trapezoidal Rule

To evaluate the same integral in Equation 3.130 using the trapezoidal rule, the subareas are
chosen as shown in Figure 3.42. For the interval x,; < x < x;,

A= f f(x)dxﬁ[f”;ﬁ]h (3133)

Positive error

Negative error
EY

N
//

%
_

= - e
Xo=axy 7 X% x,=b x

FIGURE 3.41
Integration using Euler’s rule.
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FIGURE 3.42
Integration using the trapezoidal rule.

Hence,
b n
szf(x)dx:ZA,
A fot+fi, it L fao ¥ fat | faar+ fu
_h\Z oo + 5 + 5
=Ml 2t 2t 2o+ £
or

NNk 3134
I hZ;ﬁ+2<fo+fn> (3134)

3.12.3 Simpson’s Rule

Simpson’s rule gives a still more accurate result than the trapezoidal rule. While the
trapezoidal rule approximates the curve by connecting successive points on the curve by
straight lines, Simpson’s rule connects successive groups of three points on the curve by a
second-degree polynomial (i.e., a parabola). Thus,

Xi h
A= ff(x)dx ~ g(fH + fi+ fi1) (3.135)
xi—1
Therefore,

I:Jf(x)dx:ifli

1=§[ﬂ+4f1+2f2+4f3+--~+2fn,2+4fn,1+fn1

(3.136)

where 7 is even.
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FIGURE 3.43

Computational molecules for integration.

The computational molecules for Euler’s, trapezoidal, and Simpson’s rules are shown
in Figure 3.43. Now that we have considered simple quadrature rules to help build up
background, we now consider more general, accurate methods.

3.12.4 Newton-Cotes Rules

To apply a Newton—Cotes rule to evaluate the integral in Equation 3.130, we divide the
interval a < x < b into m equal intervals so that

p_b—a (3.137)
m

where m is a multiple of 1, and #n is the number of intervals covered at a time or the order
of the approximating polynomial. The subarea in the interval x,; ;) < x < x,; is

Xni

A= f f(x)dxz%l;csf<xm_w> (3138)

xn (i-1)

The coefficients C;,0<k <n, are called Newton—-Cotes numbers and tabulated in
Table 3.10. The numbers are obtained from

1 N
G=— f Li(s)ds (3.139)
nJo
where
n S_]
Li(s)= — (3.140)
/l:lk —J

It is easily shown that the coefficients are symmetric, that is,

Cr=C, (3.141a)
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TABLE 3.10
Newton—Cotes Numbers
n N NC; NCY NC; NC3 NC} NC§ NC§ NC7 NC§
1 1 1
2 1 4 1
3 8 1 3 3 1
4 90 7 32 12 32 7
5 288 19 75 50 50 75 19
6 840 41 216 27 272 27 216 41
7 17280 751 3577 1323 2989 2989 1323 3577 751
8 28350 989 5888 -928 10496 —4540 10946 -928 5888 989
and they sum up to unity, that is,
Zc; —1 (3.141b)
k=0
For example, for n =2,
2 (s —1)(s—2) ds— 1
0 —
=D(=2) 6’
6
’ f s(s— 2) 4
P=_ ds=—,
1(-1) 6
0
6
2(1) 6
Once the subareas are found using Equation 3.138, then
m/n
f flx)dx >~ ZA (3142)
The most widely known Newton—-Cotes formulas are
n =1 (2-point; trapezoidal rule)
h
~ E(fl-+1 + £i), (3.143)
n = 2 (3-point; Simpson’s 1/3 rule)
h
~ g(fi—l +4fi+ fir1), (3.144)
n =3 (4-point; Newton’s rule)
3h
A~ g(fz +3fir1+3fiia+ fira) (3.145)
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3.12.5 Gaussian Rules

The integration rules considered so far involve the use of equally spaced abscissa points.
The idea of integration rules using unequally spaced abscissa points stems from Gauss. The
Gaussian rules are more complicated but more accurate than the Newton—-Cotes rules. A
Gaussian rule has the general form

b n
f fdx = "wf(x) (3.146)

a

where (g, b) is the interval for which a sequence of orthogonal polynomials {w,(x)} exists, x;
are the zeros of w(x), and the weights w; are such that Equation 3.146 is of degree of precision
2n — 1. Any of the orthogonal polynomials discussed in Chapter 2 can be used to give a
particular Gaussian rule. Commonly used rules are Gauss—-Legendre, Gauss—Chebysheyv,
etc., since the sample points x; are the roots of the Legendre, Chebyshey, etc., of degree n.
For the Legendre (n = 1-16) and Laguerre (n = 1-16) polynomials, the zeros x; and weights
w; have been tabulated in Reference 112.
Using Gauss-Legendre rule,

b n
f Flx)dx ~ b;“;w Fu) (3.147)

where u; =[(b—a)/2]x; +[(b+a)/2] are the transformation of the roots x; of Legendre
polynomials from limits (-1, 1) to finite limits (a, b). The values of the abscissas x; and
weights w; for n up to 7 are presented in Table 3.11; for higher values of #, the interested
reader is referred to [125,126]. Note that -1 < x; < 1 and X} w; = 2.
The Gauss—Chebyshev rule is similar to the Gauss—-Legendre rule. We use Equation 3.147
except that the sample points x;, the roots of Chebyshev polynomial T,(x), are
(2i—1)

xX;=cos———~, i=1,2,...,n (3.148)
2n

and the weights are all equal [127], that is,
wi=" (3.149)
n

When either of the limits of integration a or b or both are oo, we use Gauss—-Laguerre or
Gauss—-Hermite rule. For the Gauss-Laguerre rule,

jf(x)dx ~ iw,f(xi) (3.150)

where the appropriate abscissas x;, the roots of Laguerre polynomials, and weights w; are
listed for n up to 7 in Table 3.12. For the Gauss—Hermite rule,

jf (x)dx ~ Ew f(xi) (3.151)
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TABLE 3.11

Abscissas (Roots of Legendre Polynomials) and
Weights for Gauss-Legendre Integration

+x; w;
n=2

0.57735 02691 89626 1.00000 00000 00000
n=3

0.00000 00000 00000 0.88888 88888 88889

0.77459 66692 41483 0.55555 55555 55556
n=4

0.33998 10435 84856 0.65214 51548 62546

0.86113 63115 94053 0.34785 48451 37454
n=>5

0.00000 00000 00000 0.56888 88888 88889

0.53846 93101 05683 0.47862 86704 99366

0.90617 98459 38664 0.23692 68850 56189
n==~6

0.23861 91860 83197 0.46791 39345 72691

0.66120 93864 66265 0.36076 15730 48139

0.93246 95142 03152 0.17132 44923 79170
n=7

0.00000 00000 00000 0.41795 91836 73469

0.40584 51513 77397 0.38183 00505 05119

0.74153 11855 99394 0.27970 53914 89277

0.94910 79123 42759 0.12948 49661 68870

197

where the abscissas x;, the roots of the Hermite polynomials, and weights w; are listed for n
up to 7 in Table 3.13. An integral over (a, oc) is taken care of by a change of variable so that

f f(x)dx = f fly+a)dy (3.152)

We apply Equation 3.146 with f (x) evaluated at points x; +a4,i=1,2, ..., n and x;s are
tabulated in Table 3.12.

A major drawback with Gaussian rules is that if one wishes to improve the accuracy, one
must increase n which means that the values of w; and x; must be included in the program
for each value of n. Another disadvantage is that the function f (x) must be explicit since the
sample points x; are unassigned.

3.12.6 Multiple Integration

This is an extension of one-dimensional (1D) integration discussed so far. A double integral
is evaluated by means of two successive applications of the rules presented above for single
integral [128]. To evaluate the integral using the Newton—Cotes or Simpson’s 1/3 rule (n = 2),

for example,
bod
I= f f [, y)dxdy (3.153)
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TABLE 3.12
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Abscissas (Roots of Laguerre Polynomials) and
Weights for Gauss-Laguerre Integration

+x; w;
n=2
0.58578 64376 27 1.53332 603312
3.41421 35623 73 4.45095 733505
n=3
0.41577 45567 83 1.07769 285927
2.29428 03602 79 2.76214 296190
6.28994 50829 37 5.60109 462543
n=4
0.32254 76896 19 0.83273 912383
1.74576 11011 58 2.04810 243845
4.53662 02969 21 3.63114 630582
9.39507 09123 01 6.48714 508441
n=>5
0.26356 03197 18 0.67909 404220
1.41340 30591 07 1.63848 787360
3.59642 57710 41 2.76944 324237
12.64080 08442 76 7.21918 635435
n==6
0.22284 66041 79 0.57353 550742
1.18893 21016 73 1.36925 259071
2.99273 63260 59 2.26068 459338
5.77514 35691 05 3.35052 458236
9.83746 74183 83 4.88682 680021
15.98287 39806 02 7.84901 594560
n=7
0.19304 36765 60 0.49647 759754
1.02666 48953 39 1.17764 306086
2.56787 67449 51 1.91824 978166
4.90035 30845 26 2.77184 863623
8.18215 34445 63 3.84124 912249
12.73418 02917 98 5.38067 820792
19.39572 78622 63 8.40543 248683

over a rectangular region a < x < b, ¢ <y < d, we divide the region into m - [ smaller
rectangles with sides

h

Y

h, =

b—a
m
d—c

I

where m and [ are multiples of n = 2. The subarea

Ai]‘ =

Yn(j+1)

Xn(i+1)

[ av [ sy

Yn(j-1)

Xn(i—1)

(3.154a)

(3.154b)

(3.155)
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is evaluated by integrating along x and then along y according to Equation 3.144:

where

Substitution of Equation 3.157 into Equation 3.156 yields

TABLE 3.13

Abscissas (Roots of Hermite Polynomials) and Weights for

Gauss—Hermite Integration

+x;

i

0.70710 67811 86548

0.00000 00000 00000
1.22474 48713 91589

0.52464 76232 75290
1.65068 01238 85785

0.00000 00000 00000
0.95857 24646 13819
2.02018 28704 56086

0.43607 74119 27617
1.33584 90740 13697
2.35060 49736 74492

0.00000 00000 00000
0.81628 78828 58965
1.67355 16287 67471
2.65196 13568 35233

1.46114 11826 611

1.18163 59006 037
1.32393 11752 136

1.05996 44828 950
1.24022 58176 958

0.94530 87204 829
0.98658 09967 514
1.18148 86255 360

0.87640 13344 362
0.93558 05576 312
1.13690 83326 745

0.81026 46175 568
0.82868 73032 836
0.89718 46002 252
1.10133 07296 103

hy
Aj = (8a T4+ 8js)

8j

h.h,
="y

My
3

(ficrj+4fi;+ fiss))

[(firvjon + fisrjor + firjin + finjon)

+4(fij+ fij1 + finj + fi)+ 16f,-,]-]
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(3.156)

(3.157)

(3.158)

The corresponding schematic or integration molecule is shown in Figure 3.44. Summing
the value of A;; for all subareas yields

(3.159)
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FIGURE 3.44

Double integration molecule for Simpson’s 1/3 rule.

The procedure applied in the 2D integral can be extended to a 3D integral. To evaluate

I= j]]f(x,y,z)dx dydz (3.160)

using the n = 2 rule, the cuboida < x < b,c <y <d,e <z < fisdivided intom - [ - p smaller
cuboids of sides

B, = b—a

m
h = dl*C (3.161)
R

p

where m, [, and p are multiples of n = 2. The subvolume A is evaluated by integrating along
x according to Equation 3.144 to obtain

Sk = %(ﬁﬂ,;‘,k +4fijx + firin)s (3.162)
then along y to obtain
Sk = %y(g ik 48k + &j1k)s (3.163)
and finally along z to obtain

h,
A = g(gkﬂ +48r +8k1) (3164)
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Triple integration molecule for Simpson’s 1/3 rule.

Substituting Equations 3.162 and 3.163 into Equation 3.164 results in [115]

Ay =

hhyh,

T[(fi—l,j—l,k-%—l +4fi1jen+ fiorjiike)

+(4fij e +16fi k1 +4fi k)
+(firjr e + 4 finjeen + firjriksn)
+(4fir ik F16firjx +4fivj1k)
+(16f; 1k +64fiix +16f i1 k)

+ (4f1'+1,j—l,k +16fii1,jk + 4fi+1,j+l,k)
+(fir o1k F4fia e+ firjiet)
+(4fi i1 +16f k1 +4f k1)
H(firrj-101 + 4 fisn e+ fi+l,]’+1,k—1)]
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(3.165)

The integration molecule is portrayed in Figure 3.45. Observe that the molecule is
symmetric with respect to all planes that cut the molecule in half.

EXAMPLE 3.10

Write a program that uses the Newton—Cotes rule (1 = 6) to evaluate Bessel function of

order m, that is,

by

Jn(x) = lfcos(x sin — m0)do
i

0

Run the program for m =0and x =0.1,0.2, ..., 2.0.
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Solution

The computer program is shown in Figure 3.46. The program is based on Equations
3.138 and 3.142. It evaluates the integral within a subinterval 0,,, < ¢ < 6,. The
summation over all the subintervals gives the required integral. The result for m =0
and 0.1 < x < 2.0 is shown in Table 3.14; the values agree up to six significant figures
with those in standard tables [126, p. 390]. The program is intentionally made general so
that n, the corresponding Newton—-Cotes numbers, and the integrand can be changed
easily. Although the integrand in Figure 3.46 is real, the program can be modified for
complex integrand.

3.13 Concluding Remarks

Only a brief treatment of the finite difference analysis of PDEs is given here. There
are many valuable references on the subject which answer many of the questions left

% Create custom Bessel function

lwr = 0; $lower limit of integration
uppr= pi; %upper limit of integration
theta = linspace(0,pi, N+1);

for ii = 1l:length(x)
% Create function to be integrated
A = cos(x(ii)*sin(theta)-m*theta)/pi;

$Integrate with Newton-Cotes method
J_m(ii) = nc_method(A,lwr,uppr,n);
end

$ Difference between MATLAB and custom Bessel
compare = J-J_m;

% eps is the Spacing of floating point numbers in MATLAB.
% Any number smaller than in magnitude than eps is essen-
tially zero

% Try 1 + eps, this is equal to 1.

v_eps = [eps, eps];
x_eps = [%(1),x(end)];
figure(l),

subplot(211),plot(x,J,x,J_m, " ':")
title('Comparison between MATLAB and Custom Bessel func—
tion')
legend( 'MATLAB', 'Custom')
subplot(212),plot(x,compare, '-0',%x_eps,v_eps,X_eps,-v_eps)
title('Difference between MATLAB and Custom Bessel')
legend('difference’, '+teps', '-eps')

gfigure(2),plot(theta,l)

(a)

FIGURE 3.46

(@) Main program for Example 3.10. (b) Function for the main program in (a); for Example 3.10.

(Continued)
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function I = nc_method(f,a,b,n)
I = nc_method_fun(f,a,b,n)
Calculates Newton-Cotes Method Quadrature

%

2

%

%

% Inputs:

% f : data vector from function to be integrated
% a lower integration limit

% b : upper integration limit

g n order of approximating polynomial

2
%
%
%
2

Output:
I : Value of Integral

NOTE that m (the number of sections) must be a multiple of the or-
der of
% the approximation polynomial

m = length(£f)-1; gDivide the data into m sections

$Below checks if the requirement that m is a multiple of n
if rem(m,n) -= 0

disp('Error: length(£f)-1 must be a multiple of n')

I = NaN; return

end

h = (b-a)/m; #step size.

C = nc_weight (n); %Get Newton-Cotes Number.

I=20; $intitialize I

for ii = l:n:m,
ind2 = (ii:ii+n); ¥select indicies of function
Ai = n*h*f(ind2)*C; %Equation (3.138)
I = I+Ai; $Equation (3.142)

end

function g = nc_weight(n)

% returns in g the weights for the N-point Newton-Cotes quadra-
ture rule.

% N must be between 1 and 8.

if (n<l)
disp('error: newton-cotes order must be at least 1!')
elseif (n==1) % Trapezoidal rule:
q=[11]"/2;
elseif (n==2) % Simpson's rule:
qg=[141])'/6;
elseif (n==3) % Simpson's 3/8 rule:
qg=10[1331]'/8;
elseif (n==4)% Boole's rule:
q = [7 32 12 32 7]'/90;

FIGURE 3.46 (Continued)
(@) Main program for Example 3.10. (b) Function for the main program in (a); for Example 3.10. (Continued)
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elseif (n==5)

q = [19 75 50 50 75 19]'/288;
elseif (n==6)

g = [41 216 27 272 27 216 41]'/840;
elseif (n==7)

g = [751 3577 1323 2989 2989 1323 3577 751]'/17280;
elseif (n==8)

q = [989 5888 -928 10496 -4540 10496 -928 5888 989]'/28350;
else

disp('error: N must be no more than 8!')
end

(b)

FIGURE 3.46 (Continued)
(@) Main program for Example 3.10. (b) Function for the main program in (a); for Example 3.10.

unanswered here [3-8,10, 102, 103]. The book by Smith [5] gives an excellent exposition
with numerous examples. The problems of stability and convergence of finite difference
solutions are further discussed in References 129,130, while the error estimates are
discussed in Reference 131.

As noted in Section 3.8, the finite difference method has some inherent advantages
and disadvantages. It is conceptually simple and easy to program. The finite difference
approximation to a given PDE is by no means unique; more accurate expressions can be
obtained by employing more elaborate and complicated formulas. However, the relatively
simple approximations may be employed to yield solutions of any specified accuracy simply
by reducing the mesh size provided that the criteria for stability and convergence are met.

A very important difficulty in finite differencing of PDEs, especially parabolic and
hyperbolic types, is that if one value of ® is not calculated and therefore is set equal to
zero by mistake, the solution may become unstable. For example, in finding the difference
between ®; = 1000 and ®,; = 1002, if ®,,, is set equal to zero by mistake, the difference of
1000 instead of 2 may cause instability. To guard against such error, care must be taken to
ensure that ® is calculated at every point, particularly at boundary points.

TABLE 3.14

Result of the Program

in Figure 3.46 form =0

x Jo(x)
0.1 0.9975015
0.2 0.9900251
0.3 0.9776263
0.4 0.9603984
0.5 0.9384694
15 0.5118274
1.6 0.4554018
1.7 0.3979859
1.8 0.3399859
1.9 0.2818182

2.0 0.2238902
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(i, j+1) Ax (i+1, j+1)
Ay
_________ &
Yo 1
(i,j) *o (L)

FIGURE 3.47
Evaluating ® at a point P not on the grid.
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The applications of finite difference method in general and FDTD method in particular
have been limited due to memory requirement in spite of the fact that they are simple in
concept and implementation. Several memory-efficient algorithms and hybrid methods

have been proposed to increase the efficiency of FDTD method [132].

A serious limitation of the finite difference method is that interpolation of some kind
must be used to determine solutions at points not on the grid. Suppose we want to find ®
ata point P which is not on the grid, as in Figure 3.47. Assuming ® is known at the four grid
points surrounding P, at a distance x, along the bottom edge of the rectangle in Figure 3.47,

o, = "“x [0 +1, /) — (i, )]+ (i, j)

A

At a distance x, along the top edge,

o, :%lé(i+1,j+1)—<1>(i/j+1)1+‘I’<irf+1)

The value of ® at P is estimated by combining Equations 3.166 and 3.167, that is,

@p:

z; (@, — )+ B,

One obvious way to avoid interpolation is to use a finer grid if possible.

PROBLEMS

3.1 Show that the following finite difference approximations for &, are valid:

a. forward difference,

i +4P;, —39;
2Ax

b. backward difference,

30, 4%, 1+ P,
2Ax

(3.166)

(3.167)

(3.168)
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c. central difference

—®ir +8D; 1 8D+,
12Ax

32 Solve y" —y=-1, 0 <x <1 with ¥'(0) =0, y(1) =2. You should use finite
difference method and take Ax = 0.25.

3.3 Solve the equation &, = ¢,,, 0 < x < 1, subject to initial and boundary conditions

d(x, 0) =sinmx, 0 <x <1,
0, H)=0=2(1,1)t>0
Obtain the solution by hand calculation and use Ax = 0.25 and r = 0.5.
34 Obtain the finite difference formula for the differential equation:
U, +U;=0

around the grid point (i, n), where x = iAx, t = n/At.
3.5 A one-dimensional wave equation is given by

o’V oV
oxt ot

Let V(x,y)=V(i,n), x =iAx,t = nAt. Obtain the finite difference equivalent.

3.6 Derive the finite difference scheme for the one-dimension heat equation in
cylindrical coordinates.

U,,,,+lup:llt, 0<p<l, t>0
P

around the grid point (i, n), where p =iAp =ih, t = nAt.
3.7 Repeat the previous problem for two-dimensional heat equation

uﬂp+1up+uzz=llt, 0<p<l, 0<z<1, t>0
P

LetU(p,z,t)=U(, j,n), where Ap=Az=h, p=ih,z=iht=nAt

3.8 Derive the Crank-Nicholson implicit algorithm for the hyperbolic equation

@, = azq)w,az = constant. Let Ax = Ay = A.

39 Given a boundary-value problem defined by
d’®

F:.X‘i’l, 0<x<1
X

subject to (0) = 0 and ®(1) = 1, use the finite difference method to find $(0.5).
You may take A = 0.25 and perform five iterations. Compare your result with
the exact solution.
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310 Prove that the fourth-order approximation of Laplace’s equation ®,, + ®,, = 0is

609(i, ) —16[P(i +1, /) + P —1, /) + D@, j+ 1)+ D(i, j — 1)]
+ O +2,7) + DG —2,7)+ P, j+2)+ D3, j—2)=0

Draw the computational molecule for the finite difference scheme.

311 a. If Ax =Ay, show that for the computational molecule in Figure 3.48a, Equation
3.49 becomes

_n i Vs n V3 n Vi
C21+a) 2(1+a) 2(1+4+1/a) 2(1+1/a)

[

where o = (Ax/Ay)~
b. Show that for the molecule in Figure 3.48b, Equation 3.49 becomes

Vi
(14 Axy /A%) (14 AxAx, /AysAy,)

+ Ve

1+ Axy /Ax1) 1+ AxiAxy /Ay Ay 4)
+ Vs

1+ Ays /Ay )1+ AysAyy /Ax Axy)
+ Va

1+ Ays /Ay;3) A+ Ays Ay /Ax Axy)

[

The molecule in Figure 3.48b is useful in treating irregular boundaries.

Y y
AV, AV,
Ay A
Y v vow| v
A Ax Ax, | Bxy
ad 2 1
Ay Ayy
VI V.\
(a) (b)
¥y
V{ V3 Vs
V V.
v i .
Vi Vi Vs

FIGURE 3.48
For Problem 3.11.
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c. For the nine-point molecule in Figure 3.48c, show that

1 8
v, =8;Vi

This is a more accurate difference equation than Equation 3.49.
3.12 A Dirichlet problem is characterized by

u,+U, =0, 0<x<l, 0<y<l1
uo,y)=0, U(x,0)=0
Uu(,y)=100y, U(x,1)=100x

By selecting Ax = Ay = 0.25, we have the square grid shown in Figure 3.49.
Determine the potential at the nine free nodes.

3.13 For a long hollow conductor with a uniform U-shape cross section shown in
Figure 3.50, find the potential at points A, B, C, D, and E.

VA
1.0 U= 100x
7 8 9
4 5 6
U=0 U= 100y
1 2 3
=0 1.0 x
FIGURE 3.49
For Problem 3.12.
100V
A E
B C D
—_—
FIGURE 3.50

For Problem 3.13.
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3.14

315

3.16

317

It is desired to solve

2 2
5CI>+6<I>

+50=0
ox*  oy?

in the square region 0 < x <1, 0 <y <1 subject to the boundary conditions
CIJ:10atx:0,1,<1>y:40aty:0,<1>y: —20aty =1

a. Setup a system of finite difference equations which will allow the solution to
be found at x = y = 0.25 using Ax = Ay = h = 0.25. Perform three iterations.

b. Develop a program to solve the same problem using k = 0.05, 0.1, and 0.2.

A potential problem is characterized by Poisson’s equation

U, +U, =-2, 0<x<6, 0<y<8

with zero potential U = 0 on the boundaries. By selecting Ax = Ay =h =2, we
realize that there are six free nodes as shown in Figure 3.51. Use finite difference
to determine the potential at the nodes.

Modify the code of Figure 3.12 to solve the following three-dimensional problem:

VWV =-p, /e, 0<x<1, 0<y<1, 0<z<1 meter,

where p, = xyz2nC/m? and € = 2¢, subject to the boundary conditions

V(©0,y,2)=0=V(1,y,z)
V(x,0,2)=0=V(x,1, 2)
V(x,y,00=0=V(x,y,1)=V,

Find the potential at the center of the cube and compare your result with the
analytic solution. Take V, = 100 V.

Show that the leapfrog method applied to the parabolic equation (3.10) is unstable,
whereas applying the DuFort-Frankel scheme yields an unconditionally stable
solution.

FIGURE 3.51
For Problem 3.15.



210 Computational Electromagnetics with MATLAB®

3.18 The advective equation

0P 8@

— =0, u>0
ot 8x

can be discretized as
Q)"“ O — (i — i),

where r = uAt/2Ax. Show that the difference scheme is unstable. An alternative
scheme is

D= (q) b+ @) — (P — i)

Find the condition on r for which this scheme is stable.

3.19 The two-dimensional parabolic equation

ou o0*u  ou
T a2t a2
ot o0x* Oy

0<x<1, 0<y<1, t>0

is approximated by the finite difference methods:
LUl =+ r(6; + 61U
il Ul =1+ r6)(1+rs)) U

where
r=At/h%, h=Ax = Ay

and
63”1’?] = in—lj zuln] + uH—l]
631“[;1,/ = 1] 17— Zuz] + t]+1

Show that (i) is stable for » < 1/4 and (ii) is stable for r < 1/2.

3.20 a. The constitutive parameters of the earth allow the displacement currents to
be negligibly small. In this type of medium, show that Maxwell’s equation
for two-dimensional TM mode, where

E(xl Y, t) =E.a,
and
H(x,y,t)=H.a,+H,a,,
reduce to the diffusion equation

82E+62E OE _ 9,
o o Mot Mot

where E = E, and J, is the source current density in the z direction.
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b. Taking |, =0, Ax = Ay = A, and

Z Ej=E'1;+E";+Ejn+Ej,

show that applying Euler, leapfrog, and DuFort-Frankel difference methods
to the diffusion equation gives

Euler:

Em = (1-4r)E}}; +rZ E;,

Leapfrog:

B =Bl 2r(Y B 4B,

DuFort-Frankel:

1—4r 2r
Eltl = Ert 4 E!.
T 14y 1+4r2 J

where r = At/(ou?).

c. Analyze the stability of these finite difference schemes by substituting for
E}'; a Fourier mode of the form

Elj =E(x =iA,y = jA,t = nAt) = A, cos(k,iA)cos(k,JA)
3.21 Yee’s FDTD algorithm for one-dimensional wave problems is given by
Hy72(k+1/2) = Hy ' *(k+1/2) + ZZ[E,’Z(k) —El(k+1)]
Determine the stability criterion for the scheme by letting
Ei(k)= A", Hjk)= g e,

where 7 = (11/€)'/? is the intrinsic impedance of the medium.

3.22 a. The potential system in Figure 3.52a is symmetric about the y-axis. Set the
initial values at free nodes equal to zero and calculate (by hand) the potential
at nodes 1-5 for five or more iterations.

b. Consider the square mesh in Figure 3.52b. By setting initial values at the free
nodes equals to zero, find (by hand calculation) the potential at nodes 1-4 for
five or more iterations.

3.23 The potential system shown in Figure 3.53 is a quarter section of a transmission
line. Using hand calculation, find the potential at nodes 1, 2, 3, 4, and 5 after five
iterations.
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il
3 s
_____________ Jx_,x
N
V=0 V=100
(a) =
'
€ =€
1 0\\
1 2
3 4
g, = 380'-..\_“
b
V=0
(b)
FIGURE 3.52
For Problem 3.22.
y I
1 E 2 3 100V
: 4
‘ 5
/L —————————————————————— —
oV x
FIGURE 3.53
For Problem 3.23.

3.24 Modify the program in Figure 3.21 or write your own program to calculate Z;
for the microstrip line shown in Figure 3.54. Take 4 =2.02, b6 =70, h =10 = w,
t =0.01, ¢ = ¢y, €, = 9.6¢,.

3.25 Use the FDM to calculate the characteristic impedance of the high-frequency,
air-filled rectangular transmission line shown in Figure 3.55. Take advantage of
the symmetry of the problem and consider cases for which

a. B/A=10,a/A=1/2,b/B=1/2,a=1,
b. B/A=1/2,a/A=1/3,b/B=1/3,a=1.

3.26 Figure 3.56 shows a shield microstrip line. Write a program to calculate the
potential distribution within the cross section of the line. Take ¢, = ¢, €, = 3.5¢,
and & = 0.5 mm. Find the potential at the middle of the conducting plates.
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€
h 2

FIGURE 3.54
For Problem 3.24.
2B 2b
- »
2a
"
< N >
FIGURE 3.55
For Problem 3.25.
V = 0
rd
h
40h £
40k ﬂ- 8h 46—h» 40h
( !
V=0 V=100
40h &
FIGURE 3.56

For Problem 3.26.
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3.27 Use the FDM to determine the lowest (or dominant) cut-off wave-number k, of
the TM;; mode in waveguides with square (2 x 4) and rectangular (2 x b, b = 2a)
cross sections. Compare your results with the exact solution

ke = /(mr/a)> + (n/b)?

wherem =n =1. Takea = 1.

3.28 Instead of the 5-point schema of Equation 3.121, use a more accurate 5-point
formula

2i(8i* —5)V (i, j) = (4° + 2> —4i+ D)V (i+1,))
+(4i° —2i* —4i—1)V(i—1,))
(4 =1V, j+1)+i(4i* =)V, j—1)

in Example 3.9 while other things remain the same.

3.29 For two-dimensional problems in which the field components do not vary with
z coordinate (9/0z = 0), show that Yee’s algorithm of Equations 3.84a through
3.84f becomes

a. for TE waves (E, = 0)

HIY2(i41/2,j+1/2)= HE V(i 4+1/2,j+1/2)
—ofEj(i+1,j+1/2)—E;(i,j +1/2)]
+ofEX(i+1/2,j+ 1) —EX(i+1/2,))],
EXi+1/2,j)=ENi+1/2,))
+BHI (i 41/2,j+1/2)— HIP2 (i +1/2,j—1/2)],

EXf'i,j+1/2)=~E}(i,j+1/2)
—BIHI(i+1/2,j+1/2)—HI2(i-1/2,j+1/2)];

b. for TM waves (H, = 0)

EI(i, j) = 2EL G, )
+ BIHE Y2 +1/2, ) — Hy (- 1/2, )]
—B[HY (G, j+1/2)— HE (0, - 1/2)],

Hy™2(0, j+1/2) = HyV2(i,j+1/2) = ol E2 G, j+ D~ E2 G, )],
Hy (i +1/2,j)= Hy (i +1/2,)) + ol EX(i+1,/)— EX (i )],
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where

ot ot oot
azil :7, :1—7,
o b ed 7 €

and § = Ax = Ay.

3.30 Consider the diffraction/scattering of an incident TM wave by a perfectly
conducting square of side 4a. The conducting obstacle occupies 17 < i < 49,
33 < j < 65, while artificial boundaries are placed at i =1, 81, j = 0.5, 97.5 as
shown in Figure 3.57. Assume an incident wave with only E, and H, components

given by
E— sinmd, 0<6<1
o, otherwise
H, = 1 E,
Mo

where 7, =1207Q,0 = ((x —50a +ct)/8a),Ax = Ay = a/8, At =cAx=a/16. Write a
program that applies the algorithm in Problem 3.25(b). Assume “hard lattice
truncation conditions” at the artificial boundaries shown in Figure 3.57 and
reproduce Yee’s result [42] in his figure 3.

3.31 Repeat the previous problem but assume “soft lattice truncation condition” of
Equations 3.87 through 3.89a to 3.891 at the artificial boundaries.

3.32 For axisymmetric problems (no variation with respect to ¢), show that Yees
algorithm for TM waves can be written as

HI(, )= HiG, )+ olEFY2(3, j+1/2) — EXV3(6, j—1/2)]
_a[E;t+l/2(i+1/2,]~) _E;l+1/2(i_ 1/2,])]

H,=0
j=971/2—
j=97—
E,=0,H,=0
j=65 7 ' .
5.8 H.=0 i
¥ = E,=04 40 |H.=0
E=045=0 Hi.:O :AE§=U
s | E=0.H,=0 | ]
jel— | |
j=1/2— : -
<
I I
i=17 i=49 i=81

FIGURE 3.57
For Problem 3.30.
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HI2(,j41/2) = B2, +1/2)
+5 }Hg’“(i,]’—&- 1/2)+H; G, j+1) - H G, j)

E;2(i+1/2,)) = vE; V2 +1/2, ) = BIHS T+ 1, /) — HET' (G )],

where

a=t gt 9 s A=Az
o €d €
and H,(z,p,t) = Hy(z =10z, p = (j—1/2)2p,t = ndt) = H; (i, j).
3.33 a. Show that the finite difference discretization of Mur’s ABC for two-

dimensional problem

at the boundary x = 0 is

. .. ot —6 .. .
EXN0, )= EXGG, )+ EX(i, j)— EXO,
©,7) (i J)+CO&+5[ (i, ) —EZ(0, )]

HoCo n+1/2 . n+1/2 .
— 22 [HY 0,7+1/2)—H; 0,j—1/2
2(CO&M)[ 0,j+1/2) 0,j-1/2)]

+H2+1/2(1,]'_|_1/2)_H;t+1/2(1’]-_1/2)

where ¢, is the velocity of wave propagation.
b. Discretize the first-order boundary condition

OE. 1 0E, _

=0
ox ¢, Ot

atx=0
3.34 For a three-dimensional problem, the PML modification of Maxwell’s equations
yields 12 equations because all six Cartesian field components split. Obtain the

12 resulting equations.
3.35 Ina PML region, E. is split into E., and E,, for the TM case. Show that Maxwell’s

equation becomes

- OE,, CoE. = OH,
ot O0x

. OE,, +o,E, = OH,
ot oy
OH 0

0 ~+ yHy=——(Ex +E;
oo T gy Tt E)

oH, 9
o T ;H1:7sz+Ez
to g o =5 2
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V=0
V=100 ‘
\ 10 cm lz cm ‘,J
o ————— Jos
2cm T 2c¢m

20 cm

FIGURE 3.58
For Problem 3.37.

3.36 An FDTD equation for a PML region is given by
HIMY2(i+1/2,k)=HI (i +1/2,k)

_E%w;a+Lm+£;a+Lm—Ew@k%J%“*”

where 6, ¢, n, i, and k have their usual FDTD meanings. By substituting the
harmonic dependence e/ /**, show that the impedance of the PML region is
B, p,6 sin(wét/2)

° H, 6t sin(k,6/2)

3.37 Consider the finite cylindrical conductor held at V =100 V and enclosed in a
larger grounded cylinder as in Figure 3.58. Such a deceptively simple looking
problem is beyond closed-form solution, but by employing finite difference
techniques, the problem can be solved without much effort. Using the finite
difference method, write a program that determines the potential distribution
in the axisymmetric solution region. Output the potential at (p, z) = (2, 10), (5, 10),
(8,10), (5,2), and (5, 18).

3.38 The problem in Figure 3.59 is a prototype of an electrostatic particle focusing
system which is employed in a recoil-mass time-of-flight spectrometer. Write
a program to determine the potential distribution in the system. The problem
is similar to the previous problem except that the outer conductor abruptly
expands radius by a factor of 2. Output the potential at (p, z) = (5, 18), (5, 10),
(5,2), (10, 2), and (15, 2).

3.39 The conventional 3-D FDTD lattice in cylindrical coordinates is shown is Figure
3.60a while its projection on the p — z plane is in Figure 3.60b. Show that by
discretizing Maxwell’s equation,

1

b
14—
[ 2¢e

-
E;Hrl (l, ]) — 2e

ob
1 -7
[+k]

[H(Tl/z(l’,]‘)*H;Hl/z(l',j*l)]

nss o~ Of
Ep(lr])_g

where 6 = Az = Ap. Obtain the FDTD equations for H,and H,,
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V=0 /
\ = 20 cm
10 em B \ Iu'r

1

7“{/ & {nn / e

10 cm 10 ¢cm

FIGURE 3.59
For Problem 3.37.

340 Consider the one-dimensional parabolic equation in cylindrical coordinates

ou
ViU=""
ot

or

U,J,fl—lup:ll[, O0<p<l, t>0
p

?‘:’3‘/
/

E, Ey
(i, j+1) O——— (i+1, j+1)
E,
E, H,

° H,

H.

E * gl |E
&)< (i+1, /)

Unit cell (i, j)

(b}

FIGURE 3.60
For Problem 3.39: (a) A conventional 3-D FDTD lattice in cylindrical coordinates, (b) projection of 3-D FDTD
cell at p — z plane.
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subject to U(1,£) =0,t >0
U(p, 0) = T,(constant)

By selecting Ap =h =0.1, and T, = 10, calculate U at p = 0.5, t = 0.1, 0.2, 0.3,
04, 0.5, 1.0 using finite difference. Compare your result with the exact solution

- Jowp) >
U(p, t)=2T, M\t
(p ) =1 An]l()\n)exp( )

where ], and |, are Bessel function of orders 0 and 1, respectively, and X\, are the
positive roots of ],

341 For a two-dimensional heat equation in cylindrical system, consider

veu =4
ot

or

upp+1up+uzz:ut/ 0<p<1,0<Z<1,t>0
p

with the boundary conditions
U(p,0,6)=0=U(p,1,t), 0<p<l, t>0
U@,z t)=0, 0<z<1, t>0

and initial condition

U(p,z,00=T,, 0<p<l, 0<z<l1

By selecting Az = Ap =h = 0.1, and T, = 10, use the finite difference method
to determine U at p = 0.5,z = 0.5, ¢ = 0.05, 0.1, 0.15, 0.2, 0.25, 0.3.

342 Given the tabulated values of y = sin x for x = 0.4 to 0.52 rad in intervals of
Ax =0.02, find (a) Z—y atx =044, (b) | 822 ydx using Simpson’s rule.
x

x Sin x

0.40 0.38942
0.42 0.40776
0.44 0.42594
0.46 0.44395
0.48 0.46178
0.50 0.47943

0.52 0.49688
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343 a. Use a pocket calculator to determine the approximate area under the curve
flx) =4 — x%, 0 < x < 1by the trapezoidal rule with 1 = 0.2.

b. Repeat part (a) using the Newton—Cotes rules with n = 3.
3.44 For a half-wave dipole, evaluation the integral

1/2 cos? [77 cos 9]
: do
sinf
0

is usually required. Evaluate this integral numerically using any quadrature
rule of your choice.

3.45 Compute
1

fe‘xdx

0

using the Newton—Cotes rule for cases n = 2, 4, and 6. Compare your results
with exact values.

3.46 Given that

™

Ju(z) = %fcos(zcos&—k nf)do

0

Letn =1,z =4 so that

I= lfcos(él:cos@—i—@)d@
T
0

Evaluate I,
a. using the trapezoidal rule with Af =7 /10
b. using Simpson’s 1/3- rule with A§ = 7/10
c¢. using Gaussian quadrature.
Compare numerical results with the exact value of J;(4).

3.47 The criterion for accuracy of the numerical approximation of an integral

OO

b
1= ff(x)dx ~ Zﬂif(xi)

i=0

is that the formula is exact for all polynomials of degree less than or equals to 7.
If a =0, b =4, and the values of f(x) are available at points x, =0, x;, =1, x, =3,
x, = 4, find the values of the coefficients g, for which the above requirement of
accuracy is met.
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3.48 The elliptic integral of the first type
F(k,¢) = f (1—k*sin?6)/*de
0

cannot be evaluated in a closed form. Write a program using Simpson’s rule to
determine F(k, ¢) for k =2 and ¢ = /2.

349 The following integral represents radiation from a circular aperture antenna
with a constant current amplitude and phase distribution

1

27
I:ff ejapcoscipdd)dp

0

Find I numerically for o = 5 and compare your result with the exact result

I(a) = 271'];(04)

3.50 Evaluate the following integrals numerically:
a. I=[3 [} e Vdxdy
b. J=/2 2 ,x+3y?)dxdy
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4

Variational Methods

Faith ends where worry begins, and worry ends where faith begins.

—George Mueller

4.1 Introduction

In solving problems arising from mathematical physics and engineering, we find that it is
often possible to replace the problem of integrating a differential equation by the equivalent
problem of seeking a function that gives a minimum value of some integral. Problems of
this type are called variational problems. The methods that allow us to reduce the problem
of integrating a differential equation to the equivalent variational problem are usually
called variational methods [1]. The variational methods form a common base for both the
method of moments (MoM) and finite element method (FEM). Therefore, it is appropriate
that we study the variational methods before MoM and FEM. Besides, it is relatively easy
to formulate the solution of certain differential and integral equations in variational terms.
Also, variational methods give accurate results without making excessive demands on
computer storage and time.

Variational methods can be classified into two groups: direct and indirect methods.
The direct method is the classical Rayleigh—-Ritz method, while the indirect methods are
collectively referred to as the method of weighted residuals: collocation (or point-matching),
subdomain, Galerkin, and least-squares methods. The variational solution of a given PDE
using an indirect method usually involves two basic steps [2]:

¢ Casting the PDE into variational form, and
¢ Determining the approximate solution using one of the methods.

The literature on the theory and applications of variational methods to EM problems is quite
extensive, and no attempt will be made to provide an exhaustive list of references. Numerous
additional references may be found in those cited in this chapter. Owing to a lack of space, we
can only hint at some of the topics usually covered in an introduction to this subject.

4.2 Operators in Linear Spaces

In this section, we will review some principles of operators in linear spaces and establish
notation [2-5]. We define the inner (dot or scalar) product of functions u and v as
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(u,0y= f uv*dQ) @1

Q

where * denotes the complex conjugate and the integration is performed over €2, which may
be one-, two-, or three-dimensional physical space depending on the problem. In a sense,
the inner product (i, v) gives the component or projection of function u in the direction
of v. If u and v are vector fields, we modify Equation 4.1 slightly to include a dot between
them, that is,

(u,v)= fu~v*dQ @.2)

Q

However, we shall consider 1 and v to be complex-valued scalar functions. For each pair
of u and v belonging to the linear space, a number (1, v) is obtained that satisfies

@) (w,v)=(v,u), (4.3a)
(2) (o + Buy,v) = afuy,v) + B(u,0), (4.3b)
(3) (u,vy>0 ifu=0, (4.3¢)
4) (u,0)=0 ifu=0 (4.3d)

If (u, v) = 0, u and v are said to be orthogonal. Notice that these properties mimic familiar
properties of the dot product in three-dimensional space. Equation 4.3 is easily derived
from Equation 4.1. Note that from Equations 4.3a and 4.3b,

(u, a0y = a*{v,uy* = a*(u,v)

where « is a complex scalar.
Equation 4.1 is called an unweighted or standard inner product. A weighted inner product is
given by

(u,v>:fuv*wdQ 4.4

Q

where w is a suitable weight function.
We define the norm of the function u as

] = e, ) 4.5)

The norm is a measure of the “length” or “magnitude” of the function. (As far as a field
is concerned, the norm is its rms value.) A vector is said to be normal if its norm is 1. Since
the Schwarz inequality

(e, o) <[l [[o]] (4.6)
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holds for any inner product space, the angle § between two nonzero vectors u and v can
be obtained as

0= cos ' (W V) 47
Jull[v] @

We now consider the operator equation

[D=g 4.8)

where L is any linear operator, ¢ is the unknown function, and g is the source function.
The space spanned by all functions resulting from the operator L is

(LD, g)=(®,L'g) 4.9
The operator L is said to be

1. Self-adjointif L = L%, i.e,, (LD, g) = (¥, Lg),
2. Positive definite if (L, ®) > 0 for any ® = 0 in the domain of L,
3. Negative definite if (L®, ®) < 0 for any ® = 0 in the domain of L.

The properties of the solution of Equation 4.8 depend strongly on the properties of the
operator L. If, for example, L is positive definite, we can easily show that the solution of ®
in Equation 4.8 is unique, that is, Equation 4.8 cannot have more than one solution. To do
this, suppose that ¢ and ¥ are two solutions to Equation 4.8 such that L = g and LV = g.
Then, by virtue of linearity of L, f = & — ¥ is also a solution. Therefore, Lf = 0. Since L is
positive definite, f = 0 implies that ® = ¥ and confirms the uniqueness of the solution &.

EXAMPLE 4.1
Find the inner product of u(x) = 1 — x and v(x) = 2x in the interval (0, 1).

Solution

In this case, both 1 and v are real functions. Hence,

(u,v)=(v,uy= f(l—x)Zxdx

1

2 .3
=2/~ %) —0333
2 3
o
EXAMPLE 4.2
Show that the operator
L=—V?= o — 872
ox*  oy?

is self-adjoint.
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Solution

(Lu,v):—fvvzuds

S

Taking 1 and v to be real functions (for convenience) and applying Green’s identity

v?dl:fVu-VvdS—i—vaZudS
n
4 S

S

yields

(Lu,0) = f Vu-VodS — f v%dl 4.10)
n
S l4

where S is bounded by £ and n is the outward normal. Similarly,

(1, Lo) = f Vi - Vods — fﬁ ugldl @11)
n
S 14

The line integrals in Equations 4.10 and 4.11 vanish under either the homogeneous
Dirichlet or Neumann boundary conditions. Under the homogeneous mixed boundary
conditions, they become equal. Thus, L is self-adjoint under any one of these boundary
conditions. L is also positive definite.

4.3 Calculus of Variations

The calculus of variations, an extension of ordinary calculus, is a discipline that is
concerned primarily with the theory of maxima and minima. Here we are concerned with
seeking the extrema (minima or maxima) of an integral expression involving a function of
functions or functionals. Whereas a function produces a number as a result of giving values
to one or more independent variables, a functional produces a number that depends on the
entire form of one or more functions between prescribed limits. In a sense, a functional
is a measure of the function. A simple example is the inner product (4, v). Variational
formulation refers to the construction of a functional that is equivalent to the governing
equation of the given problem.

In the calculus of variation, we are interested in the necessary condition for a functional
to achieve a stationary value. This necessary condition on the functional is generally in the
form of a differential equation with boundary conditions on the required function.

Consider the problem of finding a function y(x) such that the function

b

I(y)= f F(x,y,y")dx, (4.12a)

a
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subject to the boundary conditions

y(@)=A, yb)=B, (4.12b)

is rendered stationary. In other words, we want to find y(x) from which the integral in
Equation 4.12a is an extremum. The integrand F(x, y, y’) is a given function of x, y, and
y’' = dy/dx. In Equation 4.12a, I(y) is called a functional or variational (or stationary) principle.
The problem here is finding an extremizing function y(x) for which the functional I(y) has
an extremum. Before attacking this problem, it is necessary that we introduce the operator
6, called the variational symbol.

The variation oy of a function y(x) is an infinitesimal change in y for a fixed value of the
independent variable x, that is, for éx = 0. The variation ¢y of y vanishes at points where
y is prescribed (since the prescribed value cannot be varied) and it is arbitrary elsewhere
(see Figure 4.1). Due to the change in y (i.e., ¥ — v + éy), there is a corresponding change in
F. The first variation of F at y is defined by

OF OF
§F=—6y+—06y 413

This is analogous to the total differential of F,

OF OF OF
dF = ——dx+—dy+——dy’ 4.14

where éx = 0 since x does not change as y changes to y + y. Thus, we note that the operator
6 is similar to the differential operator. Therefore, if F; = F,(y) and F, = F,(), then

(i) 6(F +E)=06F +6b, (4.15a)

(i) O8(EFE)=FESF + FéE, (4.15b)
FE) EOF —FSF

(iii) 5[5] = % (4.15¢)
(iv) 6(R)"=n(FR)"'6F, (4.15d)

Extremizing
function y(x) |

FIGURE 4.1
Variation of extremizing function with fixed ends.
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LT L)

© en=o[%], 4159
b b

(vi) 6fy(x)dx :f&y(x)dx (4.15f)

A necessary condition for the function I(y) in Equation 4.12a to have an extremum is that
the variation vanishes, that is,

s1=0 (4.16)

To apply this condition, we must be able to find the variation ¢I of I in Equation 4.12a.
To this end, let hi(x) be an increment in y(x). For Equation 4.12b to be satisfied by y(x) + h(x),

h@) = h(b) =0 4.17)
The corresponding increment in I in Equation 4.12a is

Al =1y +h)—1I(y)

b

- f [F(x,y+hy +1)—F(x,y,y")]dx

a

On applying Taylor’s expansion,

b

Al = f [, (x, .4/ )h— Ey (x,y,y W 1 dx

a

+ higher-order terms
=6I+O(h*)

where
b
6l = f[Fy(x,y,y’)h—Fy/(x,y,y’)h’]dx
Integration by parts leads to

b
1= [

The last term vanishes since h(b) = h(a) = 0 according to Equation 4.17. In order that ¢[ = 0,
the integrand must vanish, that is,

x=b
OF

hdx + S5 h
X 8y/

oF _d(oF
oy dx|0dy

x=0
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OF d|oF|_,
oy dx|oy

or

d
Fy—Fy=0 4.18)

This is called Euler’s (or Euler—Lagrange) equation. Thus, a necessary condition for I(y) to
have an extremum for a given function y(x) is that y(x) satisfies Euler’s equation.

This idea can be extended to more general cases. In the case considered so far, we have
one dependent variable y and one independent variable x, that is, y = y(x). If we have one
dependent variable 1 and two independent variables x and y, that is, u = u(x, y), then

I(u)= fP(x,y,u, Uy, Uy)dS 4.19)

S

where u, = du/okx, u, = Ou/0y, and d S = dx dy. The functional in Equation 4.19 is stationary
when 8 = 0, and it is easily shown that the corresponding Euler’s equation is [6]

ap_a[ap] a[ap o @.20)

ou " oxlou| oy |ou,

— oy

Next, we consider the case of two independent variables x and y and two dependent
variables u(x, y) and v(x, y). The functional to be minimized is

I(u,v)= fF(x,y,u,v,ux,uy,vx,vy)ds 4.21)

S

The corresponding Euler’s equation is

oF o (oF) o [oF)_, 422
Ou 0x\Ou,) Oy|O0u,

OF O |OF| O|O0F

Rl Pl B N )| 4.22b
v ax[avx] dy | Ov, (

Another case is when the functional depends on second- or higher-order derivatives.
For example,

b

I(y)= f Fex,y,y,y",...,y")dx 4.23)

a
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In this case, the corresponding Euler’s equation is

d a2 d d"
—F/ +—F/———=Fnw+-+(-=1)"—F,, =0 4.24
dx V dx2 A Y ( ) dx" y(n) ( )

F,—

Note that each of Euler’s equations (4.18), (4.20), (4.22), and (4.24) is a differential equation.

EXAMPLE 4.3

Given the functional

dxdy,

@)= [ (02 +9) - sy
S

obtain the relevant Euler’s equation.

Solution
Let

F(x,y,®,®,,3,) = %(Cbﬁ +07 )~ f(x,y)®

showing that we have two independent variables x and i and one dependent variable ¢.
Hence, Euler’s equation (4.20) becomes

ff(x,y)f%q)x ,%q)y =0
or
Qo + @y =—f(x,y),
that is,

V20 =—f(x,y)

which is Poisson’s equation. Thus, solving Poisson’s equation is equivalent to finding &
that extremizes the given functional I(®).

4.4 Construction of Functionals from PDEs

In the previous section, we noticed that Euler’s equation produces the governing differential
equation corresponding to a given functional or variational principle. Here, we seek the
inverse procedure of constructing a variational principle for a given differential equation.
The procedure for finding the functional associated with the differential equation involves
four basic steps [2,7]:
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* Multiply the operator equation L® = g (Euler’s equation) with the variational 6® of
the dependent variable ® and integrate over the domain of the problem.

® Use the divergence theorem or integration by parts to transfer the derivatives to
variation 6®.

¢ Express the boundary integrals in terms of the specified boundary conditions.
* Bring the variational operator ¢ outside the integrals.

The procedure is best illustrated with an example. Suppose we are interested in finding
the variational principle associated with the Poisson’s equation

V3 = —flx, y) 4.25)

which is the converse of what we did in Example 4.3. After taking step 1, we have

6I:ff[—V2<I>—f]6<I>dxdy:0
—ffvzd)éq)dxdy—fffécbdxdy

This can be evaluated by applying divergence theorem or integrating by parts. To
integrate by parts, let u = 6@, dv = (9/0x)(0®/0x)dx so that du = (0/0x)6Pdx, v = (0P/0x) and

ff [ ]6‘1>dx dy = flécbaq)— a—@g&bdx dy
Ox o0x Ox Ox
Thus,

51_ff 0 0 54, 9% 0 54 _ 5| dxdy

Ox 8x oy Oy

f 6<I>—d _ f 6®—dx
a=b [ (2]
—6ff1>—d —6f<1>—dx (4.26)

The last two terms vanish if we assume either the homogeneous Dirichlet or Neumann
conditions at the boundaries. Hence,

§1=6 f f %[cbiw;—mf]dxdy,

—2f®|dxdy

that is,
I(®)= f f [@3 + @} —2&f |dxdy @.27)

as expected.
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Rather than following the four steps listed above to find the function I(®) corresponding
to the operator equation (4.8), an alternative approach is provided by Mikhlin [1 pp. 74-78].
According to Mikhlin, if L in Equation 4.8 is real, self-adjoint, and positive definite, the
solution of Equation 4.8 minimizes the functional

[1(®) = (LD, D) — 2(, g)| 4.28)

(See Problem 4.6 for a proof)) Thus, Equation 4.27, for example, can be obtained from
Equation 4.25 by applying Equation 4.28. This approach has been applied to derive
variational solutions of integral equations [8].

Other systematic approaches for the derivation of variational principles for EM problems
include Hamilton’s principle or the principle of least action [9,10], Lagrange multipliers
[10-14], and a technique described as variational electromagnetics [15,16]. The method of
Lagrange undetermined multipliers is particularly useful for deriving a functional for a
PDE whose arguments are constrained. Table 4.1 provides the variational principles for
some differential equations commonly found in EM-related problems.

EXAMPLE 4.4
Find the functional for the ordinary differential equation
y+y+x=0, 0<x<1

subject to y(0) = y(1) = 0.

TABLE 4.1

Variational Principle Associated with Common PDEs in EM?

Name of Equation PDE Variational Principle
Inhomogeneous wave equation VO +kK0=g¢ (@)= %Lf[|VtI>|2 — K*®* +2g®]dv
Homogeneous wave equation V20 +k*d=0 [(®)= % f [[VOP - k*®?]dv

or

to

Vo, =0 1®)= [ [1IVoF - seildod

to
Diffusion equation V20— kd, =0 I(®)= %j‘fﬂvtﬂz — k&, Jdvdt
Poisson’s equation Vo=g 1(®)= % f [[V®} + 2¢P]dv
Laplace’s equation V=0 (@)= %f[|VlI>|z]dv

@ Note that VO] = V& - V& = &2 + &2 + 2.
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Solution
Given that

dZ

S tyrx=0, 0<x<l,
we obtain

8= JT;%+y+x6wh 0

1
f 6ydx+fy6ydx+fx6ydx

0

Integrating the first term by parts,

x=1

1 1 1

dy d fl ) f
— | L= —6(y*)dx+6 d
. dedxy+02(y)x+0xyx

Since y is fixed at x = 0, 1, éy(1) = éy(0) = 0. Hence,

61:5y§—y
x

1 2 1 1
_féf%[%] dx+%5fy2dx+6f xy dx
0 0 0

1

- gf[_y/z +y? 4+ 2xy]dx

0

or
1
:%f[_y/2+y2+2xy]dx
0

Check: Taking F(x, y, y') = y"* — y* — 2xy, Euler’s equation F,—(d/dx)F,, = 0 gives the
differential equation

y'+y+x=0

4.5 Rayleigh-Ritz Method

The Rayleigh-Ritz method is the direct variational method for minimizing a given
functional. It is direct in that it yields a solution to the variational problem without recourse
to the associated differential equation [17]. In other words, it is the direct application of
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variational principles discussed in the previous sections. The method was first presented by
Rayleigh in 1877 and extended by Ritz in 1909. Without loss of generality, let the associated
variational principle be

[(P)= fF(x, v, ®,®,,®,)dS (4.29)

S

Our objective is to minimize this integral. In the Rayleigh—Ritz method, we select a
linearly independent set of functions called expansion functions (or basis functions) u, and
construct an approximate solution to Equation 4.29, satisfying some prescribed boundary
conditions. The solution is in the form of a finite series

N
o~ Zanun +u, (4.30)

where u, meets the nonhomogeneous boundary conditions, and u, satisfies homogeneous
boundary conditions. a, are expansion coefficients to be determined and ® is an approximate
solution to ® (the exact solution). We substitute Equation 4.30 into Equation 4.29 and convert
the integral I(®) into a function of N coefficients a,, a,, ..., ay, that is,

(D) = I(ay, a,, ..., ay)

The minimum of this function is obtained when its partial derivatives with respect to
each coefficient are zero:

or _o oL _o o _
om Oay Oay
or
ol
=0, =12,...,.N .
on n @.31)

Thus, we obtain a set of N simultaneous equations. The system of linear algebraic
equations obtained is solved to get a,, which are finally substituted into the approximate
solution of Equation 4.30. In the approximate solution of Equation 4.30, if ® — ® as N — oo
in some sense, then the procedure is said to converge to the exact solution.

An alternative, perhaps easier, procedure to determine the expansion coefficients a, is
by solving a system of simultaneous equations obtained as follows [4,18]. Substituting
Equation 4.30 (ignoring u, since it can be lumped with the right-hand side of the equation)
into Equation 4.28 yields

N N N
I= <Z amLum,Z anun> — 2<Z a,,,um,g>
n=1

m=1 m=1
N

= ii(Lum,unmnam — 2Z<um,g>‘1m

m=1 n=1 m=1
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Expanding this into powers of 4,, results in

N N
I = <Lum U >a31 + Z <Lum s Un >aman +Z <Luk s Un >akam

n=m k=m

—2(g, Uy )y + terms not containing a,, 4.32)

Assuming L is self-adjoint and replacing k with 7 in the second summation,

N
I= <Lum/ um>arzn + 22 <Lum s Uy >ﬂ,,ﬂm - 2<g/ Uy, >am +-- (433)

n=m

Since we are interested in selecting a,, such that I is minimized, Equation 4.33 must satisfy
Equation 4.31. Thus, differentiating Equation 4.33 with respect to a,, and setting the result
equal to zero leads to

N

Z(Lum,unwn =(g,Un), m=12,...,N 4.34)

n=1

which can be put in matrix form as

(Lug, ) (Lug,up) - (L, un)|jan | |(8,th)
: : D=l (4.35a)
(Lun, ) (Lun,up) -+ (Lun,ug)|jan| (8, Un)
or
[AlIX] = [B] (4.35b)
where A, = (Lu,, u,), B, = (8, u,,), X, = a,. Solving for [X] in Equation 4.35 and substituting

a,,in Equation 4.30 gives the approximate solution ®. Equation 4.35 is called the Rayleigh—
Ritz system.

We are yet to know how the expansion functions are selected. They are selected to
satisfy the prescribed boundary conditions of the problem. u, is chosen to satisfy the
inhomogeneous boundary conditions, while u,(n =1, 2, ..., N) are selected to satisfy
the homogeneous boundary conditions. If the prescribed boundary conditions are all
homogeneous (Dirichlet conditions), u, = 0. The next section will discuss more on the
selection of the expansion functions.

The Rayleigh—Ritz method has two major limitations. First, the variational principle in
Equation 4.29 may not exist in some problems such as in nonself-adjoint equations (odd
order derivatives). Second, it is difficult, if not impossible, to find the functions u, satisfying
the global boundary conditions for the domains with complicated geometries [19].

EXAMPLE 4.5
Use the Rayleigh—-Ritz method to solve the ordinary differential equation:

" +4P—-x*=0, O<x<1

subject to ®(0) = 0 = (1)
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Solution
The exact solution is

sin2(1—x)—sin2x x> 1
8sin2 4 8

P(x) =
The variational principle associated with ®”+ 4® — x> =0 is

1
H@):L[K¢52—4¢2+2x%ﬂdx (4.36)

This is readily verified using Euler’s equation. We let the approximate solution be
B N
®:m+§:mw 4.37)
n=1

where u, = 0, u,, = x"(1 — x) since ®(0) = 0 = ®(1) must be satisfied. (This choice of u, is
not unique. Other possible choices are u, = x(1 — x") and u,, = sin n7 x. Note that each
choice satisfies the prescribed boundary conditions.) Let us try different values of N, the
number of expansion coefficients. We can find the expansion coefficients a, in two ways:
using the functional directly as in Equation 4.31 or using the Rayleigh-Ritz system of
Equation 4.35.

Method 1
For N=1,® = au, = ax(1 — x). Substituting this into Equation 4.36 gives

I(al):f[alz(l—Zx)z—4a12(x—x2)2+2a]x3(1—x)]dx

—la2+la
570 710

I(a)) is minimum when

ﬁ:0—>Ea +i:0 or a:—l
oa, 5710 Ty

Hence, the quadratic approximate solution is

i:fiﬂkm) 4.38)

For N =2, = ayu; + aoit, = mx(1— x) + x> (1 — x). Substituting ® into Equation 4.36,
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I(al,az):f[[a1(1—2x)+a2(2x—3x2)]2 —4m(x—x*) +ap(x* —2°)F
+2a 3% (x — ) 4 2407 (2 — x*) ] dx

:laf +ia§ +la1a2 +ia1 +iﬂ2
5 21 5 10 15
%:0 — %al +%az+%:0
or
4a, +2a, =—1 (4.39a)
ﬂ:o — iaz +la1 +i:
Oa, 21 5 15
or
21a, + 20a, = -7 (4.39b)

Solving Equation 4.39 gives

and hence the cubic approximate solution is

= 6 7 2
d=——x(1—x)——x*(1—
55 10— (1-%)

or

- x )
dP=—"("Tx"—x—6
38( )

Method 2
We now determine a,, using Equation 4.35. From the given differential equation,

d2 2
L:E+4, g:x

Hence,

Amn = <Lum ’ un) = <um ’ LM,, >

1 dz
:fx”’(lfx) [2+4 x"(1—x)|dx,
dx
0
A _n(m-1)  2n* am+1)+4 8 N 4
" m4n—1 m+n m+n+1 m+n+2 m+n+3’
1
1 1
B,=(g,u,)= | ¥*n"(1—x)dx = -
(8141} f ( ) n+3 n+4

0
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When N =1, An:*é, B, =—,thatis,
1 1
— == ——
5 20 4
as before. When N = 2,
1 1 2 1 1
Apn=—=, Ap=Ay=——, Ap=——, Bj=—, By=—
11 5 12 21 10 22 21 1 20 2 30
Hence,
S 1
5 10|14\ _|20
_ 1 2] |1
10 21 30

which gives a;, = —6/38, a, = —7/38 as obtained previously. When N = 3,

13 28 22 1
Ap=An=——" Ap=Ap=—"0, Ap=—"", By=—,
13 31 210 23 32 105 33 315 3 42
that is,
1 113 1
5 10 21011 |20
1 2 28 1
- I
10 21 105 30
138 2B
210 105 315 42
from which we obtain
6 7
m=——, h=——"—, a3=0
YT oeg P o380

showing that we obtain the same solution as for the case N = 2. For different values of
x,0 < x < 1, the Rayleigh-Ritz solution is compared with the exact solution in Table 4.2.

EXAMPLE 4.6

Using the Rayleigh—Ritz method, solve Poisson’s equation:
V¥V =-p, p,=constant

in a square -1 <x <1, -1 <y <1, subject to the homogeneous boundary conditions
Vix, £1) =0 = V(£1, y).

Solution

Due to the symmetry of the problem, we choose the basis functions as

Uy = (1—x7)(1— yz)(xz”’yz” + xz”yz'”), m,n=0,1,2,...
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TABLE 4.2

Comparison of Exact Solution with the Rayleigh—Ritz Solution
of &7+ 4% — x> =0, &(0) = 0 = (1)

Rayleigh-Ritz Solution
x Exact Solution N=1 N=2
0.0 0.0 0.0 0.0
0.2 —0.0301 —0.0400 —0.0312
0.4 —0.0555 —0.0600 —0.0556
0.6 —0.0625 —0.0625 —0.0644
0.8 —0.0489 —0.0400 —0.0488
1.0 0.0 0.0 0.0

Hence,
®= (1) 1=y +a( +y7)+ a2’y +ay(x* +yh) 4]
Case 1: When m = n = 0, we obtain the first approximation (N = 1) as

o= iy

where u; = (1 — x?)(1 — 7).

A= Lul/ul ff

:_sff(z 2= y?)(1-22) (- y?)dxdy

256
45

62111 82141

]ul dxdy

7

1 1
B =(gu) =~ [ [a-wa- vy -1

-1 -1
Hence,

26, 1 5
45 T T g TTIT e

and

5 2 2
d="p,(1-x*)1—
1= y)

Case 2: When m = n = 1, we obtain the second-order approximation (N = 2) as

D = ayuy + ayu,
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whereu; = (1 — 221 — ), u, = (1 — x)(1 — y?)(* + 7). A;; and B, are the same as in case 1.

1024
A=Ay =(Lug,up)=——"-—,
12 21 < 1 2> 505
11,264
Ap =(L ’ = ’ ’
2 = (Lt 12) 4725
32
B, =(g,u,)=—"Zp,
> = (g, Ua) 15"
Hence,
_ 256 1024 _16
45 525 (@] _|To"
1024 11,264 ||a,] | 32
525 4725 45"
Solving this yields
1295 525
=22 5, =0.2922p,, @ =—p, =0.0592p,
Ve Le Por 12 = og64” P
and
P = (1—x%)(1—y)(0.2922 4 0.0592(x2 + v*))po
.|

4.6 Weighted Residual Method

Asnoted earlier, the Rayleigh—Ritz method is applicable when a suitable functional exists. In
cases where such a functional cannot be found, we apply one of the techniques collectively
referred to as the method of weighted residuals. The method is more general and has wider
application than the Rayleigh—Ritz method because it is not limited to a class of variational
problems. It does not require that the governing equation be stationary.

Consider the operator equation

Lo =g (4.40)

In the weighted residual method, the solution to Equation 4.40 is approximated, in the
same manner as in the Rayleigh—Ritz method, using the expansion functions, u,, that is,

N
$= Zl il (4.41a)

where g, are the expansion coefficients. We seek to make

Ld~g (4.41b)



Variational Methods 247

Substitution of the approximate solution in the operator equation results in a residual R
(an error in the equation), that is,

R=L(@&-¢)=Ld—g] 4.42)

In the weighted residual method, the weighting functions w,, (which, in general, are not
the same as the expansion functions u,) are chosen such that the integral of a weighted
residual of the approximation is zero, that is,

fmedv =0

or

(Wn,R)=0 (4.43)

If a set of weighting functions {w,,} (also known as testing functions) are chosen and the inner
product of Equation 4.41b is taken for each w,,, we obtain

N

Zan<wm,Lun>:<wm,g>, m=12,...,.N (4.44)

n=1
The system of linear equations (4.44) can be cast into matrix form as
[AlIX] = [B] (4.45)

where A, = w,, Lu,), B,, = w,, §), X,, = a,. Solving for [X] in Equation 4.45 and substituting
for a, in Equation 4.41a gives the approximate solution to Equation 4.40. However, there are
different ways of choosing the weighting functions w,, leading to

® Collocation (or point-matching) method,
e Subdomain method,

e Galerkin method,

¢ Least-squares method.

4.7 Collocation Method
We select the Dirac delta function as the weighting function, that is,
1, r=rx,

wm(r) = 6(1‘ - rm) = 0 rer (446)
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Substituting Equation 4.46 into Equation 4.43 results in
R@® =0 (4.47)

Thus, we select as many collocation (or matching) points in the interval as there are unknown
coefficients 4, and make the residual zero at those points. This is equivalent to enforcing

N
ZLanun —g (4.49)
n=1

at discrete points in the region of interest, generally where boundary conditions must be
met. Although the point-matching method is the simplest specialization for computation, it
is not possible to determine in advance for a particular operator equation what collocation
points would be suitable. An accurate result is ensured only if judicious choice of the match
points is taken. (This will be illustrated in Example 4.7)) It is important to note that the
finite difference method is a particular case of collocation with locally defined expansion
functions [20]. The validity and legitimacy of the point-matching technique are discussed
in References 21,22.

4.7.1 Subdomain Method

We select weighting functions w,,, each of which exists only over subdomains of the domain
of . Typical examples of such functions for one-dimensional problems are illustrated in
Figure 4.2 and defined as follows:

1. Piecewise uniform (or pulse) function:

1, xp0 <x<Xpn

W \X)= . .
*) 0, otherwise (4492)
2. Piecewise linear (or triangular) function:
Aol
W(x) = AT i (4.49b)
0, otherwise
3. Piecewise sinusoidal function:
sink(x—|x —x,|) o exex
wm(X) _ A 7 m—1 m+1 (449C)
0, otherwise

Using the unit pulse function, for example, is equivalent to dividing the domain of ¢ into
as many subdomains as there are unknown terms and letting the average value of R over
such subdomains vanish.
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X1 " n+l

FIGURE 4.2
Typical subdomain weighting functions: (a) piecewise uniform function, (b) piecewise linear function,
(c) piecewise sinusoidal function.

4.7.2 Galerkin Method

We select basis functions as the weighting function, that is, w,, = u,,. When the operator is
a linear differential operator of even order, the Galerkin method’ reduces to the Rayleigh—
Ritz method. This is due to the fact that the differentiation can be transferred to the
weighting functions and the resulting coefficient matrix [A] will be symmetric [7]. In order
for the Galerkin method to be applicable, the operator must be of a certain type. Also, the
expansion function u, must span both the domain and the range of the operator; that is,
the Galerkin method is a global approach (or entire domain basis function). It is commonly
used in FEM and in moment methods.

4.7.3 Least Squares Method

This involves minimizing the integral of the square of the residual, that is,

ifRzalv =0
oa,,

or

oR
IR Rdv=0 .
o R0 4.50)

Comparing Equation 4.50 with Equation 4.43 shows that we must choose

=—=Lu, 4.51)

* The Galerkin method was developed by the Russian engineer B.G. Galerkin in 1915.
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This may be viewed as requiring that

lfdeZ)
2

be minimum. In other words, the choice of w,, corresponds to minimizing the mean square
residual. It should be noted that the least-squares method involves higher-order derivatives
which will, in general, lead to a better convergence than the Rayleigh-Ritz method or
Galerkin method, but it has the disadvantage of requiring higher-order weighting
functions [19].

The concept of convergence discussed in the previous section applies here as well. That
is, if the approximate solution ® were to converge to the exact solution ® as N — oo, the
residual must approach zero as N — co. Otherwise, the sequence of approximate solutions
may not converge to any meaningful result.

The inner product involved in applying a weighted residual method can sometimes be
evaluated analytically, but in most practical situations it is evaluated numerically. Due to a
careless evaluation of the inner product, one may think that the least-squares technique is
being used when the resulting solution is identical to a point-matching solution. To avoid
such erroneous results or conclusions, one must be certain that the overall number of points
involved in the numerical integration is not smaller than the number of unknowns, N,
involved in the weighted residual method [23].

The accuracy and efficiency of a weighted residual method are largely dependent on the
selection of expansion functions. The solution may be exact or approximate depending
on how we select the expansion and weighting functions [17]. The criteria for selecting
expansion and weighting functions in a weighted residual method are provided in the work
of Sarkar and others [24-27]. We summarize their results here. The expansion functions u,
are selected to satisfy the following requirements [27]:

1. The expansion functions should be in the domain of the operator L in some sense,
that is, they should satisfy the differentiability criterion and they must satisfy
the boundary conditions for the operator. It is not necessary for each expansion
function to satisfy exactly the boundary conditions. What is required is that the
total solution must satisfy the boundary conditions at least in some distributional
sense. The same holds for the differentiability conditions.

2. The expansion functions must be such that L , form a complete set for the range of
the operator. It really does not matter whether the expansion functions are complete
in the domain of the operator. What is important is that u, must be chosen in such
a way that L u, is complete. This will be illustrated in Example 4.8.

From a mathematical point of view, the choice of expansion functions does not depend
on the choice of weighting functions. It is required that the weighting functions w, must
make the difference ® —® small. For the Galerkin method to be applicable, the expansion
functions u, must span both the domain and the range of the operator. For the least-squares
method, the weighting functions are already presented and defined by L u,. It is necessary
that L u, form a complete set. The least-squares technique mathematically and numerically
is one of the safest techniques to utilize when very little is known about the nature of the
operator and the exact solution.
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EXAMPLE 4.7

Find an approximate solution to
P"+40—x*=0, 0<x<1,
with ®(0) = 0, /(1) = 1, using the method of weighted residuals.

Solution

The exact solution is

cos2(x —1)42sin2x x* 1
P(x)= +—— 4.52
*) 8cos2 4 8 @.52)
Let the approximate solution be
y N
D=uy+ Zu,,un (4.53)
n=1

The boundary conditions can be decomposed into two parts:

1. Homogeneous part — ®(0) = 0, '(0) =0,
2. Inhomogeneous part — ¢(1) = 1.

We choose 1, to satisfy the inhomogeneous boundary condition. A reasonable choice is

Uy=Xx (4.54a)
We choose u,(n =1, 2, ..., N) to satisfy the homogeneous boundary condition. Suppose
we select

" n+1

U, (x)=x"|x— (4.54b)
Thus, if we take N = 2, the approximate solution is

= Ug + My + axUs
= x4 mx(x —2)+ ax*(x —3/2) (4.55)

where the expansion coefficients, 4, and a,, are to be determined. We find the residual R
using Equation 4.42, namely,

R=L$—g
2 ~
= [dz 4]<1> —x’
dx
=0, (4x% —8x +2) + a, (4x° — 6x% + 6x —3) — x> + 4x (4.56)

We now apply each of the four techniques discussed and compare the solutions.
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Method 1: Collocation or point-matching method

Since we have two unknowns 4, and a,, we select two match points, at x =1/3 and
x = 2/3, and set the residual equal to zero at those points, that is,

R[%] =0 — 6a; +41a, =33

R[é]:o — 42a, +13a, =60

Solving these equations,

_emm 3w

M = , 1=
"7 548" 7T 548

Substituting 4, and a, into Equation 4.55 gives
B(x) = —1.471x + 0.2993x% + 0.6241x°> (4.57)

To illustrate the dependence of the solution on the match points, suppose we select
x =1/4 and x = 3/4 as the match points. Then,

R:[%]ZO — —4a,+29a, =15

R:[i]:o — 28a; +3a, =39

Solving for a, and a,, we obtain

543 288
G="—, G=_
412 412
with the approximate solution
B(x) = —1.636x + 0.2694x* + 0.699x° (4.58)

We will refer to the solutions in Equations 4.57 and 4.58 as collocation 1 and collocation 2,
respectively. It is evident from Table 4.3 that collocation 2 is more accurate than collocation 1.

Method 2: Subdomain method
Divide the interval 0 < x < 1 into two segments since we have two unknowns a; and a,.
We select pulse functions as weighting functions:

ZU1:1, 0<x<l,
2

so that
12
w; Rdx=0 — —8a, +45a, =22

0
1

fszdx:O — 404, +3a, =58

1/2
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TABLE 4.3

Comparison of the Weighted Residual Solutions of the Problem in Example 4.7 with the Exact
Solution in Equation 4.52

x Exact Solution Collocation 1 Collocation 2 Subdomain Galerkin Least Squares
0.0 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
0.1 —0.1736 —0.1435 —0.1602 —0.1753 —0.1794 —0.1657
0.2 —0.3402 —0.2772 —0.3108 —0.3403 —0.3451 —0.3217
0.3 —0.4928 —0.3975 —0.4477 —0.4907 —0.4935 —0.4635
0.4 —0.6248 —0.5006 —0.5666 —0.6221 —0.6208 —0.5869
0.5 —0.7303 —0.5827 —0.6633 —0.7300 —0.7233 —0.6877
0.6 —0.8042 —0.6400 —0.7336 —0.8100 —-0.7972 —0.7615
0.7 —0.8424 —0.6690 —0.7734 —0.8577 —0.8390 —0.8041
0.8 —0.8422 —0.6657 —0.7785 —0.8687 —0.8449 —0.8113
0.9 —0.8019 —0.6264 —0.7446 —0.8385 —0.8111 —0.7788
1.0 —0.7216 —0.5476 —0.6676 —0.7627 —0.7340 —0.7022
Solving the two equations gives
53 28
m=—=, h=_-
38 38
and hence Equation 4.55 becomes
P(x) = —1.789x 4 0.2895x* + 0.7368x° 4.59)

Method 3: Galerkin method

In this case, we select w,, = u,, that is,
w =x(x—2), w,=x*(x—3/2)

We now apply Equation 4.43, namely, f w,, R dx = 0. We obtain

1
f(xZ—Zx)Rdx:O — 24a, +11a, =41
0

f[xt%xz]lzdx:o — 77a; +15a, =119

Solving these leads to

64 301

= , =
YTag7 T agy

Substituting 4, and a, into Equation 4.55 gives

B(x) = —1.85x 4 0.4979x* + 0.6181x° (4.60)
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Method 4: Least-squares method
For this method, we select w,, = R/, that is,

w=4x>—-8x+2, w,=4x>—6x*+6x—3
Applying Equation 4.43

1
fuJ]Rdx:O — 70y —2a, =8

0
1

fszdxzo — —112a, — 438a, =161

0

Thus,
3826 2023
M=, G=__
2842 2842
and Equation 4.55 becomes
P(x) = —1.6925x + 0.2785x% + 0.7118x° (4.61)

Notice that the approximate solutions in Equations 4.57 through 4.61 all satisfy the
boundary conditions ®(0) = 0 and #(1) = 1. The five approximate solutions are compared
in Table 4.3.

EXAMPLE 4.8

This example illustrates the fact that expansion functions u, must be selected such that L
u, form a complete set for the range of the operator L. Consider the differential equation

—®7=2+sinx, 0<x< 2w 4.62)
subject to
P(0) = d21) =0 4.63)
Suppose we carelessly select
u,=sinnx, n=12,... (4.64)

as the expansion functions, the approximate solution is

N

o= Za,, sinnx (4.65)

n=1

If we apply the Galerkin method, we obtain

P =sinx (4.66)
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Although u, satisfies both the differentiability and boundary conditions, Equation 4.66
does not satisfy Equation 4.62. Hence, Equation 4.66 is an incorrect solution. The problem
is that the set {sin nx} does not form a complete set. If we add constant and cosine terms
to the expansion functions in Equation 4.65, then

N
b =ay+ Z[an sinnx + b, cosnx]| 4.67)

n=1

As N — oo, Equation 4.67 is the classical Fourier series solution. Applying the Galerkin
method leads to

d =sinnx (4.68)

which is again an incorrect solution. The problem is that even though u, forms a complete
set, L u, do not. For example, nonzero constants cannot be approximated by L u,. In order
for L u, to form a complete set, ® must be of the form

n

o= Z[an sinnx + b, cos nx] + ay + cx + dx? (4.69)

n=1

Notice that the expansion functions {1, x, x%, sin nx, cos nx} in the interval [0, 27] form
a linearly dependent set. This is because any function such as x or x* can be represented
in the interval [0, 27] by the set {sin nx, cos nx}. Applying the Galerkin method, Equation
4.69 leads to

® = sinx + x(27 — x) 4.70)

which is the exact solution &.

4.8 Eigenvalue Problems

As mentioned in Section 1.3.2, eigenvalue (nondeterministic) problems are described by
equations of the type

L = \M® @.71)

where L and M are differential or integral, scalar or vector operators. The problem here is
the determination of the eigenvalues X and the corresponding eigenfunctions &. It can be
shown [11] that the variational principle for A takes the form

®,18) . f@L@dv

=min
(@, M®) fq)Mq) do 4.72)

A =min

We may apply Equation 4.72 to the Helmholtz’s equation for scalar waves, for example,

V2P + K0 =0 4.73)
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Comparing Equation 4.73 with Equation 4.71, we obtain L = —V?, M =1 (the identity

operator), A = k? so that
f OV du

f 8 do (@.74)

k? = min

Applying Green’s identity (see Example 1.1),

f(uvzv+vu vV) dv—ggll—ds

to Equation 4.74 yields

f|v<1>| o Sgcpfds

k* = min -2 @.75)

§¢2 do

4

Consider the following special cases.

a. For homogeneous boundary conditions of the Dirichlet type (& =0) or
Neumann type (0®/0n = 0). Equation 4.75 reduces to

f|VCI>|2dv
KP=min-t
f@zdv

v

4.76)

b. For mixed boundary conditions ((0®/0n) + h® = 0) Equation 4.75 becomes

f |VO[ do+ § h®*dS

k* = min -2 4.77)

fq)zdv

v

It is usually possible to solve Equation 4.71 in a different way. We choose the basis
functions u,, u,, ..., uyy which satisfy the boundary conditions and assume the approximate
solution

<I>=a1M1 —|—Ll2u2 +"'+a]\]MN

or

$= Z i, 4.79)
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Substituting this into Equation 4.71 gives

N

N
ZanLun =Y a,Mu, 4.79)
n=1

n=1

Choosing the weighting functions w,, and taking the inner product of Equation 4.79 with
each w,,, we obtain

N
> [, L) = Mevy, Mt )]a, =0, m=1,2,...,N 4.80)
n=1
This can be cast into matrix form as

N

n=1

where A,,, = w,, Lu,), B,,= w,, Mu,), X, =a,. Thus, we have a set of homogeneous
equations. In order for ® in Equation 4.78 not to vanish, it is necessary that the expansion
coefficients a, not all be equal to zero. This implies that the determinant of simultaneous
equations (4.81) vanishes, that is,
All - )\Bll A12 - AB12 o AlN - ABll\]
: : =0
Ani—AByi An2—ABna 0 Anw —ABwn

or
[[A] = A[B]| =0 4.82)

Solving this gives N approximate eigenvalues A, ..., Ay. The various ways of choosing
w,, leads to different weighted residual techniques as discussed in the previous section.

Examples of eigenvalue problems for which variational methods have been applied
include [28-37]:

¢ The cutoff frequency of a waveguide,
* The propagation constant of a waveguide, and
¢ The resonant frequency of a resonator.

EXAMPLE 4.9
Solve the eigenvalue problem

"+ M =0, O<x<1
with boundary conditions ®(0) = 0 = ®(1).

Solution

The exact eigenvalues are

=mn? n=123, ... .
A, = (nm)? 123 (4.83)
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and the corresponding (normalized) eigenfunctions are
@, =2 sin(nrx) (4.84)

where ®, has been normalized to unity, thatis, (®,, ,) = 1.
The approximate eigenvalues and eigenfunctions can be obtained by using either
Equation 4.72 or Equation 4.82. Let the approximate solution be

N

P(x) = Zakuk, u = x(1—x%) (4.85)

k=0

From the given problem, L = —(d*/dx?), M =1 (identity operator). Using the Galerkin
method, w,, = u,,.

dZ
_F(X _ xn+1) dx
X

1
A :(um,Lu,z):f(x—xm“)
0

. m_ (4.86)
m+n+1

1
B = (thy, Mut,) = f(x —x" (o — ") dx
0

_ mn(m+n -+ 6) .87)
3(m+3)(n+3)(m +n+3) ’

The eigenvalues are obtained from
[IA] — AIB]| =0 (4.88)

ForN=1,

giving
1 )\L =0— A=10
3 30
The first approximate eigenvalue is A = 10, a good approximation to the exact value
of 71 = 9.8696. The corresponding eigenfunction ® =a;(x — x?) can be normalized to
unity so that

® =+/30(x —x?)
For N = 2, evaluating Equations 4.86 and 4.87, we obtain
11 1 1
3 2|%|_{30 20 |%
Y U4 U
2 5 20 105
or
10—\ 0

0 42—\
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TABLE 4.4
Comparison between Approximate and Exact Eigenvalues
for Example 4.9

Approximate
Exact N=1 N=2 N=3 N=4
9.870 10.0 10.0 9.8697 9.8697
39.478 — 42.0 39.497 39.478
88.826 - — 102.133 102.133
157.914 - - - 200.583

giving eigenvalues A, = 10, A\, = 42, compared with the exact values \, = 7 = 9.8696,
A, = 47 = 394784, and the corresponding normalized eigenfunctions are

&, =/30(x —x?)
o, =2m(xfx2)72\/m0cfx3)

Continuing this way for higher N, the approximate eigenvalues shown in Table 4.4 are
obtained. Unfortunately, the labor of computation increases as more 1, are included in .
Notice from Table 4.4 that the approximate eigenvalues are always greater than the exact
values. This is always true for a self-adjoint, positive-definite operator [17]. Figure 4.3
shows the comparison between the approximate and exact eigenfunctions.

(b)

FIGURE 4.3

Comparison of approximate eigenfunctions with the exact solutions: (a) first eigenfunction, (b) second
eigenfunction. (After R.F. Harrington, Field Computation by Moment Methods. Malabar, FL: R.E. Krieger, 1968,
pp- 19, 126-131; with permission of Krieger Publishing Co.)
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EXAMPLE 4.10

Calculate the cutoff frequency of the inhomogeneous rectangular waveguide shown in
Figure 4.4. Take € = 4¢,and s = a/3.

Solution

We will find the lowest mode having 9/9y = 0. It is this dominant mode that is of most
practical value. Since the dielectric constant varies from one region to another, it is
reasonable to choose ® to be an electric field, thatis, ® = E,. Also, since k? = WP/ u? = Wue,
Equation 4.74 becomes

s

wzugeDfE§ dx + wz,uoege,,fEﬁ dx + wz,u,oeofE§ dx
0

s a—s

a

2
_ f E, dd f; dx 4.89)

0

Notice that in this implementation of Equation 4.74, there are no coefficients so that
there is nothing to minimize. We simply take k? as a ratio. Equation 4.89 can be written as

a a-—s a 2
wzugeofE§ ax + w6, (€ —l)ij dx = —ny lizEzy dx (4.90)
X
0 s 0

We now choose the trial function for E, It must be chosen to satisfy the boundary

conditions, namely, E,=0atx=0,a.Since E, ~ sin(nmx/a) for the empty waveguide, it
makes sense to choose the trial function of the form

E, = Z cpsin 7Y 4.91)

a
n=1,3,5

We choose the odd values of n because the dielectric is symmetrically placed;
otherwise, we would have both odd and even terms.
Let us consider the trial function

E,=sin" 492)

£ €€, &

FIGURE 4.4
Symmetrically loaded rectangular waveguide.
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Substituting Equation 4.92 into Equation 4.90 yields

a a—s
. X . X
w2u060f81n2—dx+w2,u060(6rfl)fsu‘lz—dx
a a

s

0
2. L, TX
=7 f sin” —dx (4.93)
a a
0

which leads to

BRI 11 + (¢ — 1){[1 — é] + lsin@
a) w a

aZ
But k? = w?jie, = (4% /\2), where ), is the cutoff wavelength of the waveguide filled

with vacuum. Hence,

4r* (n/a)?
N

1+(e 1)1[125]+1sin2”5
a s a

Taking €, = 4 and s = a/3 gives

an® _ (x/a)
T _ (/)
A 2+—3‘/§
27
or
402974
Ac

This is a considerable reduction in a/\, compared with the value of a/\, = 0.5 for the
empty guide. The accuracy of the result may be improved by choosing more terms in
Equation 4.91.

4.9 Practical Applications

The various techniques discussed in this chapter have been applied to solve a considerable
number of EM problems. We select a simple example for illustration [38,39]. This example
illustrates the conventional use of the least-squares method.

Consider a strip transmission line enclosed in a box containing a homogeneous medium
as shown in Figure 4.5. If a TEM mode of propagation is assumed, Laplace’s equation

VIV =0 4.94)

is obeyed. Due to symmetry, we will consider only one quarter section of the line as
in Figure 4.6 and adopt a boundary condition 0V/0x =0 at x = —W. We allow for the
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V=0 N
€0E, % V=0

Vo
2H A /0 D
V—O—/

2W w,

voo/" B v £

FIGURE 4.5
Strip line enclosed in a shielded box.

singularity at the edge of the strip. The variation of the potential in the vicinity of such a
singularity is approximated, in terms of trigonometric basis functions, as

V=V,+ Z cp’? cosk%, (4.95)

k=1,3,5

where V, is the potential on the trip conductor and the expansion coefficients c, are to be
determined. If we truncate the infinite series in Equation 4.95 so that we have N unknown
coefficients, we determine the coefficients by requiring that Equation 4.95 be satisfied at
M(>N) points on the boundary. If M = N, we are applying the collocation method. If M > N,
we obtain an overdetermined system of equations which can be solved by the method of
least squares. Enforcing Equation 4.95 at M boundary points, we obtain M simultaneous
equations

Vi An A - A ||a
V, . An Ay - Ay ||
Vi Amn Az - Aunl|en
V=V,
A 0 D
—>X
1
V=0
a_V_O/ L=
dx
11 2
pui B

FIGURE 4.6
Quarter-section of the strip line.
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that is,
[V]=[Al[X] (4.96)

where [X] is an N x 1 matrix containing the unknown expansion coefficients, [V] is an
M x 1 column matrix containing the boundary conditions, and [A] is the M x N coefficient
matrix. Due to redundancy, [X] cannot be uniquely determined from Equation 4.96 if
M > N. To solve this redundant system of equations by the method of least squares, we
define the residual matrix [R] as

[R] = [A]IX] — [V] 4.97)
We seek for [X], which minimizes [R]>. Consider
[11=[RI'[R]=[[Al[X] - [VII[AIIX]-[V]]

6[1]_ - ¢ ATl —
=0~ 1arax-arvi-o

or
[X]=[[AT[A] "[AT[V] (4.98)

where the superscript ¢ denotes the transposition of the relevant matrix. Thus, we have
reduced the original redundant system of equations to a determinate set of N simultaneous
equations in N unknown coefficients ¢, ¢,, ..., Cy-.

Once [X] = [cy, ¢y ..., cy] is determined from Equation 4.98, the approximate solution
in Equation 4.95 is completely determined. We can now determine the capacitance and
consequently the characteristic impedance of the line for a given value of width-to-height
ratio. The capacitance is determined from

_Q_
= =0 4.99)

if we let V, =1 V. The characteristic impedance is found from [40]

Z, = @ (4.100)
cC

where ¢ = 3 x 10° m/s, the speed of light in vacuum. The major problem here is finding Q
in Equation 4.99. If we divide the boundary BCD into segments,

Q:prdl:4ZpLAl
BCD

where the charge density p =D -a, =¢E - a,, E= —VV, and the factor 4 is due to the fact
that we consider only one quarter section of the line. However,

ov 10V
=V, LoV,
P
E:—ch pml[cos ¢ap—smk—¢a¢
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Since a, = cos¢a, — sin¢ga, and a, = sinda, + cos ¢a,,

PL|CD =cE-a,

— ¢ Z kckpk/ > [coskjcos¢ + sink7¢sin¢ (@.101a)
f=odd
and
prlpc = €E- a,
=—¢ Z %ckpk/ =1 [cos k7¢ sing — sin%ZS cos gb] (4.101b)
F—odd
EXAMPLE 4.11

Using the collocation (or point matching) method, write a computer program to calculate
the characteristics impedance of the line shown in Figure 4.5. Take

@ W=H=10m,W,=50m,¢ =1V, =1V,
(b) W=H=05m,W,=50m,¢ =1V, =1V.

Solution

The computer program is presented in Figure 4.7. For the first run, we take the number
of matching points N = 11; the points are selected as illustrated in Figure 4.6. The
selection of the points is based on our prior knowledge of the fact that the flux lines are
concentrated on the side of the strip line numbered 6-10; hence, more points are chosen
on that side.

The first step is to determine the potential distribution within the strip line using
Equation 4.95. In order to determine the expansion coefficients ¢, in Equation 4.95, we
let Equation 4.95 be satisfied at the matching points. On points 1-10 in Figure 4.6, V =0
so that Equation 4.95 can be written as

= k
-V, = Z ek cos%ﬁ (4.102)

k=1,3,5

The infinite series is terminated at k = 19 so that 10 points are selected on the sides
of the strip line. The 11th point is selected such that 0V/0x = 0 is satisfied at the point.
Hence at point 11,

0_ Y _ sV _sing OV
Ox dp p 0¢
or
0= Z Eckp"/z’1 [COS%COS(}S + sink7¢sin¢ (4.103)

k=135
With Equations 4.102 and 4.103, we set up a matrix equation of the form

[B] = [FI[A] (4.104)
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clear all; format compact; tic

of o9f o o of of

@ g b of of

of P df oF o o of of

Output of this program

W=H N Nx Ny Zo

1 7 5 2 67.735
1 11 8 3 64.963
0.5 7 5 2 96.758
0.5 11 8 3 99.098

dkkk ok kkkkkkkkk kR A Ak kA Rk k ok ok ok ok ok ks k ok ko dkkkk ok ko hkhkhkh ok k ok d ok hdhdkkkok ok
THIS PROGRAM CALCULATES THE CHARACTERISTIC IMPEDANCE

Zo OF A BOXED MICROSTRIP LINE USING COLLOCATION

POINT-MATCHING METHOD

EE RS SRS 2222222 2R R R R R R R R AR R AR R AR AR R R 2222222222 RRR R R R L

X=[5 5 5, 4.0, 2.0, 1.0, 0.5, 0.0, -0.5, -1.0 -1]; Y=[0.0,

.5,11111111,0.5];

EO=8.8541E-12;VL=3.0E+8;

INPUT DATA
W : Width of conductor
H : Vertical separation of conductor and ground planes
Vo : Potential at the conductor
Wl : Horizontal separation of conductor and ground plane
NMAX : Number of matching points
NBC : NO. OF POINTS ON BC OR X-AXIS
ER : Dielectric parameter

for gg = 1:4

FIGURE 4.7

switch qg
case 1
W= 1; NMAX = 7; NBC = 5;
str = sprintf('\n\nW=H N Nx Ny Zo ');
disp(str)
case 2
W= 1; NMAX = 11; NBC = 8;
case 3
W =.5; NMAX = 7; HNBC = 5;
case 4
W =.5; NMAX = 11; NBC = 8;
end
H=W;
Wl = 5.0;
ER = 1.0;
Vo = 1.0;

M
NCD = NMAX - NBC; % NO. OF POINTS ON DC OR Y-AXIS
DX = (W + W1)/NBC;

DY = H/NCD;

EPS = EO*ER;

Computer program for Example 4.11. (Continued)
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% CALCULATE R & PHI FOR EACH POINT (X,Y)

for N = 1:NMAX
R(N) = sqrt( X(N)"2 + Y(N)"2 );
if (X(N))<0
PHI(N) = pi - atan( Y(N)/abs(X(N)) );
elseif X(N)==
PHI(N) = pi/2;
elseif X(N)>0
PHI(N) = atan( Y(N)/X(N) );
end
end

% CALCULATE MATRICES F(I,J) AND B(I)

for I = 1:NMAX

B(I) = -VO0;

M= 0;

for J = 1:NMAX
M= 2%T - 1;

FM = (M)/2.0;

if (I==NMAX)
CC = cos(PHI(I))*cos(PHI(I)*FM);
SS sin(PHI(I))*sin(PHI(I)*FM);
F(I,J) = ( R(I)"(FM-1.) )*(CC + SS)*FM;
B(I) = 0.0;

else
F(I,J) = ( R(I)"“(FM) )*cos(FM*PHI(I));

end

end
end

% DETERMINE THE EXPANSION COEFFICIENTS A(I)

IDM = 30;
F = inv(F);
for I = 1:NMAX
A(I) = 0.0;
for J = 1:NMAX
A(I) = A(I) + F(I,J)*B(J);
end
end

% NOW, CALCULATE CHARGE ON THE X-SIDE, i.e. BC

RHO = 0.0;
¥C = H;
XC = -W - DX/2.0;
for I = 1:NBC
XC = XC + DX;
RC sqrt(XC®2 + ¥YC"2);

I

FIGURE 4.7 (Continued)
Computer program for Example 4.11. (Continued)
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if (XC)<=0

PC = pi - atan(¥YC/abs(XC));
else

PC = atan(YC/XC);

end

for K = 1:NMAX
FK = (2*K - 1)/2.0;
RRO
RHO = RHO - A(K)*FK+*(RC"(FK-1))*RRO*DX*EPS;
end

end
% NEXT, CALCULATE THE CHARGE ON THE Y-SIDE, i.e. DC

XC = Wl;
YC = -DY/2;
for I = 1:NCD

YC = ¥YC + DY;

RC = sqrt(XC"2 + YC"2);

PC = atan(¥YC/XC);

for K = 1:NMAX

FK = (2*K - 1)/2;

RRO = cos(PC)*cos({FK*PC) + sin(PC)*sin(FK*PC);

RHO = RHO - A(K)*FK*(RC”(FK-1))*RRO*DY*EPS;
end
end

% CALCULATE THE CHARACTERISTIC IMPEDANCE Zo

Q0 = 4.0*RHO;

C = abs(Q)/V0;

Z0 = sqrt(ER)/( C*VL );
$disp([C,Z0])

%disp([W N NBC NCD C 20])

str = sprintf('%3g %3g %3g %3g %g',W, N, NBC, NCD,

disp(str)
end

FIGURE 4.7 (Continued)
Computer program for Example 4.11.

where
-V,, k=N
By =
0, k=N,
pF? coske; /2 i=1,.,N—-1,
Fi= k=1,...,N

Epf‘/z’l(cos(kqﬁ,-/Z)cosqb,» +sin(k¢; /2sing;), i=N,k=1,...,N

2

where (p;, ¢;) are the cylindrical coordinates of the ith point. Matrix [A] consists of the
unknown expansion coefficients c;. By matrix inversion, we obtain [A] as

[A] = [FT"'[B]

sin(PC)*cos(FEK*PC) - cos(PC)*sin(FK*PC);

z20);

(4.105)

267
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TABLE 4.5

Characteristic Impedance of the Strip Transmission Line of Figure 4.5; for
Example 4.11 with W, = 5.0

W=H N N, N, [ Calculated Z,(£2) Exact [39] Z,(©2)
1.0 7 5 2 —1.1549 67.735 65.16

11 8 3 —1.1266 64.963
0.5 7 5 2 —1.1549 96.758 100.57

11 8 3 —1.1266 99.098

Once the expansion coefficients are determined, we now calculate the total charge on
the sides of the strip line using Equation 4.101 and

Q=4) pAl

Finally, we obtain Z, from Equations 4.99 and 4.100. Table 4.5 shows the results obtained
using the program in Figure 4.7 for different cases. In Table 4.5, N = N, + N,, where N,
and N, are the number of matching points selected along the x and y axes, respectively.
By comparing Figure 4.5 with Figure 2.13, one may be tempted to apply Equation 2.223
to obtain the exact solution of part (a) as 61.1 Q2. But we must recall that Equation 2.223
was derived based on the assumption that w > b in Figure 2.12 or W > H in Figure 4.5.
The assumption is not valid in this case, the exact solution given in Reference 39 is more
appropriate.

4.10 Concluding Remarks

This chapter has provided an elementary introduction to the variational techniques. The
variational methods provide simple, elegant, and powerful solutions to physical problems
provided we can find approximate basis functions. A prominent feature of the variational
method lies in the ability to achieve high accuracy with few terms in the approximate
solution. A major drawback is the difficulty encountered in selecting the basis functions.
In spite of the drawback, the variational methods have been very useful and provide basis
for both the method of moments and FEM to be discussed in the forthcoming chapters.

Needless to say, our discussion on variational techniques in this chapter has been only
introductory. An exhaustive treatment of the subject can be found in References 1,6,10,11,41-
43. Various applications of variational methods to EM-related problems include

* Waveguides and resonators [28-37]
e Transmission lines [38,39,44-47]

e Acoustic radiation [48]

* Wave propagation [49-51]

* Transient problems [52]

® Scattering problems [53-59].

* Optical fibers [60]
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The problem of variational principles for EM waves in inhomogeneous media is discussed
in Reference 60. Basic information on calculus of variations can be found in References 61-63.

PROBLEMS
41 Find (u, v) if
a. u=x%0v=2—xintheinterval -1 <x < 1,
b. u=1,v=x*—2y*in the rectangular region0 <x < 1,1 <y <2,
c. u=x+Yy,v=uxzin the cylindrical region x* + y>* < 4,0 <z < 5.
42 Show that

a. {H(x), F2) = (h(x), £~
b. (h(av), f(x) = <h(x),if[z]>,
e (%)=, 2,

d <d"f h<x>> =1y —<f<x>, d”h>

dx"’ dx"
Note from (d) that L = (d/dx), (d°/dx’), etc., are not self-adjoint, whereas L = (d*/dx?),
(d*/dx*), etc., are.

4.3 Given the functions
fx)=x-1, O<x<?2

X, O<x<l1
gx)=42—x, 1<x<2
0, otherwise

Calculate their inner product.
44 Show that the functional
1
1= [

0

dyz 5
— d
[dx] +y~|ax

with boundary conditions y(0) = 0, y(1) = 1 is made stationary by the solution of
the differential equation (d%*y/dx*) — y = 0.

4.5 Obtain an admissible extremals to minimize:

a. Ilyl= f (2 +2pe)dx,  y(0)=0,y()=1
i
b. Jlyl= f W +y?+2y)dx,  y(0)=0,y1)=0

c. Klyl= f(]f +y"? +2ye")dx, y(0)=0,y(1)=0
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4.6 Repeat Problem 4.3 for the following functionals:

b
a. Lf(y’2 —y?)dx

b. f [5y* —(y")* +10x]dx

b
c. ‘f(3zw—u2 +u'? —v'*)dx

4.7 Determine the extremal y(x) for each of the following variational problems:

1
a. f(z;/2 +yy' +y' +y)dx,y(0)=0,y(1) =1

0
b. f(y’2 —y*)dx,y(0)=1,y(7/2)=0

4.8 If Lis a positive definite, self-adjoint operator and L® = g has a solution ¢, show
that the function

[= (LD ) — 2, g),

where ® and g are real functions, is minimized by the solution @,
49 Show that Euler’s equation
dJdF)_dF _,
dx\dy'| dy

can be written as

Aip
dx

,dF | dF
— =0
dy’| dx

410 Obtain Euler’s equation (or first variation) corresponding to the integral

-]

411 Show that a function that minimizes the functional

dv Y’
[dx] —28(x)V

dx

[(®)= % f VO] —k*®* 4 2¢®]dS

s
is the solution to the inhomogeneous Helmholtz equation

VP + k=g
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412

413

414

415

416

417

Using Euler’s equation, obtain the differential equation corresponding to the
electrostatic field functional

leEZ —p,V

I:fz

v

dv

where E = |E| and p, is the volume charge density.

Repeat Problem 4.12 for the energy function for steady-state currents
= f %] -Edv

where ] = oE.

Poisson’s equation in an anisotropic medium is

0
ox

8V]+8 v E)[ 8V] _
ox) oyl oy | 0z\” oz P

in three dimensions. Derive the functional for the boundary-value problem.
Assume ¢, €y and €, are constants.

Show that the variational principle for the boundary-value problem
V2 = f(x,y, 2)

subject to the mixed boundary condition

gg+g® honS

is

[(®)= f (VO —2fg]ldv+ 9§ [g®* — 2h®])dS

Obtain the variational principle for the differential equation
_dly

Ir > +ty=sintx, 0<x<l1

subject to y(0) = 0 = y(1).
Determine the variational principle for

D=0 —4xe*, 0<x<1

subject to ®'(0) = ®(0) + 1, (1) = &(1) —e.
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4.18 For the boundary-value problem

- =x, 0<x<l1
®0)=0, 1) =2
determine the approximate solution using the Rayleigh—Ritz method with basis
functions
uk=x(x-1, k=012, .., M
Try cases when M =1, 2, and 3.
419 Use Rayleigh-Ritz method to solve
d’u
dx?

+U—-x*=0, 0<x<1

Consider the following sets of boundary conditions:
Uu©) =0 =U()
uoy=o0, U@®=1

4.20 Using Rayleigh—Ritz method, find the solution to the differential equation

2
T iax=0, 0<x<2
dx

subject to ®(0) = 0 = &(2). Assume the trial function ®(x) = x*(4 — x?).

4.21 Use the Rayleigh method and the least-squares method to solve the differential
equation:

2P
——+4costx=0, O<x<1

dx?
subject to:
a. ®(0)=0=o(1)
b. ®(0)=0=®'(1)
Consider a two-term solution.
4.22 Given the functional

1

1= [

0

2\ dt

1[@] —y]dx, §(0) =0 = y(1)

a. Show that the corresponding Euler’s equation is

d*y
TV g
dx? +
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b. Use Rayleigh—Ritz method to obtain the approximate solution. Use the two-
parameter trial function

y(x) = ay sin(mx) + a, sin(27 x)
c. Compare the solution in part (b) with the exact solution

v = ) ¥1- )

4.23 Rework Example 4.5 using

a. u, =x(1—x"),

b. u,=sinmmx,m=1,2,3,..., M. Try cases when M =1, 2, and 3.
4.24 Solve the differential equation

—d'(x) +01P(x) =1, 0<x<10

subject to the boundary conditions ®'(0) = 0 = ®(0) using the trial function

P(x)=a cosﬂ—ka cos?m—x—i—u (:osm
20 TP 20 T 20

Determine the expansion coefficients using (a) collocation method, (b) subdomain
method, (c) Galerkin method, and (d) least-squares method.

4.25 For the boundary-value problem
P"+Pd+x=0 O<x<l1

with homogeneous boundary conditions ® = 0 at x = 0 and x = 1, determine the
coefficients of the approximate solution function

&)(x) =x(1—x)(a; + axx)

using (a) collocation method (choose x = 1/4, x = 1/2 as collocation points), (b)
Galerkin method, and (c) least-squares method.

4.26 Use the Ritz method to solve the ordinary differential equation
2
Y 100 =0, 0<x<1
dx

subject to y(0) = 0 = y(1). Use the trial function u, = x(1 — x?).
4.27 Rework Problem 4.18 using the trial function u; = x(1 — x°).
4.28 Given the boundary-value problem

Y+ 1+x)y+1=0, —1<x<1 y(-1)=0=y(1),
solve for y assuming the approximate solution
7 =a;(1—x*)(1—4x%) + ax*(1—x?)

Use the Galerkin and the least-squares methods to determine a, and a,.
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4.29 Consider the problem
P+ xP’+P=2x, O<x<1

subject to (0) = 1, ®(1) = 0. Find the approximate solution using the Galerkin
method. Use 1, = x*(1 — x),k=0,1, ..., N. Try N = 3.
4.30 Solve the differential equation

2
Z—?—QH—lOOx:O, 0<x<10
X

subject to (0) = 0 = ®(10). Assume the two trial functions
uy(x) = x(1 = x%),  uy(x) = x(1 — x)

Take the two collocation points at x = 1/3 and x = 2/3.
4.31 Determine the first three eigenvalues of the equation

y’+Xy=0, 0<x<1,

y(0) = 0 = y(1) using collocation at x = 1/4,1/2, 3/4.
4.32 The differential equation governing the vibration of a string is given by

2
Z—qz)—w\(b:o, 0<x<1
X

with the boundary conditions
®0)=0=9()
where A is the eigenvalue. Using the trial solution
D(x) = a;x(1 — x) + a,x*(1 — x)

where g, and a, are constants, use Garlekin’s method to determine the eigenvalues
of the string.

4.33 Determine the fundamental eigenvalue of the problem
P"(x) + 0.1P(x) = AP(x), 0<x <10
subject to (0) = 0 = &(10). Use the trial function
P(x) = x(x —10)
4.34 Obtain the lowest eigenvalue of the problem
VP +Ad=0, 0<p<l1

with® =0atp =1
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4.35 Calculate the smallest eigenvalue of

y+Ay=0, 0<x<1

with y(0) = 0 = y(1).

1 1
Hint: Consider \ = [f (') dx/f y’ dx}
0 0

and assume the approximate solution
~ 2 3
y—ﬂo —|—a1x+a2x +a3x

4.36 Determine the first two eigenvalues of the differential equation

a*u
dx?

+MU=0, 0<x<1

subject to:
uo=o0, um+u'@=0

4.37 The two-dimensional Helmholtz wave equation is
LU=-VU-kU=f(x,y), 0<x<a, 0<y<b

subject to a homogeneous Dirichlet boundary conditions. Prove that the
eigenvalues of the operator L is

m § n §
S HRHR
a

a

4.38 Rework Example 4.10 using the trial function
E, = sir1H 4+ sin&r—x
a a

where ¢, is a coefficient to be chosen such that w?e i, is minimized.

4.39 Consider the waveguide in Figure 4.4 as homogeneous. To determine the cutoff
frequency, we may use the polynomial trial function

H,=Ax>+Bx>+Cx+D

By applying the conditions

H,=1 atx=0, H,=-1 atx=a,
oH

=0 atx=0,a,
ox

determine A, B, C, and D. Using the trial function, calculate the cutoff frequency.
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5

Moment Methods

There are no shortcuts to any place worth going.

—Beverly Sills

5.1 Introduction

In Section 1.3.2, it was mentioned that most EM problems can be stated in terms of an
inhomogeneous equation

=g G.1)

where L is an operator which may be differential, integral, or integro-differential, g is the
known excitation or source function, and @ is the unknown function to be determined. So
far, we have limited our discussion to cases for which L is differential. In this chapter, we
will treat L as an integral or integro-differential operator.

The method of moments (MoM) is a general procedure for solving Equation 5.1. The method
owes its name to the process of taking moments by multiplying with appropriate weighing
functions and integrating, as discussed in Section 4.6. The name “method of moments” has
its origin in Russian literature [1,2]. In western literature, the first use of the name is usually
attributed to Harrington [3]. The origin and development of the moment method are fully
documented by Harrington [4,5].

The MoM is essentially the method of weighted residuals discussed in Section 4.6.
Therefore, the method is applicable for solving both differential and integral equations
(IEs). The method is also known as the boundary element method (BEM), the Galerkin
method, or the surface integral method (SIE).

The use of MoM in EM has become popular since the work of Richmond [6] in 1965 and
Harrington [7] in 1967. The method has been successfully applied to a wide variety of
EM problems of practical interest such as radiation due to thin-wire elements and arrays,
scattering problems, analysis of microstrips and lossy structures, propagation over an
inhomogeneous earth, and antenna beam pattern, to mention a few. An updated review of
the method is found in Ney [8]. The literature on MoM is already so large as to prohibit a
comprehensive bibliography. A partial bibliography is provided by Adams [9].

The procedure for applying MoM to solve Equation 5.1 usually involves four steps:

1. Derivation of the appropriate IE,

2. Conversion (discretization) of the IE into a matrix equation using basis (or
expansions) functions and weighting (or testing) functions,

279
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3. Evaluation of the matrix elements, and

4. Solving the matrix equation and obtaining the parameters of interest.

The basic tools for step 2 have already been mastered in Section 4.6; in this chapter we
will apply them to IEs rather than PDEs.

5.2 Differential Equations

We first consider the case in which the operator L in Equation 5.1 is differential. The
following is a list of examples L may assume:

L[®(x)] = d(x) (5.2a)
)

L[®P(x)]= I +3 0 (5.2b)

LIB(x, )] = V?D(x, y) (5.20)

Our objective in this section to present the procedure for applying the MoM to a
differential equation [9]. This basically involves utilizing the variational techniques covered
in the previous chapter.

Given the linear-operator equation of Equation 5.1, the MoM starts by expanding the
unknown function ® into a series of known expansion functions, u,, u,, ..., iy in the domain
of L, as follows:

N

P(x) ~ Zanu,l(x) (5.3

n=1

where a, are expansion coefficients to be determined. Substituting Equation 5.3 into
Equation 5.1 gives

N

Zanun(x)

n=1

g(x) = L[®(x)] =L = m L[y (x)]+ aLfur (x)] + -+ anLlun (x)] (54)

Taking the inner product of this equation with each of the weighting or testing functions,
Wy, W,, ..., Wy, produces

<wm(x),L

= @y (w,, (x), L1 (x)]) + a2 (w,,, (x), LIua (x)]) + - - + an (w, (x), Llun (x)]), m=1,2,...,N
(5.5)

N

Zunu,,(x)

n=1
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This can be written in matrix form as

Ay App e A m (wi(x), g(x))
Ay Ap - Al @ _ (w(x), g(x)) (5.6a)
Ayi Anz ... Awv||an (wn(x), g(x))
Or
[A] [a] = [B] (5.6b)

where A, = (w,,(x), L[u,(x)]), B,y = (w,(x), g(x)), and [a] consists of unknown coefficients.

Solving the simultaneous equations in Equation 5.6 yields the set of unknown expansion
coefficients, a,. This completes the MoM analysis. The choice of expansion and testing
functions determines the accuracy of the solution to Equation 5.6.

EXAMPLE 5.1
Use the MoM to solve the differential equation [10]

fu

5 —x°, 0<x<1
X
subject to U(0) = 0 = U(1).
Solution
In this example,
? 2
X g(x)=—x".

We may select the basis function
u,(x)=x—x""", n=12,...,N

If we choose Galerkin approach, the weighting function w, = u,. For example, let N = 2
so that

U(x) = @y (x) + axup(x) = ay(x — x2) + a (x — x°) (5.1.1)

We determine 4, and 4, by solving Equation 5.6. The coefficients are obtained from
Equation 5.6, namely

An _<w1(x),L[u1<x>J>—<<x—x2>,sz(x—x2>>—<(x—x2>,—2>— f (r- ) -Ddr =1
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Similarly,

0

Ap = f(x —x*)(—6x)dx = f%
1
0

Au= [ ==
0

Ay = f(x —x*)(—6x)dx = f%

B, = f(x (- xz)dx—f—

Bz:f(x x7)(—x )dx——%
1
Putting these in matrix form,
-1/3 -1/2||m _ —1/20 1/3  1/2{|ay _ 1/20
-1/2  —4/5|ay| |-1/12 1/2  4/5||ay| |1/12

We can solve this in many ways. Using Cramer’s rule, we obtain the determinants as

A_1/3 12 4 11
S 1/2 4/50 15 4 60
A V20 12 1 1 1
"2 45 25 24 600
A3 201 1
2Th/2 1712 36 40 360
A 1 A, 1
h=—=——, Ah=——=—
A 10 A 6

Thus, Equation 5.1.1 becomes
1 2y, 1 3
Ux)~——(x—x)+—(x—x
()~ =)+ (=)
This approximate solution may be compared with the exact solution:

U(x)= —(x x*)

5.3 Integral Equations

An IE is any equation involving unknown function ® under the integral sign. Simple
examples of IEs are Fourier, Laplace, and Hankel transforms.
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5.3.1 Classification of IEs

Linear IEs that are most frequently studied fall into two categories named after Fredholm
and Volterra. One class is the Fredholm equations of the first, second, and third kind,
namely,

b

flx)= f K(x, H)®(t)dt, (5.7a)
b
f(x)=d(x)—\ f K(x,H)®(t)dt, (5.7b)
b
£(x) = a(x)P(x) — A f K(x, H)®(t)dt, (6.7¢)

a

where )\ is a scalar (or possibly complex) parameter. Functions K(x, £) and f (x) and the limits
a and b are known, while ®(x) is unknown. The function K(x, t) is known as the kernel of the
IE. The parameter A is sometimes equal to unity.

The second class of IEs is the Volterra equations of the first, second, and third kind,
namely,

X

flx)= f K(x, t)®(t)dt, (5.8a)
f(x)=d(x) -\ f K(x, H)®(t)dt, (5.8b)
£(x) = a(x)P(x) — A | K(x, H)®(t)dt, (5.80)

a

with a variable upper limit of integration. If f(x) = 0, the IEs (5.7a) through (5.8c) become
homogeneous. Note that Equations 5.7a through 5.8c are all linear equations in that ¢ enters
the equations in a linear manner. An IE is nonlinear if ® appears in the power of n > 1
under the integral sign. For example, the IE

b

fx)=d(x)— f K(x,t)®2(t)dt (6.8

a

is nonlinear. Also, if limit a or b or the kernel K(x, t) becomes infinite, an IE is said to be
singular. Finally, a kernel K(x, f) is said to be symmetric if K(x, t) = K(, x).
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5.3.2 Connection between Differential and IEs

The above classification of one-dimensional IEs arises naturally from the theory of
differential equations, thereby showing a close connection between the integral and
differential formulation of a given problem. Most ordinary differential equations can
be expressed as IEs, but the reverse is not true. While boundary conditions are imposed
externally in differential equations, they are incorporated within an IE.

For example, consider the first-order ordinary differential equation

9 pe,®), a<x<b 59)
dx

subject to ®(@) = constant. This can be written as the Volterra integral of the second kind.
Integrating Equation 5.9 gives

d(x) = fF(t,CIJ(t)) dt+c¢
where ¢, = ®(@). Hence, Equation 5.9 is the same as

O(x) = (a) + fF(t, P)dt (5.10)

a

Any solution of Equation 5.10 satisfies both Equation 5.9 and the boundary conditions.
Thus, an IE formulation incorporates both the differential equation and the boundary
conditions.

Similarly, consider the second-order ordinary differential equation

d*®

—— =F(x,®), a<x<b (611
dx
Integrating once yields
i |
e f F(x, ®(t))dt + ¢, (5.12)
x

a

where ¢; = ®'(3). Integrating Equation 5.12 by parts,
O(x)=c, +ox+ f(x —t)F(x, D(t))dt

where ¢, = ®(a) — ?'(a)a. Hence,

D(x) = (a) + (x —a)®'(a) + f (x —t)F(x, ®)dt (5.13)

a
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Again, we notice that IE (5.13) represents both the differential equation (5.11) and the
boundary conditions. We have considered only one-dimensional IEs. IEs involving
unknown functions in two or more space dimensions will be discussed later.

EXAMPLE 5.2
Solve the Volterra IE

X

D(x)=1+ f O(t)dt

0

Solution

This can be solved directly or indirectly by finding the solution of the corresponding
differential equation. To solve it directly, we differentiate both sides of the given IE. In
general, given an integral

B(x)
8= [ Fenar (5.14)
a(x)

with variable limits, we differentiate this using the Leibnitz rule, namely,
B(x) a ¢
()= I%dt + f(x,8)8' — f(x,a)’ (5.15)
a(x)

Differentiating the given IE, we obtain

4@ _ gy (5.162)
dx

or
Ay (5.16b)
(x)

Integrating gives
In®=x+1Inc,
or
D =ce*

where In ¢, is the integration constant. From the given IE

d0)=1=c,
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Hence,
D(x) = e~ (5.17)

is the required solution. This can be checked by substituting it into the given IE.
Anindirect way of solving the IE is by comparing it with Equation 5.10 and noting that

a=0, ®@=o0)=1
and that F(x, ) = ®(x). Hence, the corresponding first-order differential equation is

5 p0)=1
dx

which is the same as Equation 5.16, and the solution in Equation 5.17 follows.
EXAMPLE 5.3
Find the IE corresponding to the differential equation
" — 39" — 60" + 8P =0
subject to ¢”(0) = ¢'(0) = ®(0) = 1.

Solution
Let ®" = F(®, ®, ¢, x) = 39" 4+ 60’ — 8®. Integrating both sides,

3" =30 + 608 f D(t)dt + ¢, (5.18)

0
where ¢, is determined from the initial values, that is,
1=3+6+c¢—c=-8
Integrating both sides of Equation 5.18 gives

P =30+ 6f<1>(t)dt ~8 f (x — )O(H)dt —8x + ¢, (5.19)

where
1=83+c¢c,—c,=-2
Finally, we integrate both sides of Equation 5.19 to get

d=3 @(t)dt+6f(x—1)f1>(t)dt—8f(x—t)2<1>(t)dt—4x2—2x+c3

0 [
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where 1 = ¢;. Thus, the IE equivalent to the given differential equation is

B(x)=1—2x — 4x2 +f[3 +6(x —t) — 4(x — )2 B(t)dt

5.4 Green’s Functions

A more systematic means of obtaining an IE from a PDE is by constructing an auxiliary
function known as Green’s function” for that problem [10-13]. Green’s function, also known
as the source function or influence function, is the kernel function obtained from a linear
boundary value problem and forms the essential link between the differential and integral
formulations. Green’s function also provides a method of dealing with the source term
(¢ in L® = g) in a PDE. In other words, it provides an alternative approach to the series
expansion method of Section 2.7 for solving inhomogeneous boundary-value problems by
reducing the inhomogeneous problem to a homogeneous one.

To obtain the field caused by a distributed source by Green’s function technique, we find
the effects of each elementary portion of source and sum them. If G(r, r’) is the field at the
observation point (or field point) r caused by a unit point source at the source point r/, then
the field at r by a source distribution g(t’) is the integral of g(r')G(z, r’) over the range of r’
occupied by the source. The function G is the Green function. Thus, physically, Green’s
function G(r, ') represents the potential at r due to a unit point charge at r’. For example,
the solution to the Dirichlet problem

V=g inR (5.20)
®=f onB
is given by
B N 0G
o= fg(r’)G(r,r Ydo +j£f8nds (5.21)
R B

where 11 denotes the outward normal to the boundary B of the solution region R. It is obvious
from Equation 5.21 that the solution ® can be determined provided Green’s function G is
known. So the real problem is not that of finding the solution but that of constructing
Green’s function for the problem.

Consider the linear second-order PDE

Ld=g (6.22)

* Named after George Green (1793-1841), an English mathematician.
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We define Green'’s function corresponding to the differential operator L as a solution of
the point source inhomogeneous equation

LG @ t)=6(r 1) (5.23)

where r and r’ are the position vectors of the field point (x, y, z) and source point (x, y/,
z'), respectively, and 4(r, t’) is the Dirac delta function, which vanishes for r = r’ and
satisfies

[ow a0 = gt (524

From Equation 5.23, we notice that the Green function G(r, t’) can be interpreted as the
solution to the given boundary value problem with the source term g replaced by the unit
impulse function. Thus, G(r, r’) physically represents the response of the linear system to a
unit impulse applied at the point r = r".

Green’s function has the following properties [13]:

a. G satisfies the equation LG = 0 except at the source point r/, that is,
LG@rr)=6(@ 1) (5.23)
b. G is symmetric in the sense that
Grr)y=G(@r) (5.25)
c. G satisfies that prescribed boundary value f on B, that is,

G=fonB (5.26)

d. The directional derivative 0G/0n has a discontinuity at r’ which is specified by
the equation

. [0G
1 9 g5 =1
im - ds (5.27)

e—0
S

where 7 is the outward normal to the sphere of radius € as shown in Figure 5.1, that is,
Ir—1'|= ¢

Property (b) expresses the principle of reciprocity; it implies that an exchange of source and
observer does not affect G. The property is proved by Myint-U [13] by applying Green’s
second identity in conjunction with Equation 5.23 while property (d) is proved by applying
divergence theorem along with Equation 5.23.

5.4.1 For Free Space

We now illustrate how to construct the free space Green’s function G corresponding to a PDE.
It is usually convenient to let G be the sum of a particular integral of the inhomogeneous
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Field point (x, y, z)

e

zA

Source point (x", ¥, 2"}

FIGURE 5.1
Ilustration of the field point (x, y, z) and source point (¥, y/, z').

equation LG = g and the solution of the associated homogeneous equation LG = 0. In other
words, we let

G(r, ') = F(r,v')+ U(r, ) (5.28)
where F, known as the free-space Green’s function or fundamental solution, satisfies
LF=6(@r')in R (5.29)
and U satisfies
LU=0inR (5.30)

so that by superposition G = F + U satisfies Equation 5.23. Also G = f on the boundary B
requires that

U=-F+fonB (5.31)
Notice that F need not satisfy the boundary condition.

We apply this to two specific examples. First, consider the two-dimensional problem for
which

2 2
L:%+%:vz (5:32)
x Y

The corresponding Green’s function G(x, y; x’, ') satisfies
V2G(x,y;x',y') = 6(x —x")6(y —y') (5.33)

Hence, F must satisfy

VF=6(x—x")6(y—y)
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Forp=[(x—x'Y +(y—y)’1"*>,0,ie, forx =x',y =y,

10| OF
V’F = [p] =0 (5.34)
pOpl Op
which is integrated twice to give
F=Alnp+B (5.35)

Applying the property in Equation 5.27

27
lim ljl—Fdl Ctim [ 2 pdp=2nA=1
P

e—0 0 e—0

or A = (1/2r). Since B is arbitrary, we may choose B = 0. Thus,

1
F="In
27 P

and

G=F+U=_Y“Inp+u (5.36)
27

We choose U so that G satisfies prescribed boundary conditions.
For the three-dimensional problem,

o* 0

62
—ypo 0 (537)
ox* oy’ "oz
and the corresponding Green’s function G(x, y, z; x, y/, z’) satisfies
LG(x,y,z;x",y,2)=6(x—x")6(y —y')6(z — 2) (5.38)

Hence, F must satisfy

V2F = 8(x — 1)y — y)8(z — 2')
=6(r—1')

Forr=1/

V’F = 1d[r2 dp] =0 (5.39)
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which is integrated twice to yield

F—_4 3 (5.40)

Applying Equation 5.27,

1=1lim —dS—l ff—r singdfdp = 4w A

e—0 e—0

or A = (1/4m). Choosing B = 0 leads to

and

G=Fi+lU=-—"1u (5.41)
47y

where U is chosen so that G satisfies prescribed boundary conditions.

Table 5.1 lists some Green functions that are commonly used in the solution of EM-related
problems. It should be observed from Table 5.1 that the form of the three-dimensional
Green’s function for the steady-state wave equation tends to Green’s function for Laplace’s
equation as the wave number k approaches zero. It is also worthy of remark that each
of Green’s functions in closed form as in Table 5.1 can be expressed in series form. For
example, Green’s function

F=—H{(k|p—p'])

4
1 2 2 / L/2

=~ LH{(klp* + ' 200" cos(9—¢')]'?) (542
TABLE 5.1
Free-Space Green’s Functions

Steady-State Helmholtz's Modified Steady-State
Operator Equation Laplace’s Equation (or wave) Equation? Helmholtz’s (or Wave) Equation
Solution Region V3G = §(r, 1) V2G + kG = 4(r, 1) V2G — kG = 4(r, v')
1-Dimensional No solution for (—o0, 00) —ZJ—kexp(jk lx—x']) 7%exp(fk [x—x'])
2-Dimensional  --In|o—p ~LHP®K o)) ~ LKkl
2 4 2
3-Dimensional 1 _exp(jk|r—r') _exp(—k|r—1])
dn(r—r') A7 |r—1/| 4rm|r—r/|

2 The wave equation has the time factor ¢! so that k = w /€.
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can be written in series form as

_i = (1) ’ —jn(¢—¢") /
. Z H, (kp')]x(kp)e , p<p
rol T (543)

,i . M 1= in(6—=¢") ’
D HI kD) ke )e M, >

n=—oo

This is obtained from addition theorem for Hankel functions [14]. It should be noted that
Green’s functions are very difficult to construct in an explicit form except for the simplest
shapes of domain.

With the aid of Green’s function, we can construct the IE corresponding to Poisson’s
equation in three dimensions

vy = Pe (5.44)
€

as
V:fpe—”G(r,r’)dU’
or
v f poftv’ (5.45)
4mer

Similarly, the IE corresponding to Helmholtz’s equation in three dimensions

V2D + kP =g (5.46)
as
® = ng(r,r’)dv’
or
o [8d (5.47)
47y

where an outgoing wave is assumed.
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5.4.2 For Domain with Conducting Boundaries

Green’s functions derived so far are useful if the domain is free space. When the domain is
bounded by one or more grounded planes, there are two ways to obtain Green’s function:

a. The method of images [12,15-22] and
b. The eigenfunction expansion [12,16,17,22-30].

5.4.2.1 Method of Images

The method of images is a powerful technique for obtaining the field due to one or more
sources with conducting boundary planes. If a point charge g is at some distance  from a
grounded conducting plane, the boundary condition imposed by the plane on the resulting
potential field may be satisfied by replacing the plane with an “image charge” —q located
at a position which is the mirror location of g. Using this idea to obtain Green’s function is
perhaps best illustrated with an example.

Consider the region between the ground planes at y = 0 and y = h as shown in Figure
5.2. Green’s function G(x, y; x/, y’) is the potential at the point (x, y), which results when a
unit line charge of 1 C/m is placed at the point (x/, y’). If no ground planes were present,
the potential at distance p from a unit line charge would be

Vip) = %m o (5.48)
TE

In order to satisfy the boundary conditions on the ground planes, an infinite set of images
is derived as shown in Figure 5.2. The potential due to such a sequence of line charges
(including the original) within the strip is the superposition of an infinite series of images:

® +q

®—q

FIGURE 5.2
A single charge placed between two conducting planes produces the same potential as does the system of image
charges when no conducting planes are present.
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G(x,y;x,y) = 41[111[(9( — XY+ +y)1-In[(x—x"y + @y —y')]

e
+ 3 (" {Inf(x—x') + (y +y' —2nh)’]

—In[(x —x')* +(y — y' —2nh)*]

+1In[(x —x')? +(y +y' —2nh)’]

—In[(x—x'Y+y -y — 2nh)2]}J
1

= In
47e

(x—x')> +(y+y' —2nh)’
(x—x'Y +(y —y'—2nh)?

(5.49)

This series converges slowly and is awkward for numerical computation. It can be
summed to give [15]

sinh? [7r(x —x) J +sin? [W(y + y')]

Glx,y;x',y") = L 2h ; 2h . (5.50)
4me sinh? m(x—x') L sin? m(y—y')
2h 2h

This expression can be shown to satisfy the appropriate boundary conditions along
the ground plane, that is, G(x, y; x/, y') = 0 at y = 0 or y = h. Note that G has exactly one
singularity at x = x/, y = y’ in the region 0 <y < h.

In order to evaluate an integral involving G(x, ; x, ¥’) in Equation 5.50, it is convenient
to take out the singular portion of the unit source function. We rewrite Equation 5.50 as

Gx,y;x,y") = f%In[(x XY +(y+y)1+g(x,y;:x,y) (5.51)
TmE

where

| |2y —y) ] sink® [T(xzzxq] +sin’ [F(yz;zy/)]]
Y /r ! :71 ]
R IR I T o2
2h

2h

Note that g(x, y; x, ') is finite everywhere in 0 <y < h. The integral involving g is
evaluated numerically, while the one involving the singular logarithmic term is evaluated
analytically with the aid of integral tables.

The method of images has been applied in deriving Green’s functions for multiconductor
transmission lines [18-20] and planar microwave circuits [16,17,21]. The method is restricted
to the shapes enclosed by boundaries that are straight conductors.
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5.4.2.2 Eigenfunction Expansion

This method is suitable for deriving Green’s function for differential equations whose
homogeneous solution is known. Green’s function is represented in terms of a series of
orthonormal functions that satisfy the boundary conditions associated with the differential
equation. To illustrate the eigenfunction expansion procedure, suppose we are interested
in Green’s function for the wave equation

o 9

+ KU =0 (5.53)
ox* Oy’ -
subject to
on

Let the eigenfunctions and eigenvalues of Equation 5.53 that satisfy Equation 5.54 be ¥,
and kj, respectively, that is,

VA, 4+ k0, =0 (5.55)

Assuming that \2 form a complete set of orthonormal functions,

v dedy =17 17 5.56
ffixyfo, i (5.56)
S

where the asterisk (*) denotes complex conjugation. G(x, y; x/, y’) can be expanded in terms
of v, that is,

Glx,y;x',y) =Y al(x,y) (5.57)

j=1
Since Green’s function must satisfy
(V24+KH)G(x,y;x,y") = 6(x —x)6(y — '), (5.58)

substituting Equations 5.55 and 5.57 into Equation 5.58, we obtain

00

> a0~k = 8(x —x)6(y ) (5.59)

=1

Multiplying both sides by ¥; and integrating over the region S gives

E:aj(k2 —K?) f U dxedy =T (x', y') (5.60)

j=1 S
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Imposing the orthonormal property in Equation 5.56 leads to

or

ai(k* — k1) =U;(x',y)

WLy
(K -k

i

Thus,

2]

o N \I}j(x/y)\lj;(x//y/)
G(X/y/x ry )_E (kz_ka)

j=1

G.61)

(5.62)

The eigenfunction expansion approach has been applied to derive Green’s functions for
plane conducting boundaries such as rectangular box and prism [22], planar microwave
circuits [16,17,25], multilayered dielectric structures [23,24], waveguides [28], and surfaces of
revolution [27]. The approach is limited to separable coordinate systems since the requisite
eigenfunctions can be determined for only these cases.

EXAMPLE 5.4

Construct a Green’s function for
V¥V =0
subject to V (a, ¢) = f (¢) within a circular disk p < a.

Solution

Since g = 0, the solution is obtained from Equation 5.21 as
0G
V= —dl
L¢‘ f on (5.63)
c

where the circle C is the boundary of the disk as shown in Figure 5.3. Let
G=F+1,

where F is already found to be

7

1
F=—"Injp—p
- o—p

that is,

F(@*,03',0) = - Inlf + ' = 20 cos(o o) 564
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a
C
FIGURE 5.3
A disk of radius a.
The major problem is finding U. But
VAU =0inR (5.65a)
with
U=-FonC
or
U(a,p;p’,¢") = f%ln[az +p'? —2ap’ cos (¢ — ¢)] (5.65b)
7

Thus, U can be found by solving the PDE in Equation 5.65a subject to the condition in
Equation 5.65b. Applying the separation of variables method,

u= % + ; p"[A, cosng + B, sinng] (5.66)

The term p~"is not included since U must be bounded at p = 0. To impose the boundary
condition in Equation 5.65b on the solution in Equation 5.66, we first express Equation
5.65b in Fourier series using the identity

= z" I cosf — A\ 1
Zcosmd= | —— " —d\=—"1In[142z>—2zcos § 5.67
Z cosn f1+)\2—2)\cos 5 n[1+z* —2zcos 0] (5.67)

n
n=1 0
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Hence, Equation 5.65b becomes

1
u(a/¢}0//¢/) = _Elnaz

1+ (/a2 cos(o - qb’)}

00 ’ n _ ’
_ ey LN cosn(o—¢)
27 27 —| a n
= filna + L v ”
2 27 —| a
(cosngcosng’ + sinnpsinng’ (5.68)
n

Comparing Equation 5.66 with Equation 5.68 at p = a, we obtain the coefficients A,

and B, as
A _ —ilna
2 ™
/ n
a"A, = L lp cosng’
27n
/ n
a"B, = Ly sinng’
2mn| a
Thus, Equation 5.66 becomes
1 L[] cosné—)
u o l/ lz*ilﬁﬂ"»i =
(p:9:0, &) 27 27 ; alla n
17? /
:—ilnu—iln 1+ % —ZP—fcos(qu—qu’) (5.69)
27 47 a a

From Equations 5.64 and 5.69, we obtain Green’s function as

G= ﬁln[pz +p'? = 2pp' cos(¢ — ¢")]

RN
4

/12 2
@+ pu—f —2pp’ cos(¢ — ¢’)] (5.70)

An alternative means of constructing Green’s function is the method of images. Let us
obtain Equation 5.70 using the method of images. Let

GP,P)=LInr+u
27

The problem reduces to finding the induced field U, which is harmonic within the disk
and is equal to —(1/27) In 7 on C. Let P’ be the singular point of Green’s function and let
P, be the image of P’ with respect to the circle C as shown in Figure 54. The triangles
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Image point P, of P’ with respect to circle C so that O P’ x O P,=0 Q =4?and O Q P’ and O P, Q are similar

triangles.

O Q P! and O Q P, are similar because the angle at O is common and the sides adjacent
to it are proportional. Thus,

!

p—:iﬂplpgzuz (5.71)
a o

That is, the product of O P’ and O P, is equal to the square of the radius O Q. Ata point
Qon C, it is evident from Figure 5.4 that

/

p
Top =1
QP a QP
Therefore,
/
U=— L (572)
27 a
and
!
G:ilnrppr filnp—rppa (5.73)
2w 2r  a

Since rpp is the distance between P(p, ¢) and P'(p’, ¢') while rpp, is the distance between
P(p, ) and P,( po, ¢) = P(a*/p, 9),

top = p° + p'* —2pp’ cos(p — @),

at a’
tip, = p° + ? - ZP?COS(QS )
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Substituting these into Equation 5.73, we obtain

G=i%mh3+p”72mf®ﬂ¢*¢ﬂ

L
4

/12 2
. P+ pr —2pp'cos(d— &) (5.74)

which is the same as Equation 5.70. From Equation 5.70 or Equation 5.74, the directional
derivative 0G/0n = (VG - a,) on C is given by

26
op’

2a—2pcos(p—¢')
4rla® + p*> —2apcos(p — ¢')]

p'=a
202 /
%—chos(qsw )
dr[a® + p* —2apcos(p—¢')]’
P _pz
" 2ra[a® + p* — 2apcos(é— ¢')]

Hence, the solution in Equation 5.63 becomes (with dI = ad¢’)

V(p,szﬁ)zzi f [ @ =p)f(¢)de (5.75)

™) a* + p* —2apcos(¢p —¢')]

which is known as Poisson’s integral formula.

EXAMPLE 5.5

Obtain the solution for the Laplace operator on unbounded half-space, z < 0, with the
condition V(z = 0) =.

Solution

Again the solution is

oG
V= —dS
%f on
S

where S is the plane z = 0. We let
-~ 1

Cdrnfe—r|

so that the major problem is reduced to finding U. Using the method of images, it is easy
to see that the image point of P'(x’, i/, z’) is P,(x/, y, —z’) as shown in Figure 5.5. Hence,

-1
47 |r—1,|
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z4 Plx, y, z)

U
|
1
|
|
|
1

Polx', ¥, —27)
FIGURE 5.5
Half-space problem of Example 5.5.
and
_ 1 _ 1
dr|r—r'| 4dnfr—r)|’
where

|I'—l',| — [(.’X— x/)z +(y_y/)2 +(Z_Z/)2]1/2
r—1|=[(x—x)V+@y-y) +z+2)]"

Notice that G reduces to zero at z = 0 and has the required singularity at P'(x, v/, Z').
The directional derivative dG/0n on plane z = 0 is

G| _ 1|(z—2)  (z+2))
oz, _, Anlt—1P -1 o
z

T 2nl(x— xR+ (y — Y+ 2712

Hence,

10T zf(x',y")dx' dy’
V(X,%Z):*ff /fz( v) /2y 29372
2rd J [x=x) +(y—y) +27]
EXAMPLE 5.6
Using Green’s function, construct the solution for Poisson’s equation
o’V o0V

axz + ayz :f(x/y)
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subject to the boundary conditions
V(0,y)=V(a,y)=V(x,0)=V(x,b)=0

Solution

According to Equation 5.21, the solution is
b a
V(x,y):fff(x’,y’)G(x,y;x’,y’)dx’dy’ (5.76)
00

so that our problem is essentially that of obtaining Green’s function G(x, y; ¥, y’). Green’s
function satisfies

9*G 9*G
Ox? + ay:

§(x = x)o(y —y") (6.77)

To apply the series expansion method of finding G, we must first determine
eigenfunctions ¥(x, y) of Laplace’s equation, that is,

VA =\

where ¥ satisfies the boundary conditions. Itis evident that the normalized eigenfunctions
are

2 . mmx . nmwy
sin

Jab " b

\Ijmn =

with the corresponding eigenvalues

Thus,

,//7&OCOC ;N mMTX . nmYy 5.78
Gloyix'y) == > > Am(y)sin = Ssin L (5.79)

m=1 n=1

The expansion coefficients, A,,, are determined by substituting Equation 5.78 into
Equation 5.77, multiplying both sides by sin(mn x/a) sin(nm y/b), and integrating over
0 <x <a, 0 <y <b. Using the orthonormality property of the eigenfunctions and the
shifting property of the delta function results in

2 . omrx' | nry
sin

ﬁ a n b

mr? N n’r?
a? b?

] Amn =
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®(x',y)

FIGURE 5.6
Line source in a rectangular region.

Obtaining A,,, from this and substituting into Equation 5.78 gives

.omrx . mrx . onmy . onwy
x©_ sin sSm n s

4 0
G(X, y; xlr yl) = 7%22 a m27r2/aaz+ nZﬂ_ZZ/;bZ b (579)

m=1 n=1

Another way of obtaining Green’s function is by means of a single series rather than
a double summation in Equation 5.79. It can be shown that [28,29]

/ !
s sin mrxsinhmr(a_x)sin mrysinhmry
772 ’ ’ nma ’ b x<d
™ n=1 nsinh%
G(x,y;x",y") = oy mr(a—x) . nmy . nmy
2 i: sinh , sinh ) sin ) sinh A oy (5.80)
(i nsinh%

By Fourier series expansion, it can be verified that the expressions in Equations 5.79 and
5.80 are identical. Besides the factor 1/¢, Green’s function in Equation 5.79 or Equation
5.80 gives the potential V due to a unit line source at (x/, ') in the region 0 < x < g,
0 <y < b as shown in Figure 5.6.

EXAMPLE 5.7

An infinite line source [, is located at (p, ¢') in a wedge waveguide shown in Figure 5.7.
Derive the electric field due to the line.

Solution

Assuming the time factor e/, the z-component of E for the TE mode satisfies the wave
equation

V?E, +K°E, = jwul, (5.81)
with

OE.
on

303



304 Computational Electromagnetics with MATLAB®

FIGURE 5.7
Line source in a waveguide.

where k = w\/ﬁ and 7 is the outward unit normal at any point on the periphery of the
cross section. Green'’s function for this problem satisfies
V’G +Kk°G = jwud(p—p') (5.82)

with

oG
on

so that the solution to Equation 5.81 is

E. = jon [ L/, /)G,01¢/,)dS 5:59)

S

To determine Green’s function G(p, ¢; p/, ¢/), we find ¥, so that Equation 5.62 can be
applied. The boundary condition 9G/0n = 0 implies that

106 _,_10G _9G (5.84)
/) 8¢ »=0 p a¢ o=a (9/) p=a
The set of functions which satisfy the boundary conditions are
WNZU (pl ¢) - ]U (kmvp)cos U¢ (5'85)
where
v=nn/o, n=0,1,2, .., (5.86a)
k., are chosen to satisfy
0
——Jolkwop), =0, (5.86b)
dp

p=a
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and the subscript m is used to denote the mth root of Equation 5.86b; m can take the
value zero for n = 0. The functions V¥, , are orthogonal if and only if v is an integer which
implies that v is an integral multiple of a. Let a = n/¢, where / is a positive integer, so
that ®,,, are mutually orthogonal. To obtain Green'’s function using Equation 5.62, these
eigenfunctions must be normalized over the region, that is,

a%/2, m=v
20k p)dp = (5.87a)
f Jollnep)dp 1 O /K) k), otherwise

« E, UZO

f cos*vpdsp =11 (5.87b)
s .

0 —,  otherwise
20

where v = n/. Using the normalized eigenfunctions, we obtain
j2€
aZ

Jo (kmp)],,(k,,,1 p")cos v cosvg’
—4jt (5.89)
] wuzz ]]1 (kmva)(kz krzy“))

Glp, ;0 ,0") =

)111111571—11,

mv

where

o —|% ©v=0 (5.89)
1, ov=0

We have employed the fact that wy/k? = 1/we to obtain the first term on the right-hand
side of Equation 5.88.

5.5 Applications I: Quasi-Static Problems

The MoM has been applied to so many EM problems that covering all of them is practically
impossible. We will consider only the relatively easy ones to illustrate the techniques
involved. Once the basic approach has been mastered, it will be easy for the reader to
extend the idea to attack more complicated problems.

We will apply MoM to a static problem in this section; more involved application will
be considered in the sections to follow. We will consider the problem of determining the
characteristic impedance Z, of a strip transmission line [31].

Consider the strip transmission of Figure 5.8a. If the line is assumed to be infinitely long,
the problem is reduced to a two-dimensional TEM problem of line sources in a plane as in
Figure 5.8b. Let the potential difference of the strips be V,; = 2V so that strip 1 is maintained
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Strip 1
H
Strip 2
2 0%
(a)
}J
A
P -
5, o I ! |
H
F
H %
2
S, | | L I |
j

(b)

FIGURE 5.8
(a) Strip transmission line. (b) The two-dimensional view.

at +1V while strip 2 is at —1V. Our objective is to find the surface charge density p(x, y) on
the strips so that the total charge per unit length on one strip can be found as

Q= f pdl (5.90)

(Q, is charge per unit length as distinct from the total charge on the strip because we are
treating a three-dimensional problem as a two-dimensional one.) Once Q is known, the
capacitance per unit length C, can be found from

ey 91
Cz—Vd (5.91)

Finally, the line characteristic impedance is obtained:

1/2
z =) _ 1 (5.92)
Cy MC(

where u =1/ \/E is the speed of the wave in the (lossless) dielectric medium between the
strips. Everything is straightforward once the charge density p(x, ) in Equation 5.90 is
known. To find p using MoM, we divide each strip into n subareas of equal width A so
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that subareas in strip 1 are numbered 1, 2, ..., n, while those in strip 2 are numbered n + 1,
n+2,n+3, .., 2n The potential at an arbitrary field point is

Vi, y)= f o,y In R v dy’ (5.93)
2me 1
where R is the distance between source and field points, that is,
R=[(x—x")+(y—y')*]"? (5.94)

Since the integral in Equation 5.93 may be regarded as rectangular subareas in a numerical
sense, the potential at the center of a typical subarea S; is

1 2n R
Vi=—o ] In—Lax!
2me ],lejf 1,

- S

or
2n
Vi=> Ay (5.95)
=1
where
1 R;;
A," = — In =4 dx/, A
T e f 7, (596)
Si

R; is the distance between ith and jth subareas, and A;; p; represents the potential at point
i due to subarea j. In Equation 5.95, we have assumed that the charge density p is constant
within each subarea. For all the subareas S, i =1, 2, ..., 2n we have

2n
Vi= prAlf =1
j=1
2n
j=1

2n
Vi= ijAnj =1
j=1
2n
Vi = ijAn+l,j =-1

j=1

2n
Vo = ijAZH,j =-1

j=1
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Thus, we obtain a set of 2n simultaneous equations with 2n unknown charge densities
p;- In matrix form,

An Alz Al 2n p
Ay Ap Agpa ||
P2 _
A2n 1 A2n,2 A2n 2n *1
p2n
-1
or simply
[Allp] = [B] (5.97)

It can be shown that [32] the elements of matrix [A] expressed in Equation 5.96 can be
reduced to

A | Ry ..
—In—%, i=]
2me 1,

SRS

e

A 5.98)

To

lnA—l.Sl, i=j

where 7, is a constant scale factor (commonly taken as unity). From Equation 5.97, we obtain
[p] either by solving the simultaneous equation or by matrix inversion, that is,

[o] = [A]"'[B] (5.99)

Once [p] is known, we determine C, from Equations 5.90 and 591 as
C, = Z PYNAY (5.100)
=1

where V, = 2 V. Obtaining Z, follows from Equations 5.92 and 5.100.

EXAMPLE 5.8

Write a program to find the characteristic impedance Z, of a strip line with H =2 m,
W=5m,e=¢, jt,=p,and V,=2 V.

Solution

The MATLAB program is shown in Figure 59. With the given data, the program
calculates the elements of matrices [A] and [B] and determines [p] by matrix inversion.
With the computed charge densities the capacitance per unit length is calculated using
Equation 5.100 and the characteristic impedance from Equation 5.92. Table 5.2 presents
the computed values of Z, for a different number of segments per strip, n. The results
agree well with Z, = 50 Q from Wheeler’s curve [33].
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df Of oOf OF OF OF of OF of OF oOf of of of

NN

R R R R R R R

USING MOMENTS METHOD,

THIS PROGRAM DETERMINES THE CHARACTERISTIC IMPEDANCE
OF A STRIP TRANSMISSION LINE

WITH CROSS-SECTION W X H

THE STRIPS MAITAINED AT 1 VOLT AND -1 VOLT.

ONE STRIP IS LOCATED ON THE Y = H/2 PLANE WHILE THE OTHER
IS LOCATED ON THE Y = -H/2 PLANE.

ALL DIMENSIONS ARE IS S.I. UNITS

N IS THE NUMBER OF SUBSECTIONS INTO WHICH EACH STRIP IS DIVIDED

khkdkhhkkhdrhhkhdrhhhdh bbbk hd kb d bk d bbb dr bbb drd b hdhdddkddd

FIRST, SPECIFY THE PARAMETERS

= [3 7 11 18 39 59];

disp(' ")
disp('n Zo')

for N = NN

CL=3.0e8; % SPEED OF LIGHT IN FREE SPACE
ER=1.0;

E0O=8.8541878176E-12;

H=2.0;

W=5.0;

NT=2*N;
DELTA = W/(N);

% SECOND, CALCULATE THE MATCH POINTS

%

FIGURE 5.9

AND THE COEFFICIENT MATRIX [A]

for K=1:N
X(K) = DELTA*(K - .5);
Y(K) = -H/2.0;

X(K+N) = X(K);
Y(K+N) = H/2.0;
end

FACTOR = DELTA/(2.0*pi*E0Q);

for I=1:NT
for J=1:NT
iE{T==3) %eqn (5.98)
A(I,J) = -(log(DELTA) - 1.5)*FACTOR;
else
R = sgrt( (X(I) - X(J))"2 + (¥Y(I) - ¥(J))"2 );
A(I,J) = -log(R)*FACTOR;
end
end
end

MATLAB program for Example 5.8. (Continued)
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NOW DETERMINE THE MATRIX OF CONSTANT VECTOR [B]

for K=1:N

B(K)=1.0;

%$The line below was commented!

B(EK+N)= -1.0; %rja -this line needed to be un-commented
end

INVERT MATRIX A(I,J) AND CALCULATE MATRIX RO(N)
CONSISTING OF THE UNKENOWN ELEMENTS

ALSO CALCULATE THE TOTAL CHARGE Q,

THE CAPACITANCE C, AND THE CHARACTERISTIC IMPEDANCE Zo.

NIV=NT;
NMAX=100;
A = inv(A);
for I=1:NT
RO(I)=0.0;
%The line below had an error N instead of NT
for M=1:NT
RO(I)=RO(I) + A(I,M)*B(M);
end
end
SUM=0.0;
for I=1:N
SUM = SUM + RO(I);
end
Q=SUM*DELTA;
VD=2.0;
C=abs(Q)/VD;
ZO = sgrt(ER)/(CL*C);

disp(num2str([N Z0 1))

end

FIGURE 5.9 (Continued)
MATLAB program for Example 5.8..

TABLE 5.2

Characteristic Impedance of
a Strip Transmission Line

n Z, (in Q)
3 94.382
7 96.755
11 97.366
18 97.755
39 98.163
59 98.3011

5.6 Applications II: Scattering Problems

The purpose of this section is to illustrate, with two examples, how the MoM can be applied
to solve electromagnetic scattering problems. The first example is on scattering of a plane



Moment Methods 311

wave by a perfectly conducting cylinder [3], while the second is on scattering of a plane
wave by an arbitrary array of parallel wires [34].

5.6.1 Scattering by Conducting Cylinder

Consider an infinitely long, perfectly conducting cylinder located at a far distance from a
radiating source. Assuming a time-harmonic field with time factor e, Maxwell’s equations
can be written in phasor form as

V-E, =0 (5.101a)
V-H,=0 (5.101b)
V xE, = —jwuH, (5.1010)

VxH, =J; + jweE, (5.101d)

where the subscript s denotes phasor or complex quantities. Henceforth, we will drop
subscript s for simplicity and use the same symbols for the frequency-domain quantities
and time-domain quantities. It is assumed that the reader can differentiate between
the two quantities. Taking the curl of Equation 5.101c and applying Equation 5.101d, we
obtain

VxVXE = —jwuV xH = —jwu(J + jweE) (5.102)
Introducing the vector identity
VXVXxA=V(V- A - VA
into Equation 5.102 gives
V(V - E) — V2E = —jw(J + jweE)
In view of Equation 5.101a, V(V - E) = 0 so that
V2E + K°E = jwy) (5.103)
where k = w(ue)/? = 21/X is the wave number and X is the wavelength. Equation 5.103 is
the vector form of the Helmholtz wave equation. If we assume a TM wave (H, = 0) with
E = E.(x, y)a,, the vector equation (5.103) becomes a scalar equation, namely,
V2E, + K’E, = jwy, (5.104)

where J = | a, is the source current density. The integral solution to Equation 5.104 is

() = E(p) =~ f 1. HD (ko — p')dS’ (5.105)
S
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FIGURE 5.10
Cross section of the cylinder.

where p = xa, + ya, is the field point, p’ = x'a, + y'a, is the source point, 1, = (u,/,)¥2 = 377
is the intrinsic impedance of free space, and H§” = Hankel function of the second kind of
zero order since an outward-traveling wave is assumed. The integration in Equation 5.105
is over the cross section of the cylinder shown in Figure 5.10.

If field E! is incident on a perfectly conducting cylinder, it induces surface current J, on
the conducting cylinder, which in turn produces a scattered field E;. The scattered field E;
due to J, is expressed by Equation 5.105. On the boundary C, the tangential component of
the total field must vanish. Thus,

E+E=00onC (5.106)

Substitution of Equation 5.105 into Equation 5.106 yields

ko
B [ LOHEEp 6107)
C

El(p)=

In IE (5.107), the induced surface current density J, is the only unknown. We determine
J. using the moment method.

We divide the boundary C into N segments and apply the point matching technique. On
a segment AC,, Equation 5.107 becomes

ko . 2 5.108
4 ZIz(pm)HO (klpn_me)ACm G )

m=1

E; (pn) =

where the integration in Equation 5.107 has been replaced by summation. On applying
Equation 5.108 to all segments, a system of simultaneous equations results. The system of
equations can be cast in matrix form as

E;(Pl) An Ap <o A |[](p)
Ei(p») An An o A ||]p2) (5.109a)

Ei(pn) A1 Anz o Aw||J:(en)
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or
[E] = [A]l]] (5.109b)

Hence,
Ul = [AIT'[E] (5.110)

To determine the exact values of elements of matrix [A] may be difficult. Approximately [6],

"70k ACnH((JZ){k(-xn —Xm )2 + (yn - ym)z](l/Z)}/ m=n
4
Ay ™ (5.111)
mn 770k 1— EIO ")/kACn ]
i ] P

where (x,, y,) is the midpoint of AC,, e =2.718 ..., and v =1.781 ... . Thus for a given cross
section and specified incident field E. the induced surface current density J, can be found
from Equation 5.110. To be specific, assume the propagation vector k is directed as shown
in Figure 5.11 so that

El = Eef*r

wherer = xa, + ya,, k = k(cos ¢a, + sin ¢;a,), k = 2m/A, and ¢, is the incidence angle. Taking
E,=1sothat|E;| =1,

E; — ejk(xcos@,‘+ysin¢;) (5]_12)

FIGURE 5.11
Typical propagation of vector k.



314 Computational Electromagnetics with MATLAB®

Given any C (dictated by the cross section of the cylinder), we can substitute Equations 5.111
and 5.112 into Equation 5.109 and determine []] from Equation 5.110. Once J,, the induced
current density, is known, we calculate the scattering cross section o defined by

2

EX(¢)
E:(¢)

o(¢,¢i) = 2mp

2

f Jo(x', y) el oo sy (5.113)
C

kn,
4

where ¢ is the angle at the observation point, the point at which o is evaluated. In matrix
form,

o6,0) = |0 Vi G114
where
Vi = AC, e/ttmcosoi+ymcosr) (5.115a)
VS = AC,e/tncosoyncoss) (5.115b)
and
Zyw=AC, A,y (5.1150)

5.6.2 Scattering by an Arbitrary Array of Parallel Wires

This problem is of more general nature than the one just described. As a matter of fact,
any infinitely long, perfectly conducting, thin metal can be modeled as an array of parallel
wires. It will be shown that the scattering pattern due to an arbitrary array of line sources
approaches that of a solid conducting cylinder of the same cross-sectional geometry if
a sufficiently large number of wires are present and they are arrayed on a closed curve.
Hence, the problem of scattering by a conducting cylinder presented above can also be
modeled with the techniques to be described here.

Consider an arbitrary array of N parallel, infinitely long wires placed parallel to the
z-axis [34]. Three of such wires are illustrated in Figure 5.12. Let a harmonic TM wave
be incident on the wires. Assuming a time factor ¢/!, the incident wave in phasor form
is given by

El =Ei(x,y)e ™ (5.116)

where

Ei(x y) — Eo e—jk(xsin(),- cos ¢ +y sinb; sin¢; ) (5117&)
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i 2
P23
3
P12
P13
P
) 1
x

FIGURE 5.12
An array of three wires parallel to the z-axis.

h=kcosb;, (5.117b)

2
k= 7” = w(ue)?, (5.1170)

and 6, and ¢, define the axis of propagation as illustrated in Figure 5.13. The incident wave
induces current on the surface of wire . The induced current density has only z component.

It can be shown that the field due to a harmonic current I, uniformly distributed on a
circular cylinder of radius a, has a z component given by

En = _I;H(()Z)(gpn)eijhzl Pn > Ay (5118)
where
2
I = %In](](gan)/ (5.119)
4k
g +h =1, (5.120)
A
K :
0, 5
= f ¥
¢;
-
FIGURE 5.13

Propagation vector k.
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], is Bessel function of order zero, and H, is Hankel function of the second kind of order
zero. By induction theorem, if I, is regarded as the induced current, Equation 5.118 may be
considered as the scattered field, that is,

N
Es = _Z LLH®(gp,)e ™ (5.121)
n=1

where the summation is taken over all the N wires. On the surface of each wire (assumed
perfectly conducting),

E +E=0
or

Ei=—E, p=p (5122)

Substitution of Equations 5.116 and 5.121 into Equation 5.122 leads to

N
Z 11/1H((]2)(gpmn) - Ei(xm ’ ym) (5123)
n=1
where
Prn = \/(xm — Xy )2 + (ym - ]/m)2 ’ m=n (5124)
A, m=n

and a,, is the radius of the mth wire. In matrix form, Equation 5.123 can be written as

[A]l1] = [B]
or
1] = [A]7'[B] (5.125)
where
I,=1, (5.126a)
A = H?(SPmn), (5.126b)
B,, = E, ¢ k(xmsinéi cosi-+yu sindisin ) (5.126¢)

Once I, is calculated from Equation 5.125, the scattered field can be obtained as

N
B =) IiHP(gp,)e " (5.127)

n=1
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Finally, we may calculate the “distant scattering pattern,” defined as

N
E((b) — Z L:lejg(xn C0s ¢+Yn sing) (5128)
n=1

The following example, taken from Richmond’s work [34], will be used to illustrate the
techniques discussed in the latter half of this section.

EXAMPLE 5.9
Consider the two arrays shown in Figure 5.14. For Figure 5.14a, take

Number of wires, N=15
Wire radius, ka = 0.05
Wire spacing, ks = 1.0

0, =90° ¢, = 40° 270° < ¢ < 90°
and for Figure 5.14b, take

Number of wires, N =30
Wire radius, ka = 0.05
Cylinder radius, R=1.12X

6,=90° ¢,=0,0 < ¢ < 180°

For the two arrays, calculate and plot the scattering pattern as a function of ¢.

Py

Propagation axis

Propagation axis

(b)

FIGURE 5.14
For Example 5.8: (a) A plane array of 15 parallel wires, (b) a semicircular array of 30 parallel wires.
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Solution

The MATLAB code for calculating the scattering pattern E(¢) based on Equation 5.128 is
shown in Figure 5.15. The same program can be used for the two arrays in Figure 5.14,
except that the input data on N, ka, ks and the locations (x,, y,),n = 1,2, ..., N of the wires
are different. The program essentially calculates I, required in Equation 5.128 using
Equations 5.125 and 5.126. The plots of E(¢) against ¢ are portrayed in Figures 5.16 and

5.17 for the arrays in Figure 5.14a and b, respectively.

% THIS PROGRAM CALCULATES THE SCATTERING PATTERN
% OF AN ARRAY OF PARALLEL WIRES

clear; format compact;

thearray = 1; % thearray equals 1 for a plane array and 2 for a semicircu-

lar array

%PHIO and THETAD define the axis of propagation
THETAC = pi/2.0; %elevation angle pi/2

LAMBDA=1.0; %wavelength

EO = 1.0; %E field

R = 1.125*LAMEDA; %Radius of semicircle array

K = 2.0*pi/LAMBDA; %Propagation constant

A = 0.05/K: %wire radius

5 = 1.0/K; %wire spacing

H = K*cos(THETRO); %H & G are part of the incident wave definition
G = sgrt{ K*2 - H*2 };

% DEFINE WIRE LOCATIONS
if thearray ==
NN = 15; $Number of wires
PHIO = 40;
X = zeros(1,NN);
Y = linspace(-1,1,NN};
elseif thearray ==2
NN = 30;
PHIO = 0.0;
PHIZ = linspace(-pi/2,pi/2,NN);
X = R*cos(PHIZ);
Y = R*sin(PHI2);
end
% CALCULATE RHO
[Mx,My]=meshgrid (X,Y);
RHO = sgrt( (Mx-Mx')."2+(My-My')."2)+diag(AA*ones(1,NN));

% CONSTRUCT MATRIX [A]
A = besselh(0,2,G*RHO);

% CONSTRUCT MATRIX (E]
ALPHA = X*sin(THETAD)*cos(PHIO)+ Y*sin(THETAQ)*sin(PHIO);
B = EO*exp( -1*K*ALPHA).';

% SOLVE FOR MATRIX[I] CONSISTING OF "MOPIFIED CURRENT" OR CURRENT COEFFICIENTS

A = inv(a);
I = A*B;

L2

FINALLY, CALCULATE THE SCATTERING PATTERN E(PHI)
PHI = linspace(0,pi,128);
BLP = cos(PHI.')*X + sin(PHI.')*Y;
E = abs(exp( i*G*ALP)*I);

FIGURE 5.15
Computer program for Example 5.9.

(Continued)
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% Plot E(PHI)
if thearray ==

figure(l),plot (PHI*180/pi,E)
title('Scattering Pattern')
xlabel ("\phi (Degrees)')

ylabel ('E(\phi)
grid on
elseif thearray ==

¥)

% ang = PHI*180/pi-90;
% field = fftshift(E);

figure(2) ,plot (PHI*180/pi,E)
title('Example 5.8 compare to Figure 5.16'}
xlabel ("\phi (Degrees)"')

ylabel ('E{\phi}
grid on

end

FIGURE 5.15 (Continued)
Computer program for Example 5.9.

")

8 No. of wires N =15
Wire radius  ka = 0.05
. Wire spacéng ks =1.0 il :
®g = 90° ol Array of wires
9 ® ® ¢ Physical optics solution
6 | for conducting strip
5 L] /\
.
—~ . §o=0"
0 .
¢0VE i
3 o . o=
Propagation § \
axis b \
2
1 VAR BN VAN
SV VY VT
L] L]
0 8

-80 -60 -40 =20

FIGURE 5.16
Scattering pattern for the plane array of Figure 5.14a.
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9
8t .
g No. of wires N =30
™ Wire radius  ka = 0.05
7 S Wire spacing ks = 1,1I25)L_
¥ 1 |
\‘\ g = 90° Array of wires
ra
6 i 3 ¢ =0° xxx Solid cylinder
1
\ Propagation axis :I /1

E(¢)
s W
—
o |

x K\JX"’
x xxxtxl”‘x

TN LY
N e

20 40 60 80 100 120 140 160 180
¢ (Degrees)

FIGURE 5.17
Scattering pattern for the semicircular array of Figure 5.14b.

5.7 Applications III: Radiation Problems

In this section, we consider the application of MoM to wires or cylindrical antennas. The
distinction between scatterers considered in the previous section and antennas to be treated
here is primarily that of the location of the source. An object acts as a scatterer if it is far
from the source; it acts as an antenna if the source is on it [3].

Consider a perfectly conducting cylindrical antenna of radius 4, extending from z = —¢/2
to z = £/2 as shown in Figure 5.18. Let the antenna be situated in a lossless homogeneous
dielectric medium (o = 0). Assuming a z-directed current on the cylinder (J = J.a,), only
axial electric field E, is produced due to axial symmetry. The electric field can be expressed
in terms of the retarded potentials of Equation 1.38 as

E.=—jwA, ——— (5.129)
0z

Applying the Lorentz condition of Equation 1.41, namely,

08: _ _iev, (5.130)
0z
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x —>| ' |e—
:i e
2
FIGURE 5.18
Cylindrical antenna of length I and radius a.
Equation 5.129 becomes
19
E =—jwl1+—- 2 |A, (5.131)
J [ K2 022 ]

where k = w(ue)/? = 2n/A, w is the angular frequency of the suppressed harmonic time
variation ¢*. From Equation 1.44

l/2
A =p f 1(z)G(x,y,z;x,y,2')dz' (5.132)
—0/2
where G(x, y, z; ¥, y', z') is the free space Greens’ function, that is,
o IHR
47R

(5.133)

G(x,y,z;x,y',2") =

and R is the distance between observation point (x, y, z) and source point (x’, i/, z’) or
R=[(r =¥ +(y =y +(z -2 (5134

Combining Equations 5.131 and 5.132 gives

2 /2
E, = —jwp 1+id— 1(zG(x,y,z;x",y',2')dZ (5.135)
J K 7 Szt
i

This integro-differential equation is not convenient for numerical analysis because it
requires evaluation of the second derivative with respect to z of the integral. We will now
consider two types of modification of Equation 5.135 leading to Hallen’s (magnetic vector
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potential) and Pocklington’s (electric field) IEs. Either of these IEs can be used to determine
the current distribution on a cylindrical antenna or scatterer and subsequently calculate all
other quantities of interest.

5.7.1 Hallen’s IE

We can rewrite Equation 5.135 in a compact form as

2
2T k*|F(z) =k*S(z), —(/2<z<(/2 (5.136)
V4
where
/2
F(z)= f 1(z')G(z,2)dZ, (5.137a)
—(/2
S(z)=— .EZ (5.137Db)
Jwp

Equation 5.136 is a second-order linear ordinary differential equation. The general
solution to the homogeneous equation

2
7_‘_](2

1 F(z)=0,

which is consistent with the boundary condition that the current must be zero at the wire
ends (z = ££4/2), is

F,(z) = ¢; coskz + ¢, sinkz (5.138)

where ¢; and c, are integration constants. The particular solution of Equation 5.136 can be
obtained, for example, by the Lagrange method of varying constants [35] as

£/2
E(z)= kf S(z')sink |z —Z/|dZ’ (5.139)
~t/2
Thus from Equations 5.137 through 5.139, the solution to Equation 5.136 is
/2
1(z')G(z,2")dz' = ¢, coskz + ¢, sinkz
~t/2
» (5.140)
— 1| E.(z))sink |z —2'|dZ’
g —0/2

where 1= /p/€ is the intrinsic impedance of the surrounding medium. Equation 5.140 is
referred to as Hallen'’s integral equation [36] for a perfectly conducting cylindrical antenna or
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scatterer. The equation has been generalized by Mei [37] to perfectly conducting wires of
arbitrary shape. Hallen’s IE is computationally convenient since its kernel contains only ¢/r
terms. Its major advantage is the ease with which a converged solution may be obtained,
while its major drawback lies in the additional work required in finding the integration
constants ¢; and ¢, [35,38].

5.7.2 Pocklington’s IE

We can also rewrite Equation 5.135 by introducing the operator in parentheses under the
integral sign so that

(/2

2
f 1) [8‘92 + kZ}G(Z, 2)dz' = jweE, (5.141)
zZ

—0/2

This is known as Pocklington’s integral equation [39]. Note that Pocklington’s IE has E,
which represents the field from the source on the right-hand side. Both Pocklington’s and
Hallen’s IEs can be used to treat wire antennas. The third type of IE derivable from Equation
5.135 is the Schelkunoff’s IE, found in Reference 35.

5.7.3 Expansion and Weighting Functions

Having derived suitable IEs, we can now find solutions for a variety of wire antennas or
scatterers. This usually entails reducing the IEs to a set of simultaneous linear equations
using the MoM. The unknown current [ (z) along the wire is approximated by a finite set
u,(z) of basis (or expansion) functions with unknown amplitudes as discussed in the last
chapter. That is, we let

I(z) = Zlnun(z), (5.142)

where N is the number of basis functions needed to cover the wire and the expansion
coefficients I, are to be determined. The functions u, are chosen to be linearly independent.
The basis functions commonly used in solving antenna or scattering problems are of
two types: entire domain functions and subdomain functions. The entire domain basis
functions exist over the full domain —¢/2 < z < {/2. Typical examples are [8,40]

1. Fourier:

u,(z) =cos(n—1)v/2, (5.143a)

2. Chebychev:
uy(2) = Ton2(0), (5.143b)

3. Maclaurin:

u,(z) =02, (5.143c)
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4. Legendre:
u,(2) = Py, 5(0), (5.143d)
5. Hermite:
u,(2) = Hy, 5(v), (5.143¢)
where v =2z/f and n =1, 2, ..., N. The subdomain basis functions exist only on one of
the N nonoverlapping segments into which the domain is divided. Typical examples are

[41,42]

1. Piecewise constant (pulse) function:

1, zyap<z<zpap
u,(z)= 5.144a
@) {0, otherwise, ( )
2. Piecewise linear (triangular) function:
A-lp—zl )
M,,(Z) — A 7 n—1 n+1 (5144b)
0, otherwise,
3. Piecewise sinusoidal function:
sink(z— |z —z,|) y cnes
1, (2) = sinkA " i (5.1440)
0, otherwise,

where A = {/N, assuming equal subintervals although this is unnecessary. Figure 5.19
illustrates these subdomain functions. The entire domain basis functions are of limited
applications since they require a prior knowledge of the nature of the function to be
represented. The subdomain functions are the most commonly used, particularly in
developing general-purpose user-oriented computer codes for treating wire problems. For
this reason, we will focus on using subdomain functions as basis functions.

Substitution of the approximate representation of current I(z) in Equation 5.142 into
Pocklington’s IE of Equation 5.141 gives

02 N
f Sl (K2, )2’ ~ E(2,) (5.145)

—/2 n=1

where

2
K(z,7Z)= 1[2 + kZ]G(zm, z')
jwe | 0z
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Xp-1 Xy |

(a)

Ap-1 Xn Tl

(b)

Fp-1 n T+l

FIGURE 5.19
Typical subdomain weighting functions: (a) piecewise uniform function, (b) piecewise linear function,
(c) piecewise sinusoidal function.

is the kernel, z = z,, on segment m is the point on the wire at which the IE is being enforced.
Equation 5.145 may be written as

i[an(zm,z’)un(z’)dz’zEZ(Zm)

n=1 Az,
or
N
Z Ingm = Ez (Zm) (5146)
n=1
where
n = f K(Zm ’ Zl)un (Z/) dzl (514:7)

Az

In order to solve for the unknown current amplitudes I, (n =1, 2, ..., N), N equations
need to be derived from Equation 5.146. We achieve this by multiplying Equation 5.146 by
weighting (or testing) functions w, (n = 1, 2, ... , n) and integrating over the wire length. In
other words, we let Equation 5.146 be satisfied in an average sense over the entire domain.
This leads to forming the inner product between each of the weighting functions and g,
so that Equation 5.146 is reduced to

N

21n<wn,gm>:<wn,lfz>, m=1,2,...,N (5.148)

n=1
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Thus, we have a set of N simultaneous equations which can be written in matrix form as

(wi,g1) o (wngn) || [(wnEa)
<wz_181> <wz/_gN> Li_ <Wz/.Ezz>
<wh;,g1> <WN;gN> I.N <WN;EZN>
or
(211 = [V] (5.149)

where z,, = (w,, §,» and V,, = (w,,, E,). The desired solution for the current is then obtained
by solving the simultaneous equations (5.149) or by matrix inversion, that is,

1] = [Z]'[V] (5.150)

Because of the similarity of Equation 5.149 to the network equations, the matrices [Z], [V],
and [I] are referred to as generalized impedance, voltage, and current matrices, respectively
[6]. Once the current distribution I(z’) is determined from Equation 5.149 or Equation 5.150,
parameters of practical interest such as input impedance and radiation patterns are readily
obtained.

The weighting functions {w,} must be chosen so that each Equation 5.148 is linearly
independent and computation of the necessary numerical integration is minimized.
Evaluation of the integrals in Equation 5.149 is often the most time-consuming portion of
scattering or radiation problems. Sometimes we select similar types of functions for both
weighting and expansion. As discussed in the previous chapter, choosing w, = u, leads to
Galerkin’s method, while choosing w, = 6(z — z,) results in point matching (or colocation)
method. The point matching method is simpler than Galerkin’s method and is sufficiently
adequate for many EM problems. However, it tends to be a slower converging method. The
general rules that should be followed in selecting the weighting functions are addressed in
Reference 43. The following examples are taken from References 41,44-46.

EXAMPLE 5.10
Solve the Hallen’s IE
/2 .
f I(z')G(z,2)dz' = —L-(Acoskz + Bsink |z|)
o

—£/2

where k = 2n/\ is the phase constant and 7, = 377 Q) is the intrinsic impedance of free
space. Consider a straight wire dipole with length L = 0.5 X and radius a = 0.005\.

Solution
The IE has the form

2
f 1(z")K(z,z")dz' = D(z) (5.151)

—£/2
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which is a Fredholm IE of the first kind. In Equation 5.151,

' hoe (5.152a)
K 7 = G 7 = . a
(z,2") (z,2") 4R
R =./a? + (Z _ Z/)2 , (5.152b)
and
D(z) = — L [Acos(kz) + Bsin(k |z)] (5.152¢)

o

If the terminal voltage of the wire antenna is V;, the constant B = V;/2. The absolute
value in sin k|z| expresses the assumption of antenna symmetry, that is, I (—z') = I(z').
Thus,

/2

—jkR .
f 12)s iz =L
47R Mo

—/2

Acoskz + %sink |z| (5.153)

If we let

I(z)= ZI athn(2), (5.154)

n=1

Equation 5.153 will contain N unknown variables I, and the unknown constant A. To
determine the N + 1 unknowns, we divide the wire into N segments. For the sake of
simplicity, we choose segments of equal lengths Az = ¢/N and select N + 1 matching
points such as

z=—0/2,-0/24+ Az,...,0,...,0/2—NAz,(/2

At each match pointz = z,,

/2 N
f ZI,,un(z’)K(zm,z’)dz’ —D(z,) (5.155)

—t72 =1

Taking the inner products (moments) by multiplying either side with a weighting
function w,,(z) and integrating both sides,

V2 2

f Zl,lun(z’)K(zm,z’)dz’wm(z)dz
—t/2—/2 "=1
(/2

= f D(zy)wn(z)dz (5.156)

—{/2

327
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By reversing the order of the summation and integration,

N2 2
Zlnfun(z’)fK(zm,z’)wm(z)dzdz'
n=l —1/2
o2
= f D(z,)w,.(z)dz (5.157)

—£/2

The integration on either side of Equation 5.157 can be carried out numerically or
analytically if possible. If we use the point matching method by selecting the weighting
function as delta function, then

wm(z) = 6(2’ - Zm)

Since the integral of any function multiplied by §(z — z,,) gives the value of the function

at z = z,, Equation 5.157 becomes

N /2
ZL, f 1 (2)K(zp, 2')d2' = D(z,1), (5.158)
n=l

where m =1, 2, ..., N+ 1. Also, if we choose pulse function as the basis or expansion

function,
1, z,—Az/2<z<z,+Az/2

(2)= {O, elsewhere,

and Equation 5.158 yields
N zn+Az/2
Zln f K(zw,z')dz' = D(z,,) (5.159)

n=1 zZn—Az/2

Substitution of Equation 5.152 into Equation 5.159 gives

(5.160)

N zn+Az/2 kR .
S ] e
47R,, o

n=1 zn—Az/2

Acoskz,,1+%sink|zm|

where m=1,2,..., N+ 1 and R, = [a® + (z,, — 2')?]V2. Thus, we have a set of N + 1
simultaneous equations, which can be cast in matrix form as

Fn  Lcos(kz)
n

Ex  Lcos(kz) ||I,
77 :

Fyiia Fyiip Fyin lCOS(kZNH)
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—J v, sink|z
2n ! 2

—LVT sink |Zz|

—| 29 (5.161a)

]

—-Vrsink |zy.4]
2n

or
[FIIX] = [Q] (5.161b)
where
zn+Az/2 e*/‘kRm
Fun = dz’' (5.162)
47R,,
zZn—0z/2

The N + 1 unknowns are determined by solving Equation 5.161 in the usual manner.
To evaluate F,,, analytically rather than numerically, let the integrand in Equation 5.162
be separated into its real (RE) and imaginary (IM) parts,

e kR
=RE+jIM
_ co;kRm i sir;{ kR, (5.163)

IM as a function of z’ is a smooth curve so that

zZn+Az/2 zn+Az/2

Sin k[az + (Zm - Zl)Z]l/Z
f IM(Z/)dZ, =— f [az + (Zm _ Z/)Z]l/z dz'

zZn—0z/2 zy—Az/2
o Az sink[a® 4 (2, — 2z, )*]"?
B [{12 + (Zm —Zy )2]]/2

(5.164)

The approximation is accurate as long as Az < 0.05\. On the other hand, RE changes
rapidly as z’ — z,, due to R,,. Hence,

zZn+Az/2 zZn+Az/2

cosk[a® + (z,, — z')*T"*
R B e et

zn—Az/2 zn—Az/2
zp+Az/2 d ,
z
~ cosk[a* + (z, — z,)* 1> —
( m Vl) [uz +(Zm 72’)2]1/2
zn—0z/2
= cosk[a® + (z,, — z,)*]">

Z +A2/2 -z, +[a% + (2 — 24 + Az/2)*]?

1
n Zn —DN2/2— 7z, +[a% + (20 — 20 — AZ/2)*]/?

(5.165)
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FIGURE 5.20
Current distribution of straight center-fed dipole.

Thus,

Ep ™ L cos Kla* + (zw—2,)"1"
47

Zw +Az/2 —z, +[a° + (2 — 2, + Dz/2)*]72
Zy— AZ/2— 2, + [0 + (2 — 20 — Az/2)°]2
_ jAzsink{a® + (2, —z,)*]"?

47T [ﬂz + (Zm —Zy )2 ]1/2

xIn

(5.166)

A typical example of the current distribution obtained for £ = A, a = 0.01\ is shown
in Figure 5.20, where the sinusoidal distribution commonly assumed for wire antennas
is also shown for comparison. Notice the remarkable difference between the two near
the dipole center.

EXAMPLE 5.11

Consider a perfectly conducting scatterer or antenna of a cylindrical nature shown in
Figure 5.21. Determine the axial current I(z) on the structure by solving the electric field
integral equation (EFIE)

n d? 2 f / N 37 i
H ?—Fk I(Z )G(Z,Z )dZ = EZ(Z) (5167)
T\ az

—h

where
2T
1 o R
G(z,z' =—f do’,
(z,2) o R o

0

’ 1/2
R=|(z—2)* + 44* sinz(g] ,

n= B and k:zl
€ A
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[
]
AN
<y

FIGURE 5.21
Cylindrical scatterer or antenna.

Solution

If the radius 4 < A (the wavelength) and a < 2 I (the length of the wire), the structure
can be regarded as a “thin-wire” antenna or scatterer. As a scatterer, we may consider a
plane wave excitation

Ei(z) = E, sinfe/ " (5.168a)

where 0 is the angle of incidence. As an antenna, we may assume a delta-gap generator

EL=V6(z—z,) (5.168b)

where V is the generator voltage and z = z, is the location of the generator.
In order to apply the MoM to the given IE (5.167), we expand the currents in terms of
pulse basis function as

N
I(z) = Zlnu”(z) (5.169)

where

1, zy1p<z<zZuan

u,,(z) = {

0, elsewhere
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Substituting Equation 5.169 into Equation 5.167 and weighting the result with triangular

functions
Z7Zm1 2 L <z<z
A 7 m—1 m
w,(2) = 7%’ 21 <2< 2o (5.170)
0, elsewhere,
where A =2 h/N, leads to
N
sznln :Vm, m:1,2,...,N (5171)

n=1
Figure 5.22 illustrates u,(z) and w,,(z). Equation 5.171 can be cast in matrix form as
[Z][1] = [V] (5.172)

where [I] can be solved using any standard method. For the impedance matrix [Z], the
elements are given by

in 2|1 kA2 1
Zmn = ]7777 *Gm— n 1- Gm n + *Gm n 5173
drk A2 7"V S I G179
1y(2)
1
z,— A2 Zy z,+ A2
(a)
1t w,(2)
Zy1 Zm Zinel
A A
(b)

FIGURE 5.22
For Example 5.10: (a) Pulse basis function, (b) triangular weighting function.
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where
zn+4/2
Gm/n = f G(Zmlzl) dZI (5174)
zZn—A/2

To obtain Equation 5.173, we have used the approximation

f W, (2) f(2)dz = Af (2,,)

Zm—1
For the plane wave excitation, the elements of the forcing vector [V] are

Vm _ AE()eij'" cosf (5175&)

For delta-gap generator,
Viu=V5§ (5.175b)

where g is the index of the feed zone pulse.

Solving Equation 5.172 requires that we incorporate a method to perform numerically
the integration in Equation 5.174. The kernel G(z, z’) exhibits a logarithmic singularity
as |z —z/| — 0, and therefore care must be exercised. To circumvent the difficulty,

we let
27 .
, 1 e*]kR , , ,
Claz) = [ 80/ =Gz, )+ Gilz,2) (5176)
0
where
2w ,
G(,(z,z’)zzifd% (5.177)
T
0
and
1 e _1
Gi(z,z) = o R do’ (5.178)
0
We note that
(z=2) | o
GU(Z/ZI) 2a ’ 7iln |Z z |
wa 8a

and hence we replace G,(z, z’) by

_ _
GD(Z’Z,)+ilnu ,llnu (5.179)
™a 8a a 8a
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The term G,(z, Z’) is nonsingular, while the singularity of G,(z, z’) can be avoided by
using Equation 5.179. Thus, the double integral involved in evaluating Z,,, is easily done
numerically. It is interesting to note that Z,,, would remain the same if we had chosen
the triangular basis function and pulse weighting function [46].

5.8 Applications IV: EM Absorption in the Human Body

The interest in hyperthermia (or electromagnetic heating of deep-seated tumors) and in the
assessment of possible health hazards due to EM radiation have prompted the development
of analytical and numerical techniques for evaluating EM power deposition in the interior
of the human body or a biological system [47]. The overall need is to provide a scientific basis
for the establishment of an EM radiation safety standard. Since human experimentation is
not possible, irradiation experiments must be performed on animals. Theoretical models
are required to interpret and confirm the experiment, develop an extrapolation process,
and thereby develop a radiation safety standard for humans [48].

The mathematical complexity of the problem has led researchers to investigate simple
models of tissue structures such as plane slab, dielectric cylinder homogeneous and layered
spheres, and prolate spheroid. A review of these earlier efforts is given in References 49,50.
Although spherical models are still being used to study the power deposition characteristics
of the head of humans and animals, realistic block model composed of cubical cells is being
used to simulate the whole body.

The key issue in this bioelectromagnetic effort is how much EM energy is absorbed by a
biological body and where is it deposited. This is usually quantified in terms of the specific
absorption rate (SAR), which is the mass normalized rate of energy absorbed by the body.
At a specific location, SAR may be defined by

SAR = Z |EP (5.180)
P

where o = tissue conductivity, p = tissue mass density, E = rms value of the internal field
strength. Thus, the localized SAR is directly related to the internal electric field and the
major effort involves the determination of the electric field distribution within the biological
body. The MoM has been extensively utilized to calculate localized SARs in block model
representation of humans and animals.

As mentioned in Section 5.1, an application of MoM to EM problems usually involves
four steps:

¢ Deriving the appropriate IE,
¢ Transforming the IE into a matrix equation (discretization),
¢ Evaluating the matrix elements, and

* Solving the resulting set of simultaneous equations.

We will apply these steps for calculating the electric field induced in an arbitrary human
body or a biological system illuminated by an incident EM wave.
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5.8.1 Derivation of IEs

In general, the induced electric field inside a biological body was found to be quite
complicated even for the simple case of assuming the plane wave as the incident field. The
complexity is due to the irregularity of the body geometry, and the fact that the body is
finitely conducting. To handle the complexity, the so-called tensor integral-equation (TIE)
was developed by Livesay and Chen [51]. Only the essential steps will be provided here;
the interested reader is referred to References 51-53.

Consider a biological body of an arbitrary shape, with constitutive parameters ¢, y, o
illuminated by an incident (or impressed) plane EM wave as shown in Figure 5.23. The
induced current in the body gives rise to a scattered field E, which may be accounted
for by replacing the body with an equivalent free-space current density J,, given by

Jeg(r) = (o(r) + jw[e(r) — & ])E(r) = 7(r)E(r) (5.181)

where a time factor e/! is assumed. The first term in Equation 5.181 is the conduction current
density, while the second term is the polarization current density. With the equivalent
current density J,,, we can obtain the scattered fields E* and H* by solving Maxwell’s
equations
VXE =—J, — jwH’ (5.182a)
VxH* = juE’ (5.182b)

where E¢, H*, and J,, are all in phasor (complex) form. Elimination of E* or H* in Equation
5.182 leads to

VXVXE —k2E = —jwito)., (5.183a)

VxVxH —kH =Vx], (5.183b)

Ei

H'

Biological
body

FIGURE 5.23
A biological body illuminated by a plane EM wave.
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where k? = w?/1,6,. The solutions to Equations 5.183a and 5.183b are
H q

E = —jw[l+ k—ivv 1A (5.184a)
H = LyxA (5.184b)
o

where

A= [ Gt (5.185)
and
- ku(l‘—r,)

G(r, 1) = e (5.186)

isthe free-space scalar Green’s function. By the operator VV, wemeanthat VV - A = V(V - A).
It is evident from Equations 5.184 through 5.186 that E* and H* depend on J,,.. Suppose J., is
an infinitesimal, elementary source at 1’ pointed in the x direction so that

Jog = 6(r—1')a,, (5.187)

the corresponding vector potential is obtained from Equation 5.185 as

A= /U/OGO (I', r/)ax (5188)

If G, (x, ') is the electric field produced by the elementary source, then G, (r, t') must satisfy

VXV XG(r,1') = k2G (1, 1) = —jwpd(x, ') (5.189)
with solution
Gu(r,r')= —jw,uo[1+k12VV -]Go(r,r’) (5.190)

G,.(r, 1) is referred to as a free-space vector Green’s function with a source pointed in
the x direction. We could also have G,,(r, ') and G,.(r, t') corresponding to infinitesimal,
elementary sources pointed in the ¥ and z direction, respectively. We now introduce a
dyadic function* which can store the three vector Green functions G,,(t, t'), G,,(r, '), and
G_,(r, 1), that is,

G,(r,1") = Gu(r,1)a, + Gy (r,r)a, + G,.(r,r)a, (5.191)

* A dyad is a group of two or a pair of quantities. A dyadic function, denoted by D, is formed by two functions,
that is, D = AB. See Tai [53] or Balanis [28] for an exposition on dyadic functions.
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This is called free-space dyadic Green’s function [53]. It is a solution to the dyadic
differential equation

VxVxG,(r,1')—k3G,(r,r') = I5(r —1') (5.192)
where I denotes the unit dyad (or idem factor) defined by
I=aa,+ a,a, +a.a, (5.193)

The physical meaning of G,(x, ') is rather obvious. G(r, t’) is the electric field at a field
point r due to an infinitesimal source at r’.
From Equations 5.184a and 5.192, the solution of E is

E*(r) = —jwp, f G,(r, 1) Joy () dv (5.194)

Since G,(r, r’) has a singularity of the order |r — r’|3, the integral in Equation 5.194
diverges if the field point r is inside the volume v of the body (or source region).
This difficulty is overcome by excluding a small volume surrounding the field point
first and then letting the small volume approach zero. The process entails defining
the principal value (PV) and adding a correction term needed to yield the correct
solution. Thus,

ES (r) = PVf Jeq (I‘) ! G (I', l'/) dv/ + [Es(r)]correction (5195)

The correction term has been evaluated [51,52] to be —J,,/j3we, so that

~Jo(®

J3we,

Es(r):PVf]ﬂ,(r)~G(r,r’)dv' (5.196)

The total electric field inside the body is the sum of the incident field E' and scattered
field Es, that is,

E(r) = E'(r)+ E(r) (5.197)
Combining Equations 5.181, 5.196, and 5.197 gives the desired tensor IE for E(r):

1470
3jwe,

E(r)—PVfT(r/)E(r)-G(r,r’)dv’:Ei(r) (5.198)

In Equation 5.198, 7(r) = o(r) + jw[e(r) — ¢,] and the incident electric field E’ are known
quantities; the total electric field E inside the body is unknown and is to be determined
by MoM.
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5.8.2 Transformation to Matrix Equation (Discretization)
The inner product E(r) - G(r, r') in Equation 5.198 may be represented as
GX,‘((r/ r/) ny(r/ r/) GXZ(r/ r/) Ex(r/)
E(r)-G(r,1') =|G,(r,t)G,,(r,)G.(r,1')||E,(r)) (5.199)
G..(r,1') G, (r,r')G..(x, 1) || E.(¥)

showing that G(r, r’) is a symmetric dyad. If we let
X1=X, X=V, X3=2,
then qu (r, r') can be written as

2
5 1 0

pa 2 ox,0x, Go(r,1'), p,g=1,2,3 (5.200)

prxq (r/ I'/) = *jW,LLD

We now apply MoM to transform Equation 5.198 into a matrix equation. We partition the
body into N subvolumes or cells, each denoted by v,, (n =1, 2, ..., N), and assume that E(r)
and 7(r) are constant within each cell. If r,, is the center of the mth cell, requiring that each
scalar component of Equation 5.198 be satisfied at r,, this leads to

L+ T(r) B, (1) Z Z (r,)PV f Gupe, (6, 1) d0' E,, (1) =L (5,)  (5.200)
q=1 = om
If we let [G,,,,] be an N x N matrix with elements
mm d T(I')
G’CVX[] = T(r” )PV GXp\’q (rl‘ﬂlr ) I/ - mm 1+ 3]w€ (5.202)

Vn

where m, n=1,2,..,N,p,g=1,2,3, and let [Exp] and [Eip] be column matrices with
elements

E,, (1) E;p (1)
E,=| ¢ |, E,=| : | (5.203)
E,, (tv) Eip ()

then from Equations 5.198 and 5.201, we obtain 3N simultaneous equations for E,, E, and
E. at the centers of N cells by the point matching technique. These simultaneous equations
can be written in matrix form as

Gl  [Gyl  [Ge] |[[E.] [E:]

[ny] [ny] [Gyz] [Ey] = [E{/] (5204&)

[sz] [Gzy ] [GZZ] [EZ] [Eé]
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or simply
[GI[E] = —[E1] (5.204b)

where [G] is 3N x 3N matrix and [E] and [E] are 3N column matrices.

5.8.3 Evaluation of Matrix Elements

Although the matrix [E] in Equation 5.204 is known, while the matrix [E] is to be
determined, the elements of the matrix [G], defined in Equation 5.202, are yet to be
calculated. For the off-diagonal elements of [G,,,, ], 1, is not in the nth cell (r,, is not in v,)
so that G, ., (r,,,1') is continuous in v, and the principal value operation can be dropped.
Equation 5.202 becomes

G, = T(r,,)fopxq (t,,tNdv', m=n (5.205)

As a first approximation,

GZ::JT([, - T(rn )Gx,,xq (l'm,l'/)AUn, m=n (5206)

where Av, is the volume of cell v,. Incorporating Equations 5.190 and 5.200 into Equation
5.206 yields

— jwpk,Av, (8, ) exp(—jctum)
dral,

X [(@h = 1= jotnn) 6y +cOS O OO (B = 0y + Bjouns)], m=n  (5207)

mn
G:cpxq =

where

Ay = koRmnl Rmn = |rm - rnl ’
m n m

Xp =% Xg —Xg
Ry Ry

r, =(x", %2, x3"), r,=(x1,x3,X3)

n

costhy,’ = , costy = ,

The approximation in Equation 5.207 yields adequate results provided N is large. If
greater accuracy is desired, the integral in Equation 5.205 must be evaluated numerically.
For the diagonal terms (m = n), Equation 5.202 becomes

7(r)

1+
3jwe,

Gy, = 7(t,)PV f Gy, (t,,1')d0" =6, (5.208)

Un

To evaluate this integral, we approximate cell v, by an equivolumic sphere of radius a,
centered at r, that is,

Av= é7ra,,
3
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or

1/3
0 — [34Av] (5.20)
vy

After a lengthy calculation, we obtain [51]

nn _2]("}/1'07-(7’11)
Gx,,xq = 6?'1 T a2

3k2 (eXP[_jkoﬂn )(1 + jkoan) - 1] -

, m=n (5.210)

)
- 3jwe,

In case the shape of cell v, differs considerably from that of a sphere, the approximation
in Equation 5.210 may yield poor results. To have a greater accuracy, a small cube, cylinder,
or sphere is created around r, to evaluate the correction term, and the integration through
the remainder of v, is performed numerically.

5.8.4 Solution of the Matrix Equation

Once the elements of matrix [G] are evaluated, we are ready to solve Equation 5.204, namely,
[GI[E] = —[E1] (5.204)

With the known incident electric field represented by [Ef], the total induced electric field
represented by [E] can be obtained from Equation 5.204 by inverting [G] or by employing
a Gauss—Jordan elimination method. If matrix inversion is used, the total induced electric
field inside the biological body is obtained from

[E] = —[G]'[E] (5.211)

Guru and Chen [54] have developed computer programs that yield accurate results on
the induced electric field and the absorption power density in various biological bodies
irradiated by various EM waves. The validity and accuracy of their numerical results were
verified by experiments.

In the following examples, we illustrate the accuracy of the numerical procedure with
one simple elementary shape and one advanced shape of biological bodies. The examples
are taken from the works of Chen and others [52,55-57].

EXAMPLE 5.12

Determine the distribution of the energy absorption rate or EM heating induced by plane
EM waves of 918 MHz in spherical models of animal brain having radius 3 cm. Assume
the E' field expressed as

E' = E,e ™*a, = a,E,(cosk,z — jsink,z)V/m (5.212)

where k, = 2n/A = 27 f/c, E, = /2n,F;, P; is the incident power in mW/cm? and n, = 377 Q
is the intrinsic impedance of free space. Take P, = 1 mW/cm? (E, = 86.83 V/m), ¢, = 35,
oc=0.7s/m.
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E‘I jk
1/8 sphere

HJ‘

-z

(a)

1/8 “cubic sphere”

FIGURE 5.24
For Example 5.12: (a) One eighth of a sphere, (b) a “cubic sphere” constructed from 73 cubic cells.

Solution

In order to apply MoM, we first approximate the spherical model by a “cubic sphere.”
Figure 5.24 portrays an example in which one eighth of a sphere is approximated by
40 or 73 cubic cells. The center of each cell, for the case of 40 cells, is determined from
Figure 5.25. E' at the center of each cell can be calculated using Equation 5.212. With the
computed E’and the elements of the matrix [G,,,,] calculated using Equations 5.207 and

z4 zh
L. Y= 0.375 cm y=1125cm
3 cm 2(9]™ .2_1
3 [10015[, 22[27}-,
4 [11/16[19, 23[28/31
0.75 cm¢ 512017]200 = 24/29(321 x
6 [13)18].7 251300
7 [14].- 261"
B%
zh zh
'ﬁ y=1875cm y=2.625cm
3437, 39]
35[38] x 140] x
36

FIGURE 5.25
Geometry and dimensions of one half of the spherical model of the brain constructed from 40 cells. The cell
numbering is used in the program of Figure 5.26.
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5.210, the induced electric field E in each cell is computed from Equation 5.211. Once E is
obtained, the absorption rate of the EM energy is determined using

P= % E? (5.213)

The average heating is obtained by averaging P in the brain. The curve showing
relative heating as a function of location is obtained by normalizing the distribution of
P with respect to the maximum value of P at a certain location in the brain.

The computer program for the computation is shown in Figure 5.26. It is a modified version
of the one developed by Jongakiem [57]. The numerical results are shown in Figure 5.27a,
where relative heating along the x-, y-, and z-axis in the brain is plotted. The three curves
identified by X, Y, and Z correspond with the distributions of the relative heating along x-,
y-, and z-axis, respectively. Observe the strong standing wave patterns with peak heating
located somewhere near the center of the brain. The average and maximum heating are
found to be 0.3202 and 0.885 in mW/cm3. The exact solution obtained from Mie theory
(see Section 2.8) is shown in Figure 5.27b. The average and maximum heating from exact
solution are 0.295 and 0.814 mW/cm?, respectively. A comparison of Figure 5.27a and b

con

firms the accuracy of the numerical procedure.

This program determines the power absorption of bilogical bodies.
bodies are assumed to have the permeability of freespace
eo = permittivity of free space

er = relative permittivity of the body

f = frequency in Hz, w in rad/s

sig = conductivity

xd, yd and zd have the x, y z coordiantes of the cells

N is the number of cells

Ei = incident electric field

Rmn = distance between cell m and n.

cxpmn and cxgmn = cos(theta xp mn) and cos(theta xg mn)
We compute the 9 block matrices separately al-

though one might have a

% function to that and combine them into the G matrix.

% For the diagonal blocks we compute the diagonal elements.
% for the off-diagonal blocks they are zeros.

9P P 9P OP P P P oOF P WP P ®

clear all; close all

R=3e-2; H = R/4; an = H*(0.75/pi)"(1/3);
eo = 8.854e-12; muo = pi*de-7;

f = 918e6; er = 35; sig=0.7;

w = 2%pi*f; ko = w*sqgrt(muo*eo);

N=40; %

%xd = [0.5*H*ones(1,8) 1.5*H*ones(1,6) 2.5*H*ones(1,4) 3.5*H 3.5*H ...
0.5*H*ones(1,6) 1.5*H*ones(1,4) 2.5*H*ones(1,2) ...
0.5*H*ones(1,4) 1.5*H*ones(1,2) ...
0.5*H*ones(1,2)];

yd= [0.5*H*ones(1,20) 1.5*H*ones(1,12) 2.5*H*ones(1,6) 3.5*H*ones(1,2)];

FIGURE 5.26
Computer program for Example 5.12. (Continued)
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zd=[(3.5*H:-H:-3.5*H) (2.5*H:-H:-2.5*H) (1.5*%H:-H:-1.5*H) 0.5*H -
0.5*H ...
(2.5*H:-H:-2.5%H) (1.5*H:-H:-1.5%H) 0.5*H -0.5*H ...
(1.5%H:-H:-1.5*%H) 0.5*H -0.5*H ...
0.5*H -0.5*H];
r=[xd(:) yd(:) zd(:)];

tow=[ (sigtj*w*eo*(er-1))*ones(N,1)];

A=-j*w*muo*ko*H"3/4/pi;
C=-2*j*w*muo/3/ko"2* (exp(-j*ko*an)*(1+j*ko*an)-1)-1/3/3/w/eo;

Ei = [86.83%exp(-j*ko*zd(:));0*exp(-j*ko*zd(:));0*exp(-j*ko*zd(:))]1;
FGxx
for m=1:N
for n=1:N
if m==n
Gxx(m,n) = C*tow(n)-1;
else

Rmn=norm(r(m,:)-r(n,:));

almn = ko*Rmn;

cxpmn =(r(m,l)-r(n,1l))/Rmn;

cxgmn =(r(m,l)-r(n,1l))/Rmn;
B = (almn"2-1-j*almn)+cxpmn*cxgmn* (3-almn”2+3*j*almn);
Gxx(m,n)= A* tow(n)*exp(-j*almn)/almn”3*B;

end
end
end
%Gyy
for m=1:N
for n=1:N
if m==n
Gyy(m,n) = C*tow(n)-1;
else
Emn=norm(r(m, :)-r(n,:));
almn = ko*Rmn;
cxpmn =(r(m,2)-r(n,2))/Rmn;
cxgmn =(r(m,2)-r(n,2))/Rmn;
B = (almn"2-1-j*almn)+cxpmn*cxgmn* (3-almn”2+3*j*almn);
Gyy(m,n)= A* tow(n)*exp(-j*almn)/almn"3*B;
end
end
end

FIGURE 5.26 (Continued)
Computer program for Example 5.12. (Continued)
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%Gzz

for m=1:

for

end
end

EGxy

for m=1:

for

end
end

$Gxz

for m=1:

for

end
end
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N
n=1:N
if m==

Gzz(m,n) = C*tow(n)-1;
else
Rmn=norm(r(m,:)-r(n,:));
almn = ko*Rmn;
cxpmn =(r(m,3)-r(n,3))/Rmn;
cxgmn =(r(m,3)-r(n,3))/Rmn;

B (almn*2-1-j*almn)+cxpmn*cxgmn* (3-almn”2+3*j*almn) ;
Gzz(m,n)= A* tow(n)*exp(-j*almn)/almn"3*B;
end

N

n=1:N

if m~=n

Rmn=norm(r(m,:)-r(n,:));

almn = ko*Rmn;

cxpmn =(r(m,l)-r(n,1l))/Rmn;

cxgmn =(r(m,2)-r(n,2))/Rmn;
B = cxpmn*cxgmn* (3-almn”2+3*j*almn);
Gxy(m,n)= A* tow(n)*exp(-j*almn)/almn"3*B;

end

N

n=1:N

if m-=n
Rmn=norm(r(m,:)-r(n,:));
almn = ko*Rmn;

cxpmn =(r(m,l)-r(n,1))/Rmn;
cxgmn =(r(m,3)-r(n,3))/Rmn;

B = cxpmn*cxgmn* (3-almn”2+3*j*almn);
Gxz(m,n)= A* tow(n)*exp(-j*almn)/almn"3*B;
end

FIGURE 5.26 (Continued)
Computer program for Example 5.12. (Continued)
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$Gyx
for m=1:N
for n=1:N
if m~=n
Rmn=norm(r(m,:)-r(n,:));
almn = Ko*Rmn;
cxpmn =(r(m,2)-r(n,2))/Rmn;
cxgmn =(r(m,l)-r(n,1l))/Rmn;
B = cxpmn*cxgmn*(3-almn”2+3*j*almn);
Gyx(m,n)= A* tow(n)*exp(-j*almn)/almn”3*B;
end
end
end
$Gyz
for m=1:N
for n=1:N
if m~=n
Rmn=norm(r(m,:)-r(n,:));
almn = ko*Rmn;
cxpmn =(r(m,2)=-r(n,2))/Rmn;
cxgmn =(r(m,3)-r(n,3))/Rmn;
B = cxpmn*cxgmn*(3-almn”2+3*j*almn);
Gyz(m,n)= A* tow(n)*exp(-j*almn)/almn”"3*B;
end
end
end
$Gzx
for m=1:N
for n=1:N
if m~=n
Rmn=norm(r(m,:)-r(n,:));
almn = ko*Rmn;
cxpmn =(r(m,3)-r(n,3))/Rmn;
cxgmn =(r(m,l)-r(n,1))/Rmn;
B = cxpmn*cxgmn*(3-almn”2+3*j*almn);
Gzx(m,n)= A* tow(n)*exp(-j*almn)/almn”3*B;
end
end
end
3Gzy
for m=1:N
for n=1:N

FIGURE 5.26 (Continued)
Computer program for Example 5.12.

345

(Continued)
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if m~=n
Rmn=norm(r(m,:)-r(n,:));
almn = ko*Rmn;

cxpmn =(r(m,3)-r(n,3))/Rmn;
cxgmn =(r(m,2)-r(n,2))/Rmn;

B cxpmn*cxgmn* (3-almn”2+3*j*almn) ;
Gzy(m,n)= A* tow(n)*exp(-j*almn)/almn"3*B;

end
end
end
G = [Gxx Gxy Gxz;Gyx Gyy Gyz;Gzx Gzy Gzz];
E = -G\Ei;

Nx=[4 11 16 19];
Ny=[4 23 34 39];
Nz= 8:-1:1;;

Exaxis = (abs(E(Nx))."2+abs(E(N+Nx))."2+abs(E(2*N+Nx))."2);

Exaxis = [Exaxis(4:-1:1);Exaxis];

Eyaxis = (abs(E(Ny))."2+abs(E(N+Ny)). 2+abs(E(2*N+Ny))."2);
Eyaxis = [Eyaxis(4:-1:1);Eyaxis];

Ezaxis = 2*(abs(E(Nz))."2+abs(E(N+Nz))."2+abs(E(2*N+Nz))."2);

EMAX=max([Exaxis;Eyaxis;Ezaxis]);

Exaxis=Exaxis/EMAX;

Evaxis=Eyaxis/EMAX;

Ezaxis=Ezaxis/EMAX;
pd=(-2.625:.75:2.625);
plot(pd,Exaxis, 'ok');hold on
plot(pd,Eyaxis, 'ok', 'MarkerFaceColor', 'k');
plot(pd,Ezaxis, 'sk');
pdi=(-2.625:5.25/199:2.625);
Exaxisi=interpl(pd,Exaxis,pdi, 'spline');
Eyaxisi=interpl(pd,Eyaxis,pdi, 'spline');
Ezaxisi=interpl(pd,Ezaxis,pdi, 'spline');
plot(pdi,Exaxisi, 'k', 'LineWidth',2);
plot(pdi,Eyaxisi, '-.k', 'LineWidth',2);
plot(pdi,Ezaxisi,':k', 'LineWidth',2);
xlabel('cm', 'FontSize',12)

axis([-3 3 0 1.1]);grid
text(-1.5,.28,'y")
text(-1.5,.45,"'z")
text(-1.5,.92,'x")

FIGURE 5.26 (Continued)
Computer program for Example 5.12.
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(40 Subvisions)

Brain (3 cm radius) Pi=1mW/cm2 E = 86.83 V/m
Freq. = 918 MHz Avg. heating = 0.3202 mW/cm?®
€,=350=075/m  Nnay heating = 0.885 mW/cm?

o
Ll -

l’ E]

1.0

0 1 | 1 I 1 1 | 1 1 |
-3.0 =20 -1.0 0 1.0 2.0 3.0
cm

(a)

(Exact Solution)

Brain (3 cm radius) Pi=1 mwllrch’ .EI: = 86.83 V/m

Freq. = 418 MHz Avg. heating = 0.299 mW /cm?
€,=350=075/m  Nay heating = 0.814 mW/cm?
110 '4 Z“

Relative Heating

T T T T T T
-3.0 -24 -18 -12 -06 0 06 12 18 24 3.0

FIGURE 5.27
Distributions of heating along the x-, y-, and z-axis of a spherical model of an animal brain: (a) MoM solution,
(b) exact solution. (From R. Rukspollmuang and K.M. Chen, Radio Sci., vol. 14, no. 6S, Nov.—Dec. 1979, pp. 51-62.)
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EXAMPLE 5.13

Having validated the accuracy of the tensor-integral-equation (TIE) method, determine
the induced electric field and SAR of EM energy inside a model of typical human body
irradiation (Figure 5.28), by EM wave at 80 MHz with vertical polarization, that is,

E=a,V/m

at normal incidence. Assume the body at 80 MHz is that of a high-water content tissue
with € = 80¢,, u = p,, 0 = 0.84 s/m.

Solution

The body is partitioned into 108 cubic cells of various sizes ranging from 5 to 12 cm?®.
To ensure accurate results, the cell size is kept smaller than a quarter-wavelength
(of the medium). With the coordinates of the center of each cell figured out from
Figure 5.28, the program in Figure 5.26 can be used to find induced electric field
components E,, E,, and E, at the centers of the cells due to an incident electric field
1V/m (maximum value) at normal incidence. The SAR is calculated from (0/2)
(EZ + Ej + E2). Figures 5.29 through 5.31 illustrate E,, E, and E, at the center of each
cell. Observe that E, and E, are much smaller than E, at this frequency due to the
polarization of the incident wave.

As mentioned earlier, the model of the human body shown in Figure 5.28 is due to
Chen and Guru [55]. An improved, more realistic model due to Gandhi et al. [58-60] is
shown in Figure 5.32.

-

vl
o
3

Back layer

Side view

Front layer

FIGURE 5.28
Geometry and dimensions of a model of typical human body of height 1.77 m. (Adapted from J.A. Kong (ed.),
Research Topics in Electromagnetic Theory. New York: John Wiley, 1981, pp. 290-355.)
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1128139 1 22

p--—-- ==
i
i

1172 64 | 25

38

E=IVima,
o =0.84S/m
e=80g,

Front layer

FIGURE 5.29

Induced E, (in mV/m) at the center of each cell due to E. of 1 V/m. (Adapted from J.A. Kong (ed.), Research Topics
in Electromagnetic Theory. New York: John Wiley, 1981, pp. 290-355.)

E (mV/m)
f= 80 MHz
i=1Vima,

o =0.84 S/m
e=80¢g

Front layer

FIGURE 5.30

Induced E, (in mV/m) at the center of each cell due to E. of 1 V/m. (Adapted from J.A. Kong (ed.), Research Topics
in Electromagnetic Theory. New York: John Wiley, 1981, pp. 290-355.)



350 Computational Electromagnetics with MATLAB®

Ey(m\u’,’m)
f=80MHz
E=IVima,
=084 S/m
e=80¢g

Front layer

FIGURE 5.31

Induced E, (in mV/m) at the center of each cell due to E; of 1 V/m. (Adapted from J.A. Kong (ed.), Research Topics
in Electromagnetic Theory. New York: John Wiley, 1981, pp. 290-355.)

= 11

i
88

(a)
FIGURE 5.32

A more realistic block model of the human body: (a) In three dimensions, (b) front and side views. (Adapted from
O.P. Gandhi, Bioelectromagnetics, vol. 3, 1982, pp. 81-90.)
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5.9 Concluding Remarks

The MoM is a powerful numerical method capable of applying weighted residual techniques
to reduce an IE to a matrix equation. The solution of the matrix equation is usually carried
out via inversion, elimination, or iterative techniques. Although MoM is commonly applied
to open problems such as those involving radiation and scattering, it has been successfully
applied to closed problems such as waveguides and cavities.

Needless to say, the issues on MoM covered in this chapter have been carefully
selected. We have only attempted to cover the background and reference material upon
which the reader can easily build. The interested reader is referred to the literature
for more in-depth treatment of each subject. General concepts on MoM are covered in
References 3,61. Clear and elementary discussions on IEs and Green’s functions may be
found in References 10-12,28-30,61,62. For further study on the theory of the MoM, one
should see References 6,9,10,28,40. The error analysis of MoM solutions is provided in
References 63,64.

The number of problems that can be treated by MoM is endless, and the examples given
in this chapter just scratch the surface. The following problems represent typical EM-related
application areas:

¢ Electrostatic problems [31,65-68]

¢ Wire antennas and scatterers [34,37,42,44,69,70]

e Scattering and radiation from bodies of revolution [71,72]

¢ Scattering and radiation from bodies of arbitrary shapes [38,73,74]
¢ Transmission lines [18-20,23,24,75-78]

¢ Aperture problems [79-81]

* Biomagnetic problems [47-52,82-84].

A number of user-oriented computer programs have evolved over the years
to solve electromagnetic IEs by the MoM. These codes can handle radiation and
scattering problems in both the frequency and time domains. Reviews of the codes
may be found in References 38,85. The most popular of these codes is the Numerical
Electromagnetic Code (NEC) developed at the Lawrence Livermore National Laboratory
[7,86]. NEC is a frequency domain antenna modeling FORTRAN code applying the MoM
to IEs for wire and surface structures. Its most notable features are probably that it is
user friendly, includes documentation, and is available; for these reasons, it is being
used in public and private institutions. A compact version of NEC is the mini-numerical
electromagnetic code (MININEC) [87], which is intended to be used in personal
computers.

It is important that we recognize the fact that MoM is limited in application to radiation
and scattering from bodies that are electrically large. The size of the scatterer or radiator
must be of the order X*. This is because the cost of storing, inverting, and computing matrix
elements becomes prohibitively large. At high frequencies, asymptotic techniques such as
the geometrical theory of diffraction (GTD) are usually employed to derive approximate
but accurate solutions [46,88,89]. Some hybrid techniques have been developed to improve
the accuracy of MoM [98-100].



352 Computational Electromagnetics with MATLAB®

PROBLEMS
51 Show that in Example 5.1,

A = (W, (x), L, ()] = %
B = (wa (), 500 = 4o B

5.2 Repeat Example 5.1 for

d’u

o =1+2x?, O<x<1
X

subject to U(0) = 0 = U(1).
5.3 Classify the following IEs and show that they have the stated solutions:
1
5¢ 1 .
a. @(x):?+§fxt<1>(t)dt [solution ®(x) = x],
0

b. ®(x)=cosx —sinx+2 f sin(x —)®(t)dt [solutionP(x)=¢""],
0
1

c. ®(x)=-—coshx+ )\f cosh(x + t)D(t)dt

-1

cosh x

solution d(x)=~————

54 Classify the following IEs:

00

a. u(x):fei"*u()\)dA

—00

b. u(x)=¢e* —/\fG(x,y)u(]/)dy

o
C. u(x):f()\{(_lz)m

Py

d. u(x)=sinx+ 2f cos(x —y)u(y)dy

0



Moment Methods

5.5

5.6

57

5.8

59

5.10

Solve the following Volterra IEs:

X

a. d(x)=5+2 f t(t)dt,

b. d(x)=x+ f (t— x)®(t)dt

Find the IE corresponding to each of the following differential equations:
a y’'=-y y0)=0 yO=1

b. y”+y=cosx, y(0) =0, y(0) =1

Show that Green’s function,

B e—jkr

G=
47y

where r = /x> +1* + z?, satisfies Helmholtz equation
V°G +k°G = —4(r)
Find Green’s function for the scalar one-dimensional Helmholtz equation

du

dx?

+KU=6kx), 0<x<1

subject to a homogenous Dirichlet boundary condition.
Obtain Green'’s function for the Helmholtz equation

d°G(x|x,)

dx?

+k*G(x|x,) =6(x —x,), —L<x<L

subject to Neumann and mixed boundary condition

G(-Ljx,)=0="1¢

dx |x=L

Show that

. o0 . . ,
sin{nwx/a)sm\nnx /a e (2!
G(X,Z;X,,Z/):l§ ( /) ( / ) e]kn(z Z),
a n=1 k"

where k = k* — (n7/a)? is Green’s function for Helmholtz’s equation.

353
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511

512

513

514
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Derive Green'’s function for

Vd=f 0<x y<l

subject to zero boundary conditions.
Find Green’s function satisfying

G +Gyy +2G, =6(x—x)o(y—vy'), 0<x<a, 0<y<b

and
GO, y) =G,y =G(x 0)=G(x b =0

a. Verify by Fourier expansion that Equations 5.79 and 5.80 in Example 5.5 are
equivalent.

b. Show that another form of expressing Equation 5.79 is

o0 Y /
—nginth(b y)sinmwymﬂxmwx’ y<y

v N m=1 a a a a
Geryix' ) ={ " - ,
—nginhmﬂy Sinm7r( —Y) mmwx mmwx sy

™ a a a a

m=1

The two-dimensional delta function expressed in cylindrical coordinates reads
1
8p—p')= ;5(p—p')5(¢ —¢')
Obtain Green'’s function for the potential problem

vzc:%ap—p’)éw—w)

with the region defined in Figure 5.33. Assume homogeneous Dirichlet boundary
conditions.

wl=

FIGURE 5.33
For Problem 5.14.
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515 Consider the transmission line with cross section as shown in Figure 5.34. In a
TEM wave approximation, the potential distribution satisfies Poisson’s equation

vV =-_"
€

subject to the following continuity and boundary conditions:
0 0
—V(x,hh—0)=—V(x,h +0
oy = 0) =2 V(x, 1 +0)
0 0
—V(x,ln+h,—0)=——-V(x,h +h, +0)
Ox O0x

o v, m—0)= 6 Vix, I +0)
oy oy

EZQV(x,hl +h2 —O) = 631‘/(3(,]’11 +h2 +O)—ps(x,h1 +h2)
Oy Oy

V(©O,y)=V(a,y)=V(x,0)=V(x,b)=0

Using series expansion method, evaluate Green’s function at y = h; + h,, that is,
G(x, y; x', by + hy).

516 Show that the free-space Green’s function for L = V? 4 k? in two-dimensional
space is — 4 H" (kp).

517 The spherical Green’s function h{”(|r —1|) can be expanded in terms of spherical
Bessel functions and Legendre polynomials. Show that

i(Zn +Dhi(r) ju(r)Pi(cosa), 1 <r’

WP v ={
Z(Zn FD)I2() ju(F)Py(cosa), <t
n=0
y k
b
hy
w €
I
h'}, €2
hl\ E’rl -
0 a x

FIGURE 5.34
For Problem 5.15.
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where cos o = cos 0 cos 0 + sin 0 sin §’ cos (¢p — ¢'). From this, derive the plane
wave expansion

e =5 () @+ (kP (cosa)

n=0
5.18 Given the kernel
K( )_ (1_x)yr O§y§x§1

Y a-px, 0<x<y<i
Show that

K(x,y) = 22 sin n7rx sin mry

n=1

and that

OO
=
7”12
n=1

519 Derive the closed-form solution for Poisson’s equation
V2V =g

in the quarter-plane shown in Figure 5.35 with

ov

V=f(x), y=0, C,T—h(y) x=0
YA
Y
s
“
/
%
s
7
7

777777777 77777 7%

FIGURE 5.35
For Problem 5.19.
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520 Consider the cross section of a microstrip transmission line shown in Figure
5.36. Let G;; p; be the potential at the field point i on the center conductor due to
the charge on subsection j. (It is assumed that the charge is concentrated in the
filament along the center of the subsection.) G; is Green’s function for this problem
and is given by

= 2 _9)2 2 92
S o RN LR RN ST
4e, Aj+(4n—4) Ajj +(4n)

n=1

where

A . . e —1
Ai‘zi 2 _1 _2 —]_ —1 , k: r ,
j H| (i-1)-2(-1) | e +1

A = W/N, and N is the number of equal subsections into which the center conductor

is divided. By setting the potential equal to unity on the center conductor, one can
find

o0

C=Y p (F/m)

=1
and

g1
cJC,C

where ¢ =3 x 108 m/s and C, is the capacitance per unit length for an air-filled
transmission line (i.e, set k = 1in G,). Find Z, for N = 30 and

a. =60, W=4cm, H=4cm
b. =160, W=8cwm, H=4cm.

Center conductor
V=
Dielectric L/
\ N N T
AN NN NN NN NN NN NN N N N,
B NN
B N EEEAVEVENEE
N A
I A I B A B B B A B I B N N D A B I N I A I S A AN
N N N N N N N N N N N N U N N N N N N N N,
AN N NN NN AN AN AN N NN, Y
S N N N N e N N N e N 8
NN A NN NN NN N N
Ground plane V=0

FIGURE 5.36
For Problem 5.20.
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5.21 Consider the three-charge model shown in Figure 5.37. The radius of each charged
sphere is 2 and the separation distances are equal; thatis, 4, = d, = d. The potential
system results in

1 1 1
Wl a4 2,
NS E R
dre, | d a d
-V 1 01 1]
20 d a

Let V=1,4a/d =1/10. Use MATLAB to compute Q,, Q,, and Q; in terms of 4me,d.

5.22 Consider the sheet model for representing the p-n junction as shown in Figure
5.38. In matrix form,

V(-2d) 0 1 2 3 2]
V(-d) /2 0 1 2 3/2|o
V(0) :%j 1 1 0 1 1o
V(+d) 32 2 1 0 1/2|0a
V(+2d) 2 3 2 1 0 |os

Let V(—2d) = -2, V(—d) = —1.5, V(0) = 0, V(+d) = 1.5, V(4-2d) = 2. Using MATLAB,
obtain the charges oy, 0,, 03, 0, and 3.

— 4 b
& &

Q Q, Q

FIGURE 5.37
For Problem 5.21.

FIGURE 5.38
For Problem 5.22.
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5.23 A rectangular section of microstrip transmission line of length L, width W, and
height H above the ground plane is shown in Figure 5.39. The section is subdivided
into N subsections. A typical subsection AS; of sides Ax; and Ay, is assumed to
bear a uniform surface charge density p;. The potential V;at AS; due to a uniform
charge density p;on AS(j=1,2, ..., N)is

Vi= iGijpj
=)

where
0 n=1¢_qyn+1
G =S K DT
— 2me, (€6, +1)
(x;—x)In (Y — )+ — %% + (v, — yi)? +(2n—2)°H?
j i

(y]-—S—Ay,-—y,-)—k\/(xj—x,-)z—s—(y]-—s—Ay,-—y,-)z—s—(Zn—Z)sz
+(x; +Ax; —x;)
1+ Ay, Yi) 0+ A% — )7+ (y; + Ay, — yi)? +(2n— 2 H?

() = ¥+ + A =30+ (y — o + (20— 2P H
(=) + (3~ 3 + (v, ) + @n -2 H?
(xj+ij—x,-)+\/(xj—i—ij—xi)z+(yj—%)2+(2n—2)2H2

+(y; +Ay;—vi)
(x]—i—Ax] x)—i—\/x]—&—Ax] ) +(y;+ Ay —y:) +(2n—2)°H?
(= )+ (o — )" + (y; + Ay — i) +(2n =2 H?

+(yj —y)ln

—(2n—2)Htan ! (5 — ) (y; ~ i) _—(2n-2)
@n—2)H(x; —x)* +(y; —y:)* +(2n—2)’H

(x; +Ax; —x)(y; + Ay — vi)
(21— HJ(x; + Ax; — 3 +(y; + Ay — yi)* +(2n —2)*H?
(x; —x:)(y; + Ay; — i)
(21 —2)H\J(x; — )2 +(y; + Ay; — ¥ +(2n— 2 H?

Htan!

+(2n—2)Htan™"

(xj +Ax; —x:)(y; — vi)
(2 —2)HJ(x; + Ax; —x,)* +(y; — i) +(2n— 2 H?

+(2n—2)Htan™

and k = (g, — 1)/(¢, + 1). If the ground plane is assumed to be at zero potential
while the conducting strip at 1 V potential, we can find

N
C= ij
j=1
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Microstrip
section

Ground Dielectric
plane
FIGURE 5.39
For Problem 5.23.
Find C for

a. €,=96, W=L=H=2cm,
b. =96, W=H=2cm, L=1cm.

5.24 For a conducting elliptic cylinder with cross section in Figure 5.40a, write a
program to determine the scattering cross section o(¢;, ¢) due to a plane TM wave.

YA

(a)

}' A
dl
i
do 5 (x, y)
¢ .
x
(b)

FIGURE 5.40
For Problem 5.24.
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Consider ¢ = 0° 10, ..., 180° and cases ¢, = 0°, 30°, and 90°. Plot o(¢,, ¢) against ¢
for each ¢, Take A\=1m,2a = )/2,2b =)\ N =18.
Hint: Due to symmetry, consider only one half of the cross section as in Figure
540b. An ellipse is described by
x2 yZ
PR
With x = r cos ¢, y = r sin ¢, it is readily shown that
a

r= , v=a/b, dl=rdo.
Jeos? ¢ + v sin’ ¢

5.25 Use the program in Figure 5.15 (or develop your own program) to calculate the
scattering pattern for each array of parallel wires shown in Figure 5.41.

5.26 Repeat Problem 5.24 using the techniques of Section 5.6.2. That is, consider the
cylinder in Figure 5.41a as an array of parallel wires.

5.27 Consider the scattering problem of a dielectric cylinder with cross section shown
in Figure 542. It is illuminated by a TM wave. To obtain the field [E] inside the
dielectric cylinder, MoM formulation leads to the matrix equation

[Al[E] = [E]]
where
en + (e — 1) ka,H (ka,), m=n
Ay = 2
LT )
]E(Em *1)kan]1 (kan)Ho (kpmn)/ m=n
Ein — ejk(xm Cos Pi+Ym singi)
Pmn = \/(xm — )+ (Y —ya)*, mn=12,...,N
L [ ]
¢ hd _% ¢
Propagation ‘\“‘/j |’r0pagj,atiun Py Py
axis axis
. [ ]
(a) (b)
L ] L
Propagation
axis 1 l
(c)
FIGURE 5.41

Arrays of parallel wires: (a) cylinder, (b) square, (c) I-beam, for Problem 5.25.
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FIGURE 5.42
For Problem 5.27.

N is the number of cells the cylinder is divided into, ¢, is the average dielectric
constant of cell m, a,, is the radius of the equivalent circular cell which has the
same cross section as cell m. Solve the above matrix equation and obtain E,, n =1,
2, ..., N. Use E,, to obtain the echo width of the dielectric cylinder, that is,

2

W(¢) Z(en 1)E,a,]; (ka, )e/ <o ynsing)

IE’ i

for ¢ =0° 5° 10°, ..., 180° Plot W(¢) versus ¢. For the dielectric cylinder, take
w=p, € =4¢, inner radius is 0.25), outer radius is 0.4}, and A =1 m.

5.28 The IE
—ifl(z’)ln |z—2'|dz' = f(z), —w<z<w
2n
can be cast into matrix equation

[S1UT = [F]

using pulse basis function and delta expansion function (point matching).

a. Show that
S = 21-tmA— Linm—ny Y- gn—mym =12
- 2 4 lm—n—1/2]
F, = f(zn)

wherez, = —w + An — 1/2),n =1,2, ..., N, A = 2w/N. Note that [S] is a Toepliz
matrix having only N distinct elements.
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b. Determine the unknowns {I,} with f(z) =1, N =10, 2w = 1.
c. Repeat part (b) with f (z) =z, N =10, 2w = 1.
5.29 For a dipole antenna [Z] [I] = [V] or

0.9869 — j3324 0.4935+j1753||I;| |0.02505
0.9869 + 3506 2.576 —j1849 - 10.02505

Obtain the current vector.
5.30 Derive Equation 5.141 from Equation 5.135.

5.31 A two-term representation of the current distribution on a thin, center-fed half-
wavelength dipole antenna is given by

Iz)=" B, sin[m(A/él |z|)]

Substituting this into Hallen’s IE gives

A4

ZB fsm

—\/4

ST N4~ |z |)]G(z 2')dz! +] 1coskz

= ]VTsmk |z|

[

where n, =120 =, k, = 2r/X = 2nf/c, and G(z, z’) is given by Equation 5.152.
Taking V; =1V, A=1m, a/A = 7022 x 1073, and match points at z =0, \/8, V4,
determine the constants B;, B,, and C;. Plot the real and imaginary parts of I(z)
against z.

5.32 Using Hallen’s IE, determine the current distribution I(z) on a straight dipole
of length ¢. Plot |I| = |I. +j I;| against z. Assume excitation by a unit voltage,

N =51,Q=21In-—=12.5, and consider cases (a) { = /2, (b) £ = 1.5\,
a

5.33 a. Show that Pocklington’s IE (5.141) can be written as

) jkR
E— ASV ne f I(ZI):S [(14 jkR)2R? — 3%) + Ka*R?]dz’
jma®

b. By changing variables, z/ — z = a tan 6, show that

_E; _ >‘\/.u’/€ fl(e) —jka/cost’

[(jka + cos& )(2 —3cos®#)+k*a* cos6']do’
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5.34

5.35

5.36
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where

6, = —tan! £/2+Z, 6, = tan
a

,16/2%‘2
447;4*.

Using the program in Figure 5.26 (or your own self-developed program), calculate
the electric field inside a thin conducting layer (4 = p, € = 70¢, 0 =1 mho/m)
shown in Figure 5.43. Assume plane wave with electric field perpendicular to the
plane of the layer, that is,

E' = e %72, V/m

where k, = 27 f/c. Consider only one half of the layer. Calculate |E|/|E!| and
neglect E, and E, at the center of the cells since they are very small compared with
E,.Takea=05cm,b=4cm,c =6 cm.

Consider an adult torso with a height 1.7 m and a shape shown in Figure
5.44. If the torso is illuminated by a vertically polarized EM wave of 80 MHz
with an incident electric field of 1 V/m, calculate the absorbed power density
given by

%(E§+E§+E§)

at the center of each cell. Take p = p,, ¢ = 80¢, 0 = 0.84 mhos/m.

Suppose the dielectric cylinder in Problem 5.23 is a biological body modeled
by a cylinder of cross-section 75 x 50 cm?, shown in Figure 545. A TM wave
of frequency f = 300 MHz is normally incident on the body. Compute the fields
inside the body using the MoM formulation of Problem 5.23. In this case, take ¢,
as complex permittivity of cell m, that is,

€ = € — ] (O /we,), m=1,2,..,N=150

To make the body inhomogeneous, take ¢,,, = 8 and o,, = 0.03 for cells 65, 66, 75,
85, and 86; take ¢,,, = 7 and o,, = 0.04 for cells 64, 67, 74, 77, 84, and 87; and take
€., = 5 and o,, = 0.02 for all the other cells. Compute E,.

Z

‘E‘. /
> G z

4B yd /
A AV A4 ///// VA ///
S o7 o o G o s 7 %
« L[IITIATTIT]
P L o
/ ¢

¥

FIGURE 5.43
For Problem 5.34.
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FIGURE 5.44
An adult torso: for Problem 5.35.
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6

Finite Element Method

Prayer without action is hypocrisy and action without prayer is arrogance.

—Unknown

6.1 Introduction

The finite element method (FEM) has its origin in the field of structural analysis.
Although the earlier mathematical treatment of the method was provided by Courant
[1] in 1943, the method was not applied to electromagnetic (EM) problems until 1968.
Since then the method has been employed in diverse areas such as waveguide problems,
electric machines, semiconductor devices, microstrips, and absorption of EM radiation
by biological bodies.

Although the finite difference method (FDM) and the method of moments (MoM)
are conceptually simpler and easier to program than the FEM, FEM is a more powerful
and versatile numerical technique for handling problems involving complex geometries
and inhomogeneous media. The systematic generality of the method makes it possible
to construct general-purpose computer programs for solving a wide range of problems.
Consequently, programs developed for a particular discipline have been applied successfully
to solve problems in a different field with little or no modification. A brief history of the
beginning of FEM is provided in Reference 2.

The finite element analysis of any problem involves basically four steps [3]:

¢ Discretizing the solution region into a finite number of nonoverlap subregions or
elements,

® Deriving governing equations for a typical element,
¢ Assembling of all elements in the solution region, and
* Solving the system of equations obtained.

Discretization of the continuum involves dividing the solution region into sub-
domains, called finite elements. Figure 6.1 shows some typical elements for one-, two-,
and three-dimensional problems. The problem of discretization will be fully treated in
Sections 6.5 and 6.6. The other three steps will be described in detail in the subsequent
sections.
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[ —
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FIGURE 6.1
Typical finite elements: (a) one-dimensional, (b) two-dimensional, (c) three-dimensional.

6.2 Solution of Laplace’s Equation

As an application of FEM to electrostatic problems, let us apply the four steps mentioned
above to solve Laplace’s equation, V2V = 0. For the purpose of illustration, we will strictly
follow the four steps mentioned above.

6.2.1 Finite Element Discretization

To find the potential distribution V(x, y) for the two-dimensional solution region shown in
Figure 6.2a, we divide the region into a number of finite elements as illustrated in Figure
6.2b. In Figure 6.2b, the solution region is subdivided into nine nonoverlapping finite
elements; elements 6, 8, and 9 are four-node quadrilaterals, while other elements are three-
node triangles. In practical situations, however, it is preferred, for ease of computation, to
have elements of the same type throughout the region. That is, in Figure 6.2b, we could have
split each quadrilateral into two triangles so that we would have 12 triangular elements
altogether. The subdivision of the solution region into elements is usually done by hand,
but in situations where a large number of elements is required, automatic schemes to be
discussed in Sections 6.5 and 6.6 are used.

We seek an approximation for the potential V, within an element e and then interrelate
the potential distribution in various elements such that the potential is continuous across
interelement boundaries. The approximate solution for the whole region is

Vi)=Y Velxy), 6.1)
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i Node no.
) ) @Element no.

(b) *
FIGURE 6.2

(@) The solution region; (b) its finite element discretization.

where N is the number of triangular elements into which the solution region is divided. The
most common form of approximation for V, within an element is polynomial approximation,
namely,

Vx, y)=a+bx +cy 6.2)
for a triangular element and
V., y) =a+ bx + cy + dxy 6.3)

for a quadrilateral element. The constants 4, b, ¢, and d are to be determined. The potential
V, in general is nonzero within element e but zero outside e. In view of the fact that
quadrilateral elements do not conform to curved boundary as easily as triangular elements,
we prefer to use triangular elements throughout our analysis in this chapter. Notice that
our assumption of linear variation of potential within the triangular element as in Equation
6.2 is the same as assuming that the electric field is uniform within the element, that is,

E,=-VV,= —(ba, + ca) 6.4)

6.2.2 Element Governing Equations
Consider a typical triangular element shown in Figure 6.3. The potential V,;, V,,, and V,; at
nodes 1, 2, and 3, respectively, are obtained using Equation 6.2, that is,

Ve 1 x Yi||a
‘/ez =11 Xo Y2 b (65)
Veo 1 x; Ys||C



374 Computational Electromagnetics with MATLAB®

FIGURE 6.3
Typical triangular element; local node numbering 1-2-3 must proceed counterclockwise as indicated by the

arrow.

The coefficients 4, b, and c are determined from Equation 6.5 as

-1

a 1 x W Va
bl=|1 x y| |Va 6:6)
c 1 x; Y3 Vs

Substituting this into Equation 6.2 gives

(x2]/3 - x3]/2) (X3]/1 - x1y3) (xll/z - Xzyl) Ve

Vez[lxy]ﬁ (y2—y3) (Y3 =) (1—v2) ||Ver
(x5 —x2) (%1 —x3) (2 —x1) ||Ves
or
Vo= ailx, y)Ve 67)
where
1
o = g[(xzya —X3Y2) + (Y2 —y3)x +(x3 —x2)y], (6.82)
1
ap = g[(xsyl —x1y3) + (Y5 — y1)x + (x1 — x3)yl, (6.8b)
1
a3 = g[(iﬁyz —x2y1) + (Y1 — y2)x + (X2 —x1)yl, (6.8c)

and A is the area of the element ¢, that is,

1 x N
2A=]1 X Y2
1 X3 Y3

= (12 — X2y1) + (X3 — X1Y3) + (23 — X3Y2)
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or
A :%[(xz — ) (Y3 — ) — (¥ — 1) (2 — )] 69)

The value of A is positive if the nodes are numbered counterclockwise (starting from any
node) as shown by the arrow in Figure 6.3. Note that Equation 6.7 gives the potential at any
point (x, y) within the element provided that the potentials at the vertices are known. This is
unlike finite difference analysis, where the potential is known at the grid points only. Also
note that ¢ are linear interpolation functions. They are called the element shape functions
and they have the following properties [4]:

- 1, i=j
ai(xj, yi) = 0, iz (6.10a)
3
> atxy)=1 (6.10b)
i=1
The shape functions «;, o, and «; are illustrated in Figure 6.4.
The functional corresponding to Laplace’s equation, V2V = 0, is given by
1 2 1 2
W, =5 €|E.]| dS:E e|VV,|"dS (6.11)

(Physically, the functional W, is the energy per unit length associated with the
element e.) From Equation 6.7,

3
TV, =) ViVa; 6.12)
i=1

Substituting Equation 6.12 into Equation 6.11 gives

1S
W, 25226‘/@

=1 j=1

fVOéi . VOéj dS]‘/e] (613)

—

FIGURE 6.4
Shape functions o, a,, and o for a triangular element.
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If we define the term in brackets as
Cy) = f Va;-Va;ds, (6.14)
we may write Equation 6.13 in matrix form as
W, = e[V COIIV.] 615

where the superscript ¢ denotes the transpose of the matrix,

Vel
[Vel=|Ver (6.16a)
Ve’o’

and

oy
[C(e)]: Céﬁ) Cg}) ng) (616b)
cy ¢y cy

The matrix [C®] is usually called the element coefficient matrix (or “stiffness matrix” in
structural analysis). The element ij“) of the coefficient matrix may be regarded as the
coupling between nodes i and j; its value is obtained from Equations 6.8 and 6.14. For
example,

Ciez‘) = fVal 'VO[Z ds

= 0y s =) (s = ) (- ) f s
= ﬁ[(yz —Y3) (Y3 — y1) + (x3 — x2) (X1 — x3)] (6.17a)
Similarly,
Cly = ﬁ[(]/z —Y3) (Y1 — Y2) +(x3 —x2) (X2 — x1)], (6.17Db)
CY = ﬁ[(% =y (Y1 —Y2) + (01— x3) (%2 —x1)], (6.17¢)
(e) _ i _ 2 o 2

Ciy = iA [(y2—y3)" + (x5 —x2)7], (6.17d)
CY = ﬁ[(]/s —y1)’ + (- x3)°], 6.17)

. 1
CY = H[(yl — 1)+ (0 —x)’], (6.171)
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Also

i =Cl, C¥=Cy, Cf=cy (618)

6.2.3 Assembling of All Elements

Having considered a typical element, the next step is to assemble all such elements in the
solution region. The energy associated with the assemblage of elements is

N 1 r
W= ;wg = S elVIICIV] 6.19)
where
v,
V,
[Vli=|Vs|, (6.20)
V.

n is the number of nodes, N is the number of elements, and [C] is called the overall or global
coefficient matrix, which is the assemblage of individual element coefficient matrices. Notice
that to obtain Equation 6.19, we have assumed that the whole solution region is homogeneous
so that e is constant. For an inhomogeneous solution region such as shown in Figure 6.5,
for example, the region is discretized such that each finite element is homogeneous. In this
case, Equation 6.11 still holds, but Equation 6.19 does not apply since e(=¢.e,) or simply e,
varies from element to element. To apply Equation 6.19, we may replace e by ¢, and multiply
the integrand in Equation 6.14 by e,.

The process by which individual element coefficient matrices are assembled to obtain
the global coefficient matrix is best illustrated with an example. Consider the finite element
mesh consisting of three finite elements as shown in Figure 6.6. Observe the numberings of
the mesh. The numbering of nodes 1, 2, 3, 4, and 5 is called global numbering. The numbering

VA

Medium 1

NALY

Medium 2

=Y

FIGURE 6.5
Discretization of an inhomogeneous solution region.
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3 @ ZéS @ 2

FIGURE 6.6
Assembly of three elements; i- j-k corresponds to local numbering (1-2-3) of the element in Figure 6.3.

i-j-k is called local numbering, and it corresponds with 1-2-3 of the element in Figure 6.3. For
example, for element 3 in Figure 6.6, the global numbering 3-5-4 corresponds with local
numbering 1-2-3 of the element in Figure 6.3. (Note that the local numbering must be in
counterclockwise sequence starting from any node of the element.) For element 3, we could
choose 4-3-5 instead of 3-5-4 to correspond with 1-2-3 of the element in Figure 6.3. Thus,
the numbering in Figure 6.6 is not unique. But whichever numbering is used, the global
coefficient matrix remains the same. Assuming the particular numbering in Figure 6.6, the
global coefficient matrix is expected to have the form

[C]1=1Ca G Cis Cau Css 6.21)

which is a 5 x 5 matrix since five nodes (7 = 5) are involved. Again, C; is the coupling
between nodes i and j. We obtain C; by using the fact that the potential distribution must
be continuous across interelement boundaries. The contribution to the i, j position in [C]
comes from all elements containing nodes i and j. For example, in Figure 6.6, elements 1
and 2 have global node 1 in common; hence,

Cy=C{4C® (6.22a)
Node 2 belongs to element 1 only; hence,
Cyp =CY (6.22b)
Node 4 belongs to elements 1, 2, and 3; consequently
Cu =CH +CH +CH (6.220)
Nodes 1 and 4 belong simultaneously to elements 1 and 2; hence,
Cuy=Cy=CH+C? (6.22d)
Since there is no coupling (or direct link) between nodes 2 and 3,

Cpy=Cspy=0 (6.22¢)
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Continuing in this manner, we obtain all the terms in the global coefficient matrix by
inspection of Figure 6.6 as

c+c c? Cfy +Cf 0

csy Csy 0 c 0

C(Z) 0 C(l) C(3) C(Z) C(3) C(3) (6.23)
C(l) C(Z) C%) C(Z) C(3) Cglz) C(Z) C(3) C(3)

0 0 cy) cs) C

Note that element coefficient matrices overlap at nodes shared by elements and that there
are 27 terms (nine for each of the three elements) in the global coefficient matrix [C]. Also
note the following properties of the matrix [C]:

1. It is symmetric (C; = C;) just as the element coefficient matrix.

2. Since C;; = 0 if no coupling exists between nodes i and j, it is expected that for a
large number of elements [C] becomes sparse. Matrix [C] is also banded if the nodes
are carefully numbered. It can be shown using Equation 6.17 that

Zcm —0= Zcm

3. It is singular. Although this is not so obvious, it can be shown using the element
coefficient matrix of Equation 6.16b.

6.2.4 Solving the Resulting Equations

Using the concepts developed in Chapter 4, it can be shown that Laplace’s equation is
satisfied when the total energy in the solution region is minimum. Thus, we require that
the partial derivatives of W with respect to each nodal value of the potential be zero, that is,

oW _ow __ow

— == =0
ov, oV, oV,
or
oW
—=0 k=12,...,n .
v, (6.24)

For example, to get OW/0V, = 0 for the finite element mesh of Figure 6.6, we substitute
Equation 6.21 into Equation 6.19 and take the partial derivative of W with respect to V;. We
obtain

0= 27;\/ =2ViCii + VoCip + V3Cis + ViCiy + V5Cis
1

+ VoCo1 + V3Cs1 + ViCyy + V5Cs
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or
O = Vlcn + V2C12 + V3C13 + V4C14 + V5C15 (6.25)
In general, OW/0V, = 0 leads to

0= ZV"C“" (6.26)
i=1

where 7 is the number of nodes in the mesh. By writing Equation 6.26 for all nodes
k=1,2,...,n we obtain a set of simultaneous equations from which the solution of
[VI=[V,, V,, ..., V,] can be found. This can be done in two ways similar to those used in
solving finite difference equations obtained from Laplace’s equation in Section 3.5.

1. Iteration Method: Suppose node 1 in Figure 6.6, for example, is a free node. A free

node is when the potential is unknown, whereas a fixed node is when the potential
is prescribed. From Equation 6.25,

Vi=— ) VCy 6:27)

Vi Z ViC (6.28)

where node k is a free node. Since C;; = 0 if node k is not directly connected to node
i, only nodes that are directly linked to node k contribute to V, in Equation 6.28.
Equation 6.28 can be applied iteratively to all the free nodes. The iteration process
begins by setting the potentials of fixed nodes (where the potentials are prescribed
or known) to their prescribed values and the potentials at the free nodes (where
the potentials are unknown) equal to zero or to the average potential [5]

Vave = %(Vmin + Vmax) (629)

where V., and V,,, are the minimum and maximum values of V at the fixed
nodes. With these initial values, the potentials at the free nodes are calculated
using Equation 6.28. At the end of the first iteration, when the new values have
been calculated for all the free nodes, they become the old values for the second
iteration. The procedure is repeated until the change between subsequent iterations
is negligible enough.

2. Band Matrix Method: If all free nodes are numbered first and the fixed nodes last,
Equation 6.19 can be written such that [4]

Cy  Cp
Cpf CPP

Vi

Yy

W= %e[vf V] 6.30)
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where subscripts f and p, respectively, refer to nodes with free and fixed (or
prescribed) potentials. Since V, is constant (it consists of known, fixed values), we
differentiate only with respect to V; so that applying Equations 6.24 through 6.30

yields
[C4Cp] 1o
VP

or

[C41V1=—IChlIV, ]| (6.31)
This equation can be written as

[AllV] = [B] (6.32a)

or
[VI=I[Al""[B] (6.32b)

where [V] = [V], [A] = [C4], [B] = —[C,][V,]. Since [A] is, in general, nonsingular, the
potential at the free nodes can be found using Equation 6.32. We can solve for [V]
in Equation 6.32a using Gaussian elimination technique. We can also solve for [V]
in Equation 6.32b using matrix inversion if the size of the matrix to be inverted is
not large.

Itis sometimes necessary to impose Neumann condition (9V/0n = () asaboundary
condition or at the line of symmetry when we take advantage of the symmetry of the
problem. Suppose, for concreteness, that a solution region is symmetric along the
y-axis as in Figure 6.7. We impose condition (0V/0x = 0) along the y-axis by making

Vi=V, Vy=V;, V;=V4 (6.33)
¥
1 2 3
L] ’x
‘4 5 6
i? 8 9

FIGURE 6.7
A solution region that is symmetric along the y-axis.
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Notice that as from Equation 6.11 onward, the solution has been restricted to a two-
dimensional problem involving Laplace’s equation, V2V = 0. The basic concepts developed
in this section will be extended to finite element analysis of problems involving Poisson’s
equation (V2V = —p,/¢, V2A = —yJ) or wave equation (V2@ — ~*® = 0) in the next sections.

The following two examples were solved in Reference 3 using the band matrix method;
here they are solved using the iterative method.

EXAMPLE 6.1

Consider the two-element mesh shown in Figure 6.8a. Using the FEM, determine the
potentials within the mesh.

Solution

The element coefficient matrices can be calculated using Equations 6.17 and 6.18.
However, our calculations will be easier if we define

Pr=(y, —va) Py =(y; — ) Py=(y — ), 634)

Q= (x3 — xy), Q= (5 — xy), Qy=(, —x)

With P; and Q; (i =1, 2, 3 are the local node numbers), each term in the element
coefficient matrix is found as

. 1

where A = 1/2(P,Q; — P;Q,). It is evident that Equation 6.35 is more convenient to use
than Equations 6.17 and 6.18. For element 1 consisting of global nodes 1-2-4 corresponding
to the local numbering 1-2-3 as in Figure 6.8b,

Node (x, ¥}
108, 1.8)
2(1.4,1.4)
3(2.1,21)
4(12.27)

FIGURE 6.8
For Example 6.1: (a) Two-element mesh, (b) local and global numbering at the elements.
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P,=-13, P,=09 P, =04,
Q =-02, Q,=-04, Q,=06,

A= %(0.54 +0.16)=0.35

Substituting all of these into Equation 6.35 gives

12357 —-0.7786 —0.4571
[CV]=|-0.7786 0.6929 0.0857 (6.36)
—0.4571 0.0857 0.3714

Similarly, for element 2 consisting of nodes global 2-3-4 corresponding to local
numbering 1-2-3 as in Figure 6.8b,

P,=-06, P, =13 P, =-07,
Q=-09 Q,=02 Q=07

A= %(0.91 +0.14) = 0.525

Hence,

0.5571 —04571 —0.1
[C®]=|-0.4571  0.8238 —0.3667 (6.37)
-0.1 —0.3667  0.4667

The terms of the global coefficient matrix are obtained as follows:

Cyp =CH +C? =0.6929+0.5571 =1.25
Coys =CY) +C% =0.0857 —0.1=—0.0143
Cus =C8) +CQ =0.3714 +0.4667 = 0.8381
Cy =CP =-0.7786

Cp =CP =—-0.4571

Cy =C{) =-04571

Cy =CP =—-0.3667

Note that we follow local numbering for the element coefficient matrix and global
numbering for the global coefficient matrix. Thus,

o 0 i
(]| CFrCi CF G+
0 oo
) CP+Cy  Cf Y +CR
12357 —0.7786 0 —0.4571
—0.7786 125  —04571 —0.0143
1o —04571 08238  —03667 (6.38)
—04571 —0.0143 03667  0.8381

383
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Note that Zle Cij =0= Z?:l ij. This may be used to check if C is properly obtained.
We now apply Equation 6.28 to the free nodes 2 and 4, that is,

1
Vo =——WViCia + V35C5, + ViCy)
Cn

1
V, = ,?(mcl4 + V3Cas + V5Cas)

44

or
1
Vy, = ———(—4.571—0.0143V,
) 1.25( 4) (6.39a)
1
V,=———(—0.143V, — 3.667
f 0.8381( 2 ) (6.39b)

By initially setting V, = 0 = V,, we apply Equations 6.39a and 6.39 iteratively. The
first iteration gives V, = 3.6568, V, = 4.4378 and at the second iteration V, = 3.7075,
V, = 4.4386. Just after two iterations, we obtain the same results as those from the band
matrix method [3]. Thus, the iterative technique is faster and is usually preferred for a
large number of nodes. Once the values of the potentials at the nodes are known, the
potential at any point within the mesh can be determined using Equation 6.7.

EXAMPLE 6.2

Write a MATLAB program to solve Laplace’s equation using the FEM. Apply the program
to the two-dimensional problem shown in Figure 6.9a.

Solution

The solution region is divided into 25 three-node triangular elements with total number
of nodes being 21 as shown in Figure 6.9b. This is a necessary step in order to have
input data defining the geometry of the problem. Based on the discussions in Section
6.2, a general program for solving problems involving Laplace’s equation using three-
node triangular elements is developed as shown in Figure 6.10. The development of the
program basically involves four steps indicated in the program and explained as follows.

Step 1: This involves inputting the necessary data defining the problem. This is the
only step that depends on the geometry of the problem at hand. We input the number
of elements, the number of nodes, the number of fixed nodes, the prescribed values
of the potentials at the free nodes, the x and y coordinates of all nodes, and a list
identifying the nodes belonging to each element in the order of the local numbering
1-2-3. For the problem in Figure 6.9, the three sets of data for coordinates, element-node
relationship, and prescribed potentials at fixed nodes are shown in Tables 6.1 through
6.3, respectively.

Step 2: This step entails finding the element coefficient matrix [C®] for each element
and using the terms to form the global matrix [C].

Step 3: At this stage, we first find the list of free nodes using the given list of prescribed
nodes. We now apply Equation 6.28 iteratively to all the free nodes. The solution converges
at 50 iterations or less since only six nodes are involved in this case. The solution obtained
is exactly the same as those obtained using the band matrix method [3].

Step 4: This involves outputting the result of the computation. The output data for the
problem in Figure 6.9 is presented in Table 6.4. The validity of the result in Table 6.4 is
checked using the FDM. From the finite difference analysis, the potentials at the free
nodes are obtained as.
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FIGURE 6.9
For Example 6.2: (a) Two-dimensional electrostatic problem, (b) solution region divided into 25 triangular
elements.

Vy=1541, V,=2674, V, =56.69,
Vi,=3488, V,=6541, V,,=5872V

Although the result obtained using finite difference is considered more accurate in
this problem, increased accuracy of finite element analysis can be obtained by dividing
the solution region into a greater number of triangular elements, or using higher-order
elements to be discussed in Section 6.8. As alluded to earlier, the FEM has two major
advantages over the FDM. Field quantities are obtained only at discrete positions in the
solution region using FDM; they can be obtained at any point in the solution region in
FEM. Also, it is easier to handle complex geometries using FEM than using FDM.

6.3 Solution of Poisson’s Equation

To solve the two-dimensional Poisson’s equation,

vy =t (6.40)
€
using FEM, we take the same steps as in Section 6.2. Since the steps are essentially the same

as in Section 6.2 except that we must include the source term, only the major differences
will be highlighted here.
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FINITE ELEMENT SOLUTION OF LAPLACE'S EQUATION FOR
TWO-DIMENSIONAL PROBLEMS
TRIANGULAR ELEMENTS ARE USED

THE UNENOWN POTENTIALS ARE OBTAINED USING
ITERATION METHOD

ND = NO. OF NODES

NE = NO. OF ELEMENTS

NP = NO. OF FIXED NODES (WHERE POTENTIAL IS PRESCRIBED)
NDP(I) = NODE NO. OF PRESCRIBED POTENTIAL, I = 1,2,...NP
VAL(I)) = VALUE OF PRESCRIBED POTENTIAL AT NODE NDP(I)
NL(I,J) = LIST OF NODES FOR EACH ELEMENT I, WHERE

LF(I) = LIST OF FREE NODES I = 1,2,...,NF=ND-NP

J=1, 2, 3 IS THE LOCAL NODE NUMBER

CE(I,J) = ELEMENT COEFFICIENT MATRIX

ER(I) = VALUE OF THE RELATIVE PERMITTIVITY FOR ELEMENT I
C(I,J) = GLOBAL COEFFICIENT MATRIX

X(I), ¥(I) = GLOBAL COORDINATES OF NODE I

XL(J), YL(J) = LOCAL COORDINATES OF MODE J = 1,2,3

V(I) = POTENTIAL AT NODE I

MATRICES P(I) AND Q(I) ARE DEFINED IN EQUATION(6.1.1)

Lo G

% R R E R R R R R R S RS R R R R RS A RS SRR SRS R E R RS E RS
% FIRST STEF - INPUT DATA DEFINING GEOMETRY AND

% BOUNDARY CONDITIONS

% de e e e e e o e g ok e ke o o o ol o o e o o e e e e o ol o o o ol o e e e e b e e e i e e o e e o e e
clear;

NI = 50; %! NO. OF ITERATIONS

HNE=25; tNumber of Elements

ND=21;

NP=15;

X=([00.2 0.4 0.6 0.81.000.2 0.4 0.6 0.800.20.40.600.20.400.20];
¥Y=[00O0O0OOOO.20.20.20.20.20.40.40.490.40.60.60.60.80.81.0];

NDP = [1 2 3 456 7 11 12 15 16 18 19 20 21];
VAL = [0 0 000 50 0 100 0 100 0 100 0 100 50);

NL =127 ;28 7;238; 398; 3489; 4109; 45107 511 10; 56 11;...
7 8 12;8 13 12; 8 9 13;9 14 13;9 10 14; 10 15 14; 10 11 15;...
12 13 16; 13 17 16; 13 1

EQO = 1.0E-9/(36.0%pi);
ER = ones(1,NE);
kR kA kA AR ARk ek r e r e e ok e e
SECOND STEP - EVALUATE COEFFICIENT MATRIX FOR EACH
ELEMENT AND ASSEMBLE GLOBALLY
o de ok o e i e ke o ok o o ok ok o ok ok e i o ok ok o o o o ok ok o o o ok ok o o o e ok o ok ok o e e ok ok ok
C = zeros(ND,ND);
for I = 1: NE
L3 FIND LOCAL COORDINATES XL, YL FOR ELEMENT I
XL = X(NL(I,:));
YL = Y(NL(I,:)};

P = [YL(2) - YL(3),YL(3) - YL(1),YL(1l) - YL(2)];
Q = [XL(3) - XL(2),XL(1) - XL(3),XL(2) - XL{1)];
AREA = 0.5%abs( P(2)*Q(3) - Q(2)*PF(3) );

FIGURE 6.10
Computer program for Example 6.2.

4 17; 14 18 17; 14 15 18; 16 17 19; 17 20 19; 17 18 20;

19 20 21);

(Continued)
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% D

% A

R R R

for

end

d

ETERMINE COEFFICIENT MATRIX FOR ELEMENT I
CE = ER(I)*(P'*P+Q'*Q)/(4*AREA);
SSEMBLE GLOBALLY - FIND C(I,J)
J=1:3;
L=1:3;
IR = NL(I,J);
IC = NL(I,L);
C(IR,IC) = C(IR,IC) + CE(J,L);
end

R R S e R Rttt nd
THIRD STEP - SOLVE THE RESULTING SYSTEM
ITERATIVELY

B

DETERMINE LF - LIST OF FREE NODES
LF = setdiff(1:ND, WDP);

V = zeros(1l,ND);

V(NDP) = VAL;

NF = length(LF);

N = 1:NI
for ii = 1:NF
rowC = C(LF(ii),z);
rowC(LF(ii)) = 0;
V(LF{ii))} = -1/(C{LF(ii),LF{ii}))*rowC*V.";
end
figure(l),stem(V),drawnow

disp([{'Node', 'X','Y', 'Potential'};num2ecell([(1:ND)"',X',¥' ,V']1)1);:

FIGURE 6.10 (Continued)

Computer program for Example 6.2.

6.3.1 Deriving Element-Governing Equations

387

After the solution region is divided into triangular elements, we approximate the potential
distribution V,(x, y) and the source term p,, (for two-dimensional problems) over each
triangular element by linear combinations of the local interpolation polynomial ¢, that is,

3
V.= Zveiai(x,y)
i=1

TABLE 6.1

Nodal Coordinates of the Finite Element Mesh in Figure 6.9

Node x y Node y
1 0.0 0.0 12 0.0 0.4
2 0.2 0.0 13 02 0.4
3 0.4 0.0 14 0.4 0.4
4 0.6 0.0 15 0.6 0.4
5 0.8 0.0 16 0.0 0.6
6 1.0 0.0 17 0.2 0.6
7 0.0 0.2 18 0.4 0.6
8 0.2 0.2 19 0.0 0.8
9 0.4 0.2 20 0.2 0.8
10 0.6 0.2 21 0.0 1.0
11 0.8 0.2

(641)
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TABLE 6.2
Element-Node Identification

Local Node No. Local Node No.
Element 1 2 3 Element 1 2 3
1 1 2 7 14 9 10 14
2 2 8 7 15 10 15 14
3 2 3 8 16 10 11 15
4 3 9 8 17 12 13 16
5 3 4 9 18 13 17 16
6 4 10 9 19 13 14 17
7 4 5 10 20 14 18 17
8 5 11 10 21 14 15 18
9 5 6 11 22 16 17 19
10 7 8 12 23 17 20 19
11 8 13 12 24 17 18 20
12 8 9 13 25 19 20 21
13 9 14 13

3
Poe = E peiai(xr y) (642)
i=1

The coefficients V,; and p,;, respectively, represent the values of V and p, at node i of
element e as in Figure 6.3. The values of p,; are known since p, (x, y) is prescribed, while the
values of V,; are to be determined.

From Table 4.1, an energy functional whose associated Euler equation is Equation 6.40 is

FV) =) [Tl ~20..108 (643)
S

F(V,) represents the total energy per length within element e. The first term under the

integral sign, %D ‘E= € [VV,[?, is the energy density in the electrostatic system, while the

TABLE 6.3
Prescribed Potentials at Fixed Nodes
Prescribed Prescribed
Node Potential Node Potential
1 0.0 18 100.0
2 0.0 20 100.0
3 0.0 21 50.0
4 0.0 19 0.0
5 0.0 16 0.0
6 50.0 12 0.0
11 100.0 7 0.0

15 100.0
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TABLE 6.4

Output Data of the Program in Figure 6.10

Node X Y Potential
1 0.00 0.00 0.000
2 0.20 0.00 0.000
3 0.40 0.00 0.000
4 0.60 0.00 0.000
5 0.80 0.00 0.000
6 1.00 0.00 50.000
7 0.00 0.20 0.000
8 0.20 0.20 18.182
9 0.40 0.20 36.364
10 0.60 0.20 59.091
11 0.80 0.20 100.000
12 0.00 0.40 0.000
13 0.20 0.40 36.364
14 0.40 0.40 68.182
15 0.60 0.40 100.000
16 0.00 0.60 0.000
17 0.20 0.60 59.091
18 0.40 0.60 100.000
19 0.00 0.80 0.000
20 0.20 0.80 100.000
21 0.00 1.00 50.00

Number of nodes = 21, number of elements = 25, number

of fixed nodes = 15.

389

second term, p,,V,dS, is the work done in moving the charge p,, dS to its location at potential

V.. Substitution of Equations 6.41 and 6.42 into Equation 6.43 yields

3 3
1
FV) =3 D Vi [Var vaasly,

=1 j=1

3 3
‘Z]ZV

This can be written in matrix form as

where

faia,- dS]pE,-

F(Ve)= %E[Ve]’[C(”][Ve] —[V.IITNlp.]

c§]?> =

fVa,» . Vaj das

(6.44)

(6.45)
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which is already defined in Equation 6.17 and
T = f aia; dS (6.46)

It will be shown in Section 6.8 that

als, iz 6.47)

6 _ {A/12, i=j

where A is the area of the triangular element.

Equation 6.44 can be applied to every element in the solution region. We obtain the
discretized functional for the whole solution region (with N elements and 7 nodes) as the
sum of the functionals for the individual elements, that is, from Equation 6.44,

N
E(V)= ZF(VB) = %G[V]t[C][V] ~[VITIlp] (648)

where t denotes transposition. In Equation 6.48, the column matrix [V] consists of the values
of V,,, while the column matrix [p] contains n values of the source function p, at the nodes.
The functional in Equation 6.48 is now minimized by differentiating with respect to V,,
and setting the result equal to zero.

6.3.2 Solving the Resulting Equations

The resulting equations can be solved by either the iteration method or the band matrix
method as discussed in Section 6.2.4.

Iteration Method: Consider a solution region in Figure 6.6 having five nodes so that n = 5.
From Equation 6.48,

Cll ClZ o C15 ‘/1
C C - Cos|| V5
F:*G[‘/lVZVS] '21 22 :25 :2
CS] C52 ot C55 VS
Thn Ty - Ts|m
Ty T» - T
A4 | u p 2 (6.49)
Ii Tn - Ts5)|ps
We minimize the energy by applying
OF o k=12,..n 6.50)

oVi
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From Equation 6.49, we get OF/0V, = 0, for example, as

OF
EYA =e[ViCi1 +VoCot + -+ VsCoi]l = [Tupr + Toipz +--+ Ts1ps] =0
1

or

e ZVC“ +

Thus, in general, for a mesh with 7 nodes

Zm (6.51)

eCiy

ZTk,pz (6.52)

6kk

where node k is assumed to be a free node.

By fixing the potential at the prescribed nodes and setting the potential at the free nodes
initially equal to zero, we apply Equation 6.52 iteratively to all free nodes until convergence
is reached.

Band Matrix Method: If we choose to solve the problem using the band matrix method, we
let the free nodes be numbered first and the prescribed nodes last. By doing so, Equation
6.48 can be written as

1 CyChl||V T T ||p
FV)=_ ViV, ] 71 vy T P 6.53)
2 Cor Cp | | Vi Tor Top || Py
Minimizing F(V) with respect to V, that is,
OF _
oV
gives
0= E(Cﬁer + Cprp) - (Tﬁpf + Tfppp)
or
1 1
[CrllVil=—CplIVo 1+ Ty llor 1+ [T 1oy ] (6.54)
This can be written as
[A][V] = [B] (6.55)

where [A] = [Cff], [V]= [VJr ], and [B] is the right-hand side of Equation 6.54. Equation 6.55
can be solved to determine [V] either by matrix inversion or Gaussian elimination technique
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discussed in Appendix C. There is little point in giving examples on applying FEM to
Poisson’s problems, especially when it is noted that the difference between Equations 6.28
and 6.52 or Equations 6.54 and 6.31 is slight. See Reference 6 for an example.

6.4 Solution of the Wave Equation

A typical wave equation is the inhomogeneous scalar Helmholtz’s equation
VO + k¢ =g (6.56)

where @ is the field quantity (for waveguide problem, ¢ = H, for TE mode or E, for TM
mode) to be determined, g is the source function, and k = w\/ﬁ is the wave number of
the medium. The following three distinct special cases of Equation 6.56 should be noted:
i. k =0 = g: Laplace’s equation;
ii. k = 0: Poisson’s equation; and

iii. k is an unknown, g = 0: homogeneous, scalar Helmholtz’s equation.

We know from Chapter 4 that the variational solution to the operator equation
Ld=g (6.57)
is obtained by extremizing the functional
(D)=L D) 29 (6.58)

Hence, the solution of Equation 6.56 is equivalent to satisfying the boundary conditions
and minimizing the functional

1(@):% f f [[VOf — k232 + 2Bg]dS 6.59)

If other than the natural boundary conditions (i.e., Dirichlet or homogeneous Neumann
conditions) must be satisfied, appropriate terms must be added to the functional as
discussed in Chapter 4.

We now express potential ® and source function g in terms of the shape functions o; over
a triangular element as

3
.x,y) =) ad. (6.60)
i=1
3
g6, y)=) o (6.6)
i=1

where ®,; and g, are, respectively, the values of ® and g at nodal point i of element e.
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Substituting Equations 6.60 and 6.61 into Equation 6.59 gives

3 3
1
1(®,) = EEZ@“% f Va;- Vo, dS

=1 j=1

) 3 3
Y ffons

=1 j=1
3 3
(6.62)
+Zzlfbg,-ggjffaiajds
=l j=

_Lea v
—2[(1%1 [CN[®.]

—%[(PE][[T(”][@(:] +[@ JTIIG.]

where [®] = [D,, D,,, sl [G] = [0, §orr Qesl', and [C¥] and [T¥] are defined in Equations
6.17 and 6.47, respectively.

Equation 6.62, derived for a single element, can be applied for all N elements in the
solution region. Thus,

(@)= Zl@e) (6.63)
From Equations 6.62 and 6.63, I(?) can be expressed in matrix form as
()= %[@]t[C][@] - % [®]'[T][®]+[®][T]IG] (6.64)
where
[@]=[®1,D,, ..., PN T, (6.65a)
[G]:[glngIN-rgN]tr (665b)

and [C] and [T] are global matrices consisting of local matrices [C¥] and [TV], respectively.
Consider the special case in which the source function g = 0. Again, if free nodes are
numbered first and the prescribed nodes last, we may write Equation 6.64 as

1 CrCh || s
I=o %l e, e
g | Rt
K2 TeT, || D
L o,] Tff Tf" q)f (6.66)
2 P || Fp
Setting 01/0%; equal to zero gives
O 2 Py
[ChCally |~ K TpTs] y |=0 (6.67)
p p
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For TM modes, ¢,=0 and hence

[Cp—K*Ts1ds =0 (6.68)
Premultiplying by Ts' gives
[T5'Cy —KP112; = 0| (6.69)
Letting
A=Ty;'Cs, K*=) X=0; (6.70a)

we obtain the standard eigenproblem
A-A)X=0 (6.70b)

where I is a unit matrix. Any standard procedure [7] may be used to obtain some or all of
the eigenvalues )\, ),, ..., A,; and eigenvectors X;, X,, ..., X,, where 7;is the number of free
nodes. The eigenvalues are always real since C and T are symmetric.

Solution of the algebraic eigenvalue problems in Equation 6.70 furnishes eigenvalues and
eigenvectors, which form good approximations to the eigenvalues and eigenfunctions of
the Helmholtz problem, that is, the cuttoff wavelengths and field distribution patterns of
the various modes possible in a given waveguide.

The solution of the problem presented in this section, as summarized in Equation 6.69,
can be viewed as the finite element solution of homogeneous waveguides. The idea can be
extended to handle inhomogeneous waveguide problems [8-11]. However, in applying FEM
to inhomogeneous problems, a serious difficulty is the appearance of spurious, nonphysical
solutions. Several techniques have been proposed to overcome the difficulty [12-18].

EXAMPLE 6.3

To apply the ideas presented in this section, we use the finite element analysis to determine
the lowest (or dominant) cutoff wavenumber k. of the TM,; mode in waveguides with
square (2 x a) and rectangular (a2 x b) cross sections for which the exact results are
already known as

wherem =n=1.

It may be instructive to try with hand calculation the case of a square waveguide with
two divisions in the x and y directions. In this case, there are nine nodes, eight triangular
elements, and one free node (17, = 1). Equation 6.68 becomes

Cu - kZTH = O
where C;; and T;; are obtained from Equations 6.34, 6.35, and 6.47 as

a? A a?
Ch=—, Thh=—, A=—
11 2A 11 12
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Hence,
K= i _32
2A*  &°
or
ka =5.656

which is about 27% off the exact solution. To improve the accuracy, we must use more
elements.

The computer program in Figure 6.11 applies the ideas in this section to find k. The
main program calls function GRID (to be discussed in Section 6.5) to generate the
necessary input data from a given geometry. If . and n, are the number of divisions
in the x and y directions, the total number of elements 7, = 2n,n,. By simply specifying
the values of 4, b, n,, and m, the program determines k. The results for the square (2 = D)

and rectangular (b = 2a) waveguides are presented in Tables 6.5 and 6.6, respectively.

6.5 Automatic Mesh Generation I: Rectangular Domains

One of the major difficulties encountered in the finite element analysis of continuum
problems is the tedious and time-consuming effort required in data preparation. Efficient
finite element programs must have node and element generating schemes, referred to
collectively as mesh generators. Automatic mesh generation minimizes the input data required
to specify a problem. It not only reduces the time involved in data preparation, it eliminates
human errors introduced when data preparation is performed manually. Combining the
automatic mesh generation program with computer graphics is particularly valuable since
the output can be monitored visually. Since some applications of the FEM to EM problems
involve simple rectangular domains, we consider the generation of simple meshes [6] here;
automatic mesh generator for arbitrary domains will be discussed in Section 6.6.

Consider a rectangular solution region of size a x b as in Figure 6.12. Our goal is to divide
the region into rectangular elements, each of which is later divided into two triangular
elements. Suppose 7, and 7, are the number of divisions in x and y directions, the total
number of elements and nodes are, respectively, given by

n,=2nn,

ng= .+, +1)

6.71)

Thus it is easy to figure out from Figure 6.12 a systematic way of numbering the elements
and nodes. To obtain the global coordinates (x, y) for each node, we need an array containing
Ax,i=1,2,..,n,and Ay, j=1, 2, ..., n, which are the distances between nodes in the x
and y directions, respectively. If the order of node numbering is from left to right along
horizontal rows and from bottom to top along the vertical rows, then the first node is the
origin (0,0). The next node is obtained as x — x + Ax; while y = 0 remains unchanged.
The following node has x — x + Ax,, y = 0, and so on until Ax; are exhausted. We start the
second horizontal row by starting with x = 0, ¥ — v + Ay, and increasing x until Ax; are
exhausted. We repeat the process until the last node (1, + 1)(, + 1) is reached, that is, when
Ax; and Ay, are exhausted simultaneously.
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clear;

dAhkhkhkhkhkhkhkhkhkhhkhhhhkhkhkhkhhkhkhkhkhkhkhhkhkhkhkhdhkhkkhkhkdrkhhkhkrhkrhhhdhkxx*xx
FINITE ELEMENT SOLUTION OF THE WAVE EQUATION
TRIANGULAR ELEMENTS ARE USED

o o o° oP

o

ND = NO. OF NODES
NE = NO. OF ELEMENTS

o

% NL(I,J) = LIST OF NODES FOR EACH ELEMENT I, WHERE
% CE(I,J) = ELEMENT COEFFICIENT MATRIX
% C(I,J) = GLOBAL COEFFICIENT MATRIX

oo

X(I), Y(I) = GLOBAL COORDINATES OF NODE I

XL(J), YL(J) = LOCAL COORDINATES OF NODE J = 1,2,3
MATRICES P(I) AND Q(I) ARE DEFINED IN

LF(I) = LIST OF FREE NODES

ALAM(I) CONTAINS EIGENVALUES

oo o°

o

o

R I b b b bk S S I b b b e I I I I I b e I I I I I

FIRST STEP - INPUT DATA DEFINING GEOMETRY AND
BOUNDARY CONDITIONS (USE FUNCTION GRID)

R I I i b b b b I S I h b b e I I S I I I kb R I I I I i I

o o o

o°

NX = 10;
select = 1; %$select=1 for square, select=2 for rectangular
if select == $For Square Waveguide
NY = 1*NX; AA = 1.0; BB = 1.0;
else %For Rectangular Waveguide
NY = 2.0*NX; AA = 1.0; BB = 2.0;
end
DELTAX = AA/NX;
DELTAY = BB/NY;

DX = ones (1,NX) *DELTAX;
DY = ones (1,NY)*DELTAY;

[NE,ND,NP,NL, X, Y, NDP]=gridmesh (NX,NY, DX, DY) ;
% Plot Mesh - Grab X and Y values of element nodes. Note:
inserting NaN

% keeps the plot function from connecting different elements
together!

mx = reshape ([X([NL,NL(:,1)]),NaN*zeros(NE,1)]"',1,NE*5)
my = reshape([Y([NL,NL(:,1)]),NaN*zeros(NE,1)]"',1,NE*5)

figure(2),plot(X,Y,'o', mx,my,"':"'),xlabel ('x"), ylabel ('y")

Kok ok Kk kK kK Kk kK ok kK Kk ok ok ok kK Kk kK ok ok kK ok ko ok ok ok Xk ko kK ok ok ok K K
SECOND STEP - EVALUATE COEFFICIENT MATRIX FOR EACH
ELEMENT AND ASSEMBLE GLOBALLY

KAk hkhkhkhkhkhdrk Ak hkhkhkhkhkhkhkhkddhkhkhkhkhkhkhkhkhkdrdhkhkhkhkhkhkhkhkhkdh ok, k%%

o o o

o

C = zeros (ND,ND) ;
T = zeros (ND,ND) ;

for I = 1: NE

5 FIND LOCAL COORDINATES XL, YL FOR ELEMENT I

XL = X(NL(I,:));

YL = Y(NL(I,:));

P = [YL(2) - YL(3),YL(3) - YL(1),YL(1l) - YL(2)]1;
Q = [XL(3) - XL(2),XL(1) - XL(3),XL(2) - XL(1)];
AREA = 0.5*abs( P(2)*Q(3) - Q(2)*P(3) );

FIGURE 6.11
Computer program for Example 6.3. (Continued)
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oo

CE = (P'*P+Q'*Q)/ (4*AREA) ;

% ASSEMBLE GLOBALLY - FIND C(I,J)
J=1:3; L=1:3;
IR = NL(I,J);
IC = NL(I,L);
C(IR,IC) = C(IR,IC) + CE(J,L);
T(IR,IC) =T
end

o° o oo

oe

LF = setdiff (1:ND, NDP);
NF = length(LF);

% FROM GLOBAL C AND T, FIND C_ff AND T ff

C_ff = C(LF,LF);
T ff = T(LF,LF);

A = inv(T_ff)*C ff;

ALAM = eig(A);

o0 oo

o

Kcalc = sgrt (min (ALAM)) ;

Kc = sqrt( (pi/AR)"2+(pi/BB)"2 );
theerror = 100* (Kcalc-Kc) /Kc;

sl
s2 = sprintf ('\n $-3.59g %-3.5g
Kcalc, theerror) ;

disp([sl,s2])

FIGURE 6.11 (Continued)
Computer program for Example 6.3.

DETERMINE COEFFICIENT MATRIX FOR ELEMENT I

FOURTH STEP - OUTPUT THE RESULTS

KA KKK KRR Rk R Rk Kk kkkhhkhhhhhkhhhhhhkhhkhhhhhhkhk kA Ak hk*xkk**

sprintf ("\n Nx Ne Kcalc

397

(IR, IC) + AREA/12*[2 1 1;1 2 1;1 1 2];

B R R

THIRD STEP - SOLVE THE RESULTING SYSTEM

B R R R

DETERMINE LF(I) - LIST OF FREE NODES

(f for free nodes)

KA KKK KKA AR AR AR A Ak h ok ok ok ok ok ok kkkkkkkkk ok ok ok ok kkkkkkkkkkkx*x

error');
$-3.5g', NX,NE,

The procedure presented here allows for generating uniform and nonuniform meshes.
A mesh is uniform if all Ax; are equal and all Ay; are equal; it is nonuniform otherwise.
A nonuniform mesh is preferred if it is known in advance that the parameter of interest
varies rapidly in some parts of the solution domain. This allows a concentration of relatively
small elements in the regions where the parameter changes rapidly, particularly since these

TABLE 6.5

Lowest Wavenumber for a Square Waveguide (b = a)
n, n, k.a % Error
2 8 5.656 27.3

3 18 5.030 13.2

5 50 4.657 4.82
7 98 4.553 2.47
10 200 4.497 1.22

Exact: ka =4.4429,n,=n,.
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TABLE 6.6

Lowest Wavenumber for a Rectangular Waveguide (b = 2a)

n, n, k.a % Error
2 16 4.092 16.5

4 64 3.659 4.17
6 144 3.578 1.87
8 256 3.549 1.04

Exact: ka = 3.5124, n, = 2n,.

VA

Ay, I

b

=Y

> —> -«
Ax) Axy Ax

"

FIGURE 6.12
Discretization of a rectangular region into a nonuniform mesh.

regions are often of greatest interest in the solution. Without the preknowledge of the rapid
change in the unknown parameter, a uniform mesh can be used. In that case, we set

Axy = Ax, = =h,
Ay, = Ay, = - = hy

6.72)

where h, = a/n, and h, = b/n,,.
In some cases, we also need a list of prescribed nodes. If we assume that all boundary
points have prescribed potentials, the number 7, of prescribed node is given by

n,=2(n, +n,) 6.73)

A simple way to obtain the list of boundary points is to enumerate points on the bottom,
right, top, and left sides of the rectangular region in that order.

The ideas presented here are implemented in the function GRID in Figure 6.13. The
subroutine can be used for generating a uniform or nonuniform mesh out of a given
rectangular region. If a uniform mesh is desired, the required input parameters are g, b, n,,
and n, If, on the other hand, a nonuniform mesh is required, we need to supply n,, n, Ax;,
i=12,..,n,and Ay, j=12,..,n, The output parameters are n,, 1, n,, connectivity list,
the global coordinates (x, y) of each node, and the list of prescribed nodes. It is needless to
say that the subroutine GRID is not useful for a nonrectangular solution region. See the
program in Figure 6.11 as an example on how to use subroutine GRID. A more general
program for discretizing a solution region of any shape will be presented in the next section.
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function [NE,ND,NP,NL,X,Y,NDP]=gridmesh(NX,NY,DX,DY)
% function [NE,ND,NP,NL,X,Y,NDP]=gridmesh(NX,NY,DX,DY)
% e e o e e o ok o o e sk e o o e o o ol ol e o ok ok ol o e o e o o e o e ol ol o o ke o e o o o o e e e e ok e o e o
% THIS PROGRAM DIVIDES A RECTANGULAR DOMAIN INTO
% TRIANGULAR ELEMENTS (NY BY NY NONUNIFORM
% MESH IN GENERAL)
% NX & NY ARE THE NUMBER OF SUBDIVISIONS ALONG X & Y AXES
% NE = NO. OF ELEMENTS IN THE MESH
% ND = NO. OF NODES IN THE MESH
% NP = NO. OF BOUNDARY (PRESCRIBED) NODES
% X(I) & ¥(I) ARE GLOBAL COORDINATES OF NODE I
% DX(I) & DY(I) ARE DISTANCES BETWEEN NODES ALONG X & Y AXES
% NL(I,J) IS THE LIST OF NODES FOR ELEMENT I, J =1, 2, 3 ARE
% LOCAL NUMBERS
% NDP(I) = LIST OF PRESCRIBED NODES I
%
3 REF: J. N. REDDY, "AN INTRODUCTION TO THE FINITE ELEMENT
% METHOD." NEW YORK: MCGRAW-HILL, 1984, P. 436
% CALCULATE NE, ND, AND NP
NE = Z2*NX*NY; %Number of elements
NP = 2*(NX + NY); %Number of prescribed nodes (edges)
NX1 = NX+1; tNumber of nodes in the X direction
NY1l = NY +1; tNumber of nodes in the Y direction
ND = NX1 * NY1; tNumber of nodes in mesh
% Determine Node List which follows a regular pattern utilized below.
NL1 = 1:(NX1*NY);
NL1(NX1l:NXl:end) = [];
NL3 = (NX+2):(NX+NX1+*NY+1);
NL3(NX1:NXl:end) = [];
NL = zeros(NE,3);
WNL{1l:2:end,1l) = NL1;
NL(2:2:end,1) = NLI1;
NL(1l:2:end,2) = NL3+1;
NL(2:2:end,2) = NL1+1;
NL(l:2:end,3) = NL3;
NL(2:2:end,3) = NL3+1;
% DETERMINE X AND Y (look saw tooth waves)
%1 = [0 cumsum(DX)]'*ones(1l,NY1l);
X = reshape(xl,l,numel(xl));
¥l = ones(NX1,1)*[0 cumsum(DY)];
Y = reshape(yl,1l,numel(yl));
% DETERMINE NDP, [bottom, right, top, left]
NDP = [1:(NX1l), 2+%(NX1):(NX1):ND, (ND-1):-1:(ND-NX), ((ND-2*NX-1)):-
(NX1):(NX+2)];
FIGURE 6.13
Program GRID.
|
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6.6 Automatic Mesh Generation II: Arbitrary Domains

As the solution regions become more complex than the ones considered in Section 6.5, the
task of developing mesh generators becomes more tedious. A number of mesh generation
algorithms (e.g., [19-31]) of varying degrees of automation have been proposed for arbitrary
solution domains. Reviews of various mesh generation techniques can be found in

Reference 32.
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The basic steps involved in a mesh generation are as follows [33,34]:

* Subdivide solution region into a few quadrilateral blocks,
® Separately subdivide each block into elements,
¢ Connect individual blocks.

Each step is explained as follows.

6.6.1 Definition of Blocks

The solution region is subdivided into quadrilateral blocks. Subdomains with different
constitutive parameters (o, p, €) must be represented by separate blocks. As input data,
we specify block topologies and the coordinates at eight points describing each block.
Each block is represented by an eight-node quadratic isoparametric element. With natural
coordinate system (¢, ), the x and y coordinates are represented as

8
x(¢,m) = Za,-(c, ) Xi (6.74)
yGm=Y ¢y (6.75)

where (¢, 1) is a shape function associated with node i, and (x; y,) are the coordinates
of node i defining the boundary of the quadrilateral block as shown in Figure 6.14. The
shape functions are expressed in terms of the quadratic or parabolic isoparametric elements
shown in Figure 6.15. They are given by

0 =+ mICG+mi+1, i=1,3,57 (676)

for corner nodes,
1
o = EQZ(l +¢G) A7)

+%nf2(1+7777f+1)(1—4“2), i=2,4,6,8 677)

FIGURE 6.14
Typical quadrilateral block.
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y.il
n=1
1,1
- - 21
4
= - 8 >
( (::1 (
2
o O 1 3
n=-1

FIGURE 6.15
Eight-node serendipity element.

for midside nodes. Note the following properties of the shape functions:

1. They satisfy the conditions

Za,-(g, n)=1 (6.78a)
1, i=j
a,-<<f,m>={0 i (6.78b)

2. They become quadratic along element edges (( = 1, n = £1).

6.6.2 Subdivision of Each Block

For each block, we specify N DIV X and N DIV Y, the number of element subdivisions to
be made in the (and 7 directions, respectively. Also, we specify the weighting factors (W),
and (W,); allowing for graded mesh within a block. In specifying N DIV X, N DIV Y, W,
and W, care must be taken to ensure that the subdivision along block interfaces (for adjacent
blocks) are compatible. We initialize { and 7 to a value of —1 so that the natural coordinates
are incremented according to

2(W0)i
=Gt 7=
G=¢ W -F (6.79)
2(W,);
i = i+7
ni=1 WI.F (6.80)
where
NDIVX

W = Z (W) (6.81a)
=1
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W, = Z (W,); (6.81b)

and

1, for linear elements
2, for quadratic elements

Three element types are permitted: (a) linear four-node quadrilateral elements, (b) linear
three-node triangular elements, and (c) quadratic eight-node isoparametric elements.

6.6.3 Connection of Individual Blocks

After subdividing each block and numbering its nodal points separately, it is necessary
to connect the blocks and have each node numbered uniquely. This is accomplished by
comparing the coordinates of all nodal points and assigning the same number to all nodes
having identical coordinates. That is, we compare the coordinates of node 1 with all other
nodes, and then node 2 with other nodes, etc., until all repeated nodes are eliminated. The
listing of the MATLAB code for automatic mesh generation is shown in Figure 6.16. The
following example taken from Reference 34 illustrates the application of the code.

EXAMPLE 6.4

Utilize the distmesh2d function by Persson and Strang [34] in Figure 6.16 to discretize
the geometry shown in Figure 6.17. This geometry is composed of the union of two
rectangles whose bottom left and top right coordinates (x;, 1), (x,, y,) are (0, 0), (5, 10) and
(5, 5), (8, 10), and a circle void centered at (2.5, 7.5) with a radius of 1.5.

Solution

The code in Figure 6.16 describes the basic geometry of the structure with a signed
distance function “fd” which is a MATLAB inline function composed of the union of
two rectangles and a circular void. The parameter “box” defines the limit of the solution
space of the mesh and the parameter “fix” contains the pre-determined nodes in the
mesh. Distmesh2d uses an iterative mesh generation technique based on the physical
analogy between a simplex mesh and a truss structure. Meshpoints are the nodes of
the truss. The main program in Figure 6.16a needs the functions ddiff.m, dunion.m,
dcirc.m, and drectangle.m all provided in Figure 6.16b. The completed mesh is shown
in Figure 6.18.

6.7 Bandwidth Reduction

Since most of the matrices involved in FEM are symmetric, sparse, and banded, we can
minimize the storage requirements and the solution time by storing only the elements
involved in half bandwidth instead of storing the whole matrix. To take the fullest advantage
of the benefits from using a banded matrix solution technique, we must make sure that the
matrix bandwidth is as narrow as possible.
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If we let d be the maximum difference between the lowest and the highest node numbers
of any single element in the mesh, we define the semi-bandwidth B (which includes the
diagonal term) of the coefficient matrix [C] as

B=@d+1)f 6.82)

function ché6_FIG6_16

fd=inline( 'ddiff(dunion(drectangle(p,0,5,0,10),drectangle(p,5,8,5,10)),
dcircle(p,2.5,7.5,1.5) )','P'):

box=[-.1 -.1; 8.1 10.1);

fix=[0 0; 0 5; 0 10; 5 0; 5 5; 5 10; 8 5; 8 10);
[p,t]=distmesh2d(fd,@huniform,0.7,box, £fix);
disp('Mesh Complete')

function [p,t]=distmesh2d(fd,fh,h0,bbox,pfix,varargin)
%#DISTMESH2ZD 2-D Mesh Generator using Distance Functions.
[P,T]=DISTMESH2D(FD,FH,H0,BBOX,PFIX,FPARAMS)

P: Node positions (Nx2)

T: Triangle indices (NTx3)

FD: Distance function d(x,y)

FH: Scaled edge length function h(x,y)

HO: Initial edge length

BBOX: Bounding box [xmin,ymin; xmax,ymax]

PFIX: Fixed node positions (NFIXx2)

FPARAMS: Additional parameters passed to FD and FH

Example: (Uniform Mesh on Unit Circle)
fd=inline( 'sqrt({sum{p."2,2))-1','p');
[p,t)=distmesh2d(fd, fhuniform,0.2,(-1,-1;1,1],[1);

%
%
%
%
3
%
%
%
%
%
%
3
3
%
%
% Example: (Rectangle with circular hole, refined at circle boundary)

% fd=inline( 'ddiff(drectangle(p,-1,1,-1,1),decircle(p,0,0,0.5))','p");
% fh=inline({ 'min(4*sqgrt(sum{p.”2,2))-1,2)"','p");

Y [p,t]=distmesh2d(fd,£fh,0.05,[-1,-1;1,1],[-1,-1;-1,1;1,-1;1,1]);

%

%

See also: MESHDEMOZD, DISTMESHND, DELAUNAYN, TRIMESH.

% Copyright (C) 2004-2006 Per-0Olof Persson.

dptol=.001; ttol=.1; Fscale=1.2; deltat=.2; geps=.001*h0; deps=sqrt(eps)*h0;
% 1. Create initial distribution in bounding box (equilateral triangles)
[%,y]=meshgrid(bbox(1,1):h0:bbox(2,1),bbox(1,2):h0*sqgrt(3)/2:bbox(2,2));
®(2:2:end, :)=x(2:2:end, : )+h0/2; % Shift even rows

p=lx(:),¥(:)]1; % List of node coordinates

% 2. Remove points outside the region, apply the rejection method
p=p(feval(fd,p,varargin{:})<geps,:); % Keep only d<0 points

r0=1./feval (fh,p,varargin{:})."2; % Probability to keep point
p=[pfix; p(rand(size(p,1),1)<r0./max(xr0),:)]; % Rejection method
N=sgsize(p,1); % Number of points N
pold=inf; % For first iteration
while 1

% 3. Retriangulation by the Delaunay algorithm

if max(sgrt(sum((p-pold).”2,2))/h0)>ttol % Any large movement?

pold=p; % Save current positions

o

t=delaunayn(p); List of triangles

FIGURE 6.16
MATLAB code for automatic mesh generation: (a) main program, (b) functions that the main function will need.
(Continued)
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pmid=(p(t(:, 1), :)+p(t(:,2),:)+p(t(:,3),:))/3; % Compute centroids
t=t(feval (fd,pmid,varargin{:})<-geps,:); % Keep interior triangles
% 4. Describe each bar by a unique pair of nodes
bars=[t(:,[1,2])):t(:,[1,3));t(:,0(2,3))]1; % Interior bars duplicated
bars=unique(sort(bars,2), 'rows'); % Bars as node pairs

% 5. Graphical output of the current mesh
trimesh(t,p(:,1),p(:,2),2eros(N,1))
view(2),axis equal,axis off,drawnow

end

% 6. Move mesh points based on bar lengths L and forces F

barvec=p(bars(:,1),:)-p(bars(:,2),:); % List of bar vectors
L=sqgrt(sum(barvec."2,2)); % L = Bar lengths
hbars=feval(fh, (p(bars(:,1),:)+p(bars(:,2),:))/2,varargin{:});
LO=hbars*Fscale*sqrt(sum(L."2)/sum(hbars."2)); % L0 = Desired lengths
F=max(L0-L,0); % Bar forces (scalars)
Fvec=F./L*[1,1].*barvec; % Bar forces (x,y components)
Ftot=full(sparse(bars(:,[1,1,2,2]),ones(size(F))*[1,2,1,2],[Fvec,~-Fvec],N,2));
Ftot(l:size(pfix,1),:)=0; % Force = 0 at fixed points
p=ptdeltat*Ftot; % Update node positions

% 7. Bring outside points back to the boundary
d=feval(fd,p,varargin{:}); ix=d>0; % Find points outside (d=0)
dgradx=(feval(fd, [p(ix,1l)+deps,p(ix,2)],varargin{:})-d(ix))/deps; % Numerical
dgrady=(feval(fd, [p(ix,1),p(ix,2)+deps],varargin{:})-

d(ix))/deps; % gradient
p(ix,:)=p(ix,:)-[d(ix).*dgradx,d(ix).*dgrady]; % Project back to boundary
% 8. Termination criterion: All interior nodes move less than dptol (scaled)
if max(sgrt(sum(deltat*Ftot(d<-geps,:)."2,2))/h0)<dptol, break; end

end

function h=huniform(p,varargin)
h=ones (size(p,1),1);

(a)
function d=drectangle(p,xl,x2,y1l,y2)

d=-min(min(min(-yl+p(:,2),y2-p(:,2)),-%x1+p(:,1)),%2-p(:,1));

function d=dcirc(p,xc,yc,r)

d=sqgrt((p(:,1)-xc). " 24(p(:,2)-yc)."2)-1;

function d=dunion(dl,d2), d=min(dl,d2);

function d=ddiff(dl,d2), d=max(dl,-d2);

(b)

FIGURE 6.16 (Continued)
MATLAB code for automatic mesh generation: (a) main program, (b) functions that the main function will need.

where f is the number of degrees of freedom (or number of parameters) at each node.
If, for example, we are interested in calculating the electric field intensity E for a three-
dimensional problem, then we need E,, E, and E, at each node, and f =3 in this case.
Assuming that there is only one parameter per node,

B=d+1 (6.83)



Finite Element Method 405

FIGURE 6.17
Solution region of Example 6.4.

The semi-bandwidth, which does not include the diagonal term, is obtained from
Equation 6.82 or 6.83 by subtracting one from the right-hand side, that is, for f =1,

B=d (6.84)

Throughout our discussion in this section, we will stick to the definition of semi-
bandwidth in Equation 6.84. The total bandwidth may be obtained from Equation 6.84 as
2B + 1.

FIGURE 6.18
Generated mesh for Example 6.4.
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FIGURE 6.19
Original mesh with B =7.

The bandwidth of the global coefficient matrix depends on the node numbering.
Hence, to minimize the bandwidth, the node numbering should be selected to minimize
d. Good node numbering is usually such that nodes with widely different numbers are
widely separated. To minimize d, we must number nodes across the narrowest part of
the region.

Consider, for the purpose of illustration, the mesh shown in Figure 6.19. If the mesh is
numbered originally as in Figure 6.19, we obtain d, for each element ¢ as

d=2,d,=3,d,=4,d,=5 d:=6, d,=7 (6.85)
From this, we obtain
d = maximumd, =7

or
B=7 6.86)

Alternatively, the semi-bandwidth may be determined from the coefficient matrix, which
is obtained by mere inspection of Figure 6.19 as

RoOR R

6.87)
[C]=

R R R OR
2R R R R

R NJ O U = W N =
= R
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FIGURE 6.20
Renumbered nodes: (a) B=4, (b) B=2.
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where x indicates a possible nonzero term and blanks are zeros (i.e., C;=0, indicating no

coupling between nodes i and j). If the mesh is renumbered as in Figure 6.20a,
di=4=d,=dy;=d,=ds=d,
and hence
d = maximum d, = 4
or
B=4
Finally, we may renumber the mesh as in Figure 6.20b. In this case

d=2=d,=d,=d, =ds = d

(6.88)

(6.89)

(6.90)

6.91)

692)

6.93)

and
d = maximum d, =2
or
B=2
The value B = 2 may also be obtained from the coefficient matrix for the mesh in Figure
6.20b, namely,
B=2
P Q
1 2 3 4 5 6 7 8
llx x «x
2lx x x x
3lx x x x x
4 X x x X
cl= 5 X x x x x
6 X x x x R
7 X x x
8 X X S
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From Equation 6.93, one immediately notices that [C] is symmetric and that terms are
clustered in a band about the diagonal. Hence, [C] is sparse and banded so that only the
data within the area PQRS of the matrix need to be stored—a total of 33 terms out of 64.
This illustrates the savings in storage by a careful nodal numbering,.

For a simple mesh, hand-labeling coupled with a careful inspection of the mesh (as
we have done so far) can lead to a minimum bandwidth. However, for a large mesh, a
hand-labeling technique becomes a tedious, time-consuming task, which in most cases
may not be successful. It is particularly desirable that an automatic relabeling scheme
is implemented within a mesh generation program. A number of algorithms have been
proposed for bandwidth reduction by automatic mesh renumbering [35-38]. A simple,
efficient algorithm is found in Collins [35].

6.8 Higher-Order Elements

The finite elements we have used so far have been the linear type in that the shape function is
of the order one. A higher-order element is one in which the shape function or interpolation
polynomial is of the order two or more.

The accuracy of a finite element solution can be improved by using finer mesh or using
higher-order elements or both. In general, fewer higher-order elements are needed to
achieve the same degree of accuracy in the final results. The higher-order elements are
particularly useful when the gradient of the field variable is expected to vary rapidly. They
have been applied with great success in solving EM-related problems [4,39-44].

6.8.1 Pascal Triangle

Higher-order triangular elements can be systematically developed with the aid of the
so-called Pascal triangle given in Figure 6.21. The family of finite elements generated
in this manner with the distribution of nodes illustrated in Figure 6.22. Note that in
higher-order elements, some secondary (side and/or interior) nodes are introduced in
addition to the primary (corner) nodes so as to produce exactly the right number of
nodes required to define the shape function of that order. The Pascal triangle contains
terms of the basis functions of various degrees in variables x and y. An arbitrary

a3
agx azy
agx asxy agy’
azx “s-’fzy agxy ay) ?
apxt apx’y ay? ayxy® a5y
FIGURE 6.21

The Pascal triangle. The first row is (constant, #n = 0), the second (linear, n = 1), the third (quadratic, n = 2), the
fourth (cubic, n = 3), and the fifth (quartic, n = 4).
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11 121314 15

FIGURE 6.22
Pascal triangle and the associated polynomial basis function for degree n = 1-4.

function ®,(x, y) can be approximated in an element in terms of a complete nth-order
polynomial as

fID(x, y) = i: Oéi(b,' (694)
where
m= %( +1( +2) (6.95)

is the number of terms in complete polynomials (also the number of nodes in the triangle).
For example, for second order (1 = 2) or quadratic (six-node) triangular elements,

D,(x, Y) = ay + a,x + azy + a,xy + asx® + agy? (6.96)
This equation has six coefficients, and hence the element must have six nodes. It is also

complete through the second-order terms. A systematic derivation of the interpolation
function a for the higher-order elements involves the use of the local coordinates.

6.8.2 Local Coordinates

The triangular local coordinates (&, &, &) are related to Cartesian coordinates (x, y) as
X =6 + &X + &Y (6.97)
Yy ==&y + &Y + &Ys (6.98)
The local coordinates are dimensionless with values ranging from 0 to 1. By definition,

& at any point within the triangle is the ratio of the perpendicular distance from the point
to the side opposite to vertex i to the length of the altitude drawn from vertex i. Thus,
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A '(xg- ¥3)

FIGURE 6.23
Definition of local coordinates.

from Figure 6.23 the value of & at P, for example, is given by the ratio of the perpendicular
distance d from the side opposite vertex 1 to the altitude & of that side, that is,

d

b= (6.99)
Alternatively, from Figure 6.23, § at P can be defined as

A
=" 6.100
6=2 (6:100)

so that

G+&+H&=1 (6.101)

since A, + A, + A; = A. In view of Equation 6.100, the local coordinates ¢ are also called area
coordinates. The variation of (§, &, &) inside an element is shown in Figure 6.24. Although
the coordinates &, &, and & are used to define a point P, only two are independent since
they must satisfy Equation 6.101. The inverted form of Equations 6.97 and 6.98 is

¢ — i [, +bix +ay] 6102)
where
Lli == xk - x],
b=y — Yo

Ci = X; Yk — XilYj

A = area of the tria gle = %(blaz —bomy), (6.103)
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El=l E|:3J"4 E;=1;‘r2 E]=U4E|=

FIGURE 6.24
Variation of local coordinates.

and (i, j, k) is an even permutation of (1, 2, 3). (Notice that 4; and b, are the same as Q; and P;
in Equation 6.34.) The differentiation and integration in local coordinates are carried out
using [45]:

o O
96 ap ox b, dy (6.104a)
o __ 9 L,
96 e +b dy (6.104b)
o _ 1[1,1 o Ly 5f] (6.1040)
Ox 2A| 094 06
of _ 1[011 o . 8f] (6.104d)
8y A 651 852
1 |1-&
ffdezZAf ff(fllfz)dfl & (6.104¢)
iljlk!
f f esexds = ks 2),2A (6.104f)
ds =2Ad¢ dg, (6.104g)

6.8.3 Shape Functions

We may now express the shape function for higher-order elements in terms of local
coordinates. Sometimes, it is convenient to label each point in the finite elements in
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Figure 6.22 with three integers i, j, and k from which its local coordinates (&, &, &) can be

found or vice versa. At each point Py

:\'\h
:\»

(&, &, 86)= [ ] (6.105)

i
1’1

Hence if a value of ®, say ®;, is prescribed at each point P;;, Equation 6.94 can be written
as

D(&1, 6, &)= zzdi]’k(&/ &2, &)Pij (6.106)
i=1 j=1
where
v =a=p &P &pr& =12 .. (6.107)
%H(ng—t), r>0
p(&=1 " (6.108)
1, r=0

and r € (i, j, k). p,(€) may also be written as

(n&—r +1)

pr(&)="———"p, (). r>0 (6.109)

where py(§) = 1.

The relationships between the subscripts g € {1, 2,3} on ¢ € {1, 2, ..., m} on v, and r
€ (i, j, k) on p, and Py in Equations 6.107 through 6.109 are illustrated in Figure 6.25 for n
ranging from 1 to 4. Henceforth, point P;; will be written as P, for conciseness.

Notice from Equation 6.108 or Equation 6.109 that

po(§) =1
pi(§) =né
pa(©) = %(ﬂé ~ g
(6.110)

pa€) = ¢ (n€ —2)(né — g
pa(E) = . (nE =) ~2)(n€ T, etc.

Substituting Equation 6.110 into Equation 6.107 gives the shape functions «, for nodes
{=1,2,...,m, as shown in Table 6.7 for n = 1-4. Observe that each «, takes the value of 1 at
node ¢ and value of 0 at all other nodes in the triangle. This is easily verified using Equation
6.105 in conjunction with Figure 6.25.
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100

010 001

(a)n=1 (b)yn=2

310 301
“=¥arT NG
220 \“8" “z‘é ’: 2.0?.
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(e)n=3 (d)n=4

FIGURE 6.25
Distribution of nodes over triangles for n = 1-4. The triangles are in standard position.

6.8.4 Fundamental Matrices

The fundamental matrices [T] and [Q] for triangular elements can be derived using the
shape functions in Table 6.7. (For simplicity, the brackets [ ] denoting a matrix quantity
will be dropped in the remaining part of this section.) In Equation 6.46, the T matrix is

defined as
E/:ffaiajds (646)

From Table 6.7, we substitute «, in Equation 6.46 and apply Equations 6.104e and 6.104f to
obtain elements of T. For example, forn =1,

1 1-&

ry=24 [ [ egasac,
0 0
when i = j,
7, 2400000 _ A 6111a)
41 12
wheni=j,
T, = 2A@h) _ A (6.111b)

v 41 6
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TABLE 6.7
Polynomial Basis Function a(&,, &, &, &) for First-, Second-, Third-, and Fourth Order

n=1 n=2 n=3 n=4
= o= 626 — 1) a1 =5 6(36-2(6 ) 01— 646 )46 - 246~ )
=, o= 466, a: = 2636~ 6, 0 = S 646 246~ 6
¢, 0y — 46,6, as =2 636~ 6 as = 646~ 2)(46 ~ Dés
0y = 626 1) o= 2636 - D 0 = 46,46 (46 &
a5 = 465, a5 = 276,65, 0s = 326,46 — Déats
s = &8 — 1) s = %&(363 -1é& e = 46 (46 —1)(4& —1)&
a7 =2 6(36 ~2)(36 1) 07 = 2 646 - (3% - &
ag = %&(3& -1 ag = 326, (46 —1)6:6,
a0 =2 606 -1 00 = 3266,(46 — &
an = 2636 ~2)36 - an = 3 646 246 ~ D%

oy = %&(452 —3)(46 — 2)(46 — 1)

on = %52(452 —2)(46 — 1)
Qi3 = 452(452 - 1)(453 - 1)53
one = §§2<4§3 —2)(46 )&

ons = %63(453 —3)(46 — (46 — 1)

Hence,
2 1 1
T= é 1 2 1 6.112)
12
1 1 2

By following the same procedure, higher-order T matrices can be obtained. The T
matrices for orders up to n = 4 are tabulated in Table 6.8, where the factor A, the area of
the element, has been suppressed. The actual matrix elements are obtained from Table
6.8 by multiplying the tabulated numbers by A and dividing by the indicated common
denominator. The following properties of the T matrix are noteworthy:

a. T is symmetric with positive elements;

b. Elements of T all add up to the area of the triangle, that is, >_i" >_7' T;; = A, since by
definition >-7"; ay =1 at any point within the element;
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TABLE 6.8
Table of T Matrices for n = 1-4
n =1 Common denominator: 12
2 1 1
1 2 1
1 1 2
n =2 Common denominator: 180
6 0 o -1 -4 -1
0 32 16 0 16 -4
0 16 32 -4 16 0
-1 0 -4 6 0 -1
-4 16 16 0 32
-1 -4 0 -1 0 6
n =3 Common denominator: 6720
76 18 18 0 36 0 11 27 27 11
18 540 270 189 162 135 0 135 54 27
18 270 540 —-135 162 —-189 27 54 135 O
0 -—-18 —-135 540 162 -54 18 270 135 27
36 162 162 162 1944 162 36 162 162 36
0 -135 -189 54 162 540 27 135 270 18
11 0 27 18 36 27 76 18 11
27 135 54 270 162 —-135 18 540 -189 O
27 54 135 135 162 270 0 -18 540 18
11 27 0 27 36 18 11 0 18 76
n =4 Common denominator: 56,700
290 160 160  —80 160 80 0 —-160 -—160 0o -27 -112 -12 -112 -27
160 2560 1280 —1280 1280 —960 768 256 256 512 0 512 64 256 —112
160 1280 2560 —960 1280 —1280 512 256 256 768 —112 256 64 512 0
—80 —1280 —960 3168 384 48 —1280 384 768 64 —80 —960 48 64 12
160 1280 1280 384 10752 384 256 —1536 —1536 256 —160 —256 —768 —256 —160
—-80  —960 —1280 48 384 3168 64 768 384 —1280 -—12 64 48 -960 —80
0 768 512 -1280 256 64 2560 1280 -256 256 160 1280 —960 512 112
—160 256 256 384 —1536 768 1280 10752 —1536 256 160 1280 384 256 —160
—-160 —256 256 —-768 —1536 384 256 —1536 10,752 1280 —160 256 384 1280 160
0 512 768 64 256 —1280 256 —256 1280 2560 —112 512 —960 1280 160
-27 0 -112 -8 -160 -—12 160 160 —-160 -112 290 160  —80 0 -27
—112 512 256 —960 —256 64 1280 1280 256 512 160 2560 —1280 768 0
-12 64 64 48 768 48 —960 384 384 -—960 —80 —1280 3168 —1280 —80
—112 256 512 64 -256 -960 512 256 1280 1280 0 768 —1280 2560 160
=27  -112 0 -12 -160 -8 -112 -160 160 160 27 0 -80 160 290
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c. Elements for which the two triple subscripts form similar permutations are equal,
that is, Tiy g = Tijprg = Thijrg = Tijirgy = Tikigry = Lk gp this should be obvious from

Equations 6.46 and 6.107.

These properties are not only useful in checking the matrix, they have proved useful
in saving computer time and storage. It is interesting to know that the properties are
independent of coordinate system [44].

In Equation 6.14 or Equation 6.45, elements of [C] matrix are defined by

- Jf

By applying Equations 6.104a through 6.104d to Equation 6.113, it can be shown that [4,41]

Oay Oa da;
Cii 0 ! ! ds
= AZC‘“ ff [ag,ﬂ 0%, 1 ][agﬁl 9%, 1 ]

da; Oy aai% s

ox Ox 8y oy (6.113)

or

3
Cj=) QY cott, (6.114)
q=1

where 6, is the included angle of vertex g € {1, 2, 3} of the triangle and

0 — dai Oy _ 00y |ye g 6.115
ff[afm asql][aam 6541] G 6115

We notice that matrix C depends on the triangle shape, whereas the matrices Q@ do
not. The Q® matrices for n = 1-4 are tabulated in Table 6.9. The following properties of Q
matrices should be noted:

a. They are symmetric;
b. The row and column sums of any Q matrix are zero, thatis, >/, Qfﬂ) =0=>2"% Q,(ﬂ)
so that the C matrix is singular.

Q® and Q© are easily obtained from Q® by row and column permutations so that the
matrix C for any triangular element is constructed easily if Q® is known. One approach
[45] involves using a rotation matrix R similar to that in Silvester and Ferrari [4], which is
essentially a unit matrix with elements rearranged to correspond to one rotation of the
triangle about its centroid in a counterclockwise direction. For example, for n = 1, the
rotation matrix is basically derived from Figure 6.26 as

0 1
R=[1 0 0 (6.116)
1 0

where R; = 1 if node i is replaced by node j after one counter clockwise rotation, or R; = 0
otherwise. Table 6.10 presents the R matrices for n = 1-4. Note that each row or column
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TABLE 6.9
Table of Q Matrices for n = 1-4
n =1 Common denominator: 2
0 0
1 -1
-1 1
n =2 Common denominator: 6
0 0 0 0 0
0 -8 0 0
0 -8 8 0 0
0 0 3 —4 1
0 0 -4 8§ —4
0 0 1 —4 3
n = 3 Common denominator: 80
0 0 0 0 0 0 0 0 0
0 135 —-135 -27 0 27 0 0 -3
0 -135 135 27 0 =27 -3 0 0 3
0 —27 27 135 -162 27 0 0 -3
0 0 0 -162 324 -162 0 0 0
0 27 —27 27  —162 135 -3 0 0
0 -3 0 -3 34 —54 27 -7
0 0 —54 135 —-108 27
0 0 27  —108 135 54
0 -3 -3 0 3 -7 27 —54 34
n =4 Common denominator: 1890
0 0 0 0 0 0 0 0 0 0 0 0 0 0
0 3968 —3968 —1440 0 1440 640 0 -640 -80 0 0 0 80
0 —3968 3968 1440 0 —1440 -640 640 80 0 0 0 -80
0 —1440 1440 4632 —5376 744 1248 768 768 —288 80 -128 9% 128 80
0 0 0 -5376 10,752 —-5376 1536 —1536 —1536 1536 —160 256 —192 256 —160
0 1440 —1440 744 5376 4632 288 768 768 —1248 80 -128 96 —128 80
0 640 —640 —1248 1536 —288 3456 —4608 1536 384 240 -256 192 256 80
0 0 0 768 —1536 768 —4608 10,752 —7680 1536 —160 256 —192 256 —160
0 0 0 768 —1536 768 1536 —7680 10,752 —4608 —160 256 —192 256 —160
0 —640 640 288 1536 —1248 —384 1536 —4608 3456 80 -256 192 256 240
0 —80 80 80 —160 80 240 -160 —160 80 705 —-1232 884 —464 107
0 0 —128 256 —128 —256 256 256 —256 —1232 3456 —3680 1920 —464
0 9% —192 9 192 —-192 -192 192 884 3680 5592 3680 884
0 0 —128 256 —128 —256 256 256 —256 —464 1920 —3680 3456 —1232
0 80 —-80 80 —160 80 80 —160 —160 240 107  —464 884 —1232 705
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One counterclockwise rotation of the triangle in (a) gives the triangle in (b).

FIGURE 6.26

418

TABLE 6.10

R Matrixforn=1-4,n=1
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of R has only one nonzero element since R is essentially a unit matrix with rearranged
elements.
Once the R is known, we obtain

Q® =RQMR' (6.117a)
Q® = RQWR! (6.117b)
where R! is the transpose of R.

EXAMPLE 6.5
For n = 2, calculate Q© and obtain Q® from Q® using Equation 6.117a.

Solution
By definition,

M _ da; oy ao‘f‘%‘i]d d
Q1] ff[8§2 853]{652 6&3 §1 52

Forn=2,i,j=1,2,...,6,and ¢, are given in terms of the local coordinates in Table 6.7.
Since QW is symmetric, only some of the elements need to be calculated. Substituting for
o, from Table 6.7 and applying Equations 6.104e and 6.104f, we obtain

Q;=0, j=1to6,
Q1=0, i=1to6,

0z = [[asrase =2,

Q= [ [er-serdse -2,
Q= [[aeoas-nase —0-qu,
Qs = [[ e -seise o
Qu= [ [ Cagrase =,

Qu= f (—46)(46 ~ &&= 0= Qs

Qs =y [[Caei6s - ae1ae —o,
Q= [[ae-1riee=>,

Q= [ e e - eise —
Q= [[ &g - nase -
Q= [[ e -serase =",

Q= [[ a6 —4e)-nue -Dase -3,

1 2 _3
Q= [ [ Dug-vrase =2

7

O O

’
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Hence,
0 0 0 0 0
0 8§ -8 0 0 0
Qv 10 -8 8 0 0 0
60 0 0 3 -4 1
0 0 0 -4 8§ —4
0 0 0 1 -4 3
We now obtain Q® from
Q® = RQVR!
0 0 0 0 0 ojo o 0o 1 0 O
0 8§ -8 0 0 oo 0o 0o 0 1 O
—lRO -8 8 0 0 oo 1.0 0 0 O
6 |0 0 0 3 —4 mWo 0 0 0 0 1
0 0 0 -4 8§ —4/0 0 1 0 0 O
0 0 0 1 -4 3)1 0 0 0 0 O
0O 0 0 0 0 1) o0 0 0 0 0 0
0O 0 1 0 0 00 -8 0 0 8 0
110 0 O O 1 0 O 8 0 0 -8 0
“61 0 0 0 0 0 1 0 -4 0 0 3
0 1 0 0 0 0|4 0 8§ 0 0 -4
0O 0 0 1 0 0| 3 0 0 0 1
3 0 -4 0 o0 1
O 8 0 0 -8 0
oo 14 0 8 0 0 -4
6| 0 0 0 0 0 0
0 -8 0 0 8 0
0 -4 0 0 3
——

6.9 Three-Dimensional Elements

The finite element techniques developed in the previous sections for two-dimensional
elements can be extended to three-dimensional elements. One would expect three-
dimensional problems to require a large total number of elements to achieve an accurate
result and demand a large storage capacity and computational time. For the sake of
completeness, we will discuss the finite element analysis of Helmholtz’s equation in three
dimensions, namely,

V2D + k2P =g (6.118)
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3 ’ )
() (b)

FIGURE 6.27
Three-dimensional elements: (a) Four-node or linear-order tetrahedral, (b) eight-node or linear-order hexahedral.

We first divide the solution region into tetrahedral or hexahedral (rectangular prism)
elements as in Figure 6.27. Assuming a four-node tetrahedral element, the function @ is
represented within the element by

O, =a+bx+cy+dz (6.119)

The same applies to the function g. Since Equation 6.119 must be satisfied at the four nodes
of the tetrahedral elements,

Qi =a+bx;+cy;+dz, i=1,..,4 (6.120)

Thus, we have four simultaneous equations (similar to Equation 6.5) from which the
coefficients 4, b, ¢, and d can be determined. The determinant of the system of equations is

X1 1 Z
X2 Y2 Zy
X3 Y3 Z3
X4 Ya Zy

det= =60, (6.121)

= = = =

where v is the volume of the tetrahedron. By finding 4, b, ¢, and d, we can write

4
o= il y)y (6:122)
i=1
where
1 x vy z
1 x z
o= 2 boA (6.123a)
6vil x5 ys z3
1 x ys oz
1 X1 1 Zy
1 x z
y =L o (6.123b)
6v(l X3 Ys Z3
1 x4 Ya Z4
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with a4 and oy having similar expressions. For higher-order approximation, the matrices
for as become large in size and we resort to local coordinates. Another motivation for using
local coordinates is the existence of integration equations which simplify the evaluation of
the fundamental matrices T and Q.

For the tetrahedral element, the local coordinates are &, &, &, and &, each perpendicular
to a side. They are defined at a given point as the ratio of the distance from that point to the
appropriate apex to the perpendicular distance from the side to the opposite apex. They
can also be interpreted as volume ratios, that is, at a point P

&=— (6.124)

Z@. —1 (6.125a)

or

=1-4-6-§& (6.125b)

The following properties are useful in evaluating integration involving local
coordinates [46]:

dv = 6v d§ d&, dg, (6.126a)
1 |1-5(1--8
fdv=6v fdé |dé,|des, (6.126b)
=] lJ1]
itk
ff Gedeseido= (z+]+k+€+3)'6v (6.1260)

In terms of the local coordinates, an arbitrary function ®(x, y, z) can be approximated
within an element in terms of a complete nth-order polynomial as

D.(x,y,2)= Za,v(x, Y,2) P, (6.127)
i=1

wherem = 1/6 (n + 1)(n + 2)(n + 3) is the number of nodes in the tetrahedron or the number
of terms in the polynomial. The terms in a complete three-dimensional polynomial may be
arrayed as shown in Figure 6.28.

Each point in the tetrahedral element is represented by four integers i, j, k, and € which
can be used to determine the local coordinates (&, &, &, &). That is at Py,

(61,52,63,54)_[;1 % fl,f;] (6128)



Finite Element Method 423

FIGURE 6.28
Pascal tetrahedron and associated array of terms.

Hence at each node,

a, = e = Pi (§) P; (&) P& Pe (&), (6.129)

where g =1,2, ..., mand p, is defined in Equation 6.108 or Equation 6.109. The relationship
between the node numbers g and ijk{ is illustrated in Figure 6.29 for the second-order
tetrahedron (n = 2). The shape functions obtained by substituting Equation 6.108 into
Equation 6.129 are presented in Table 6.11 for n = 1-3.

The expressions derived from the variational principle for the two-dimensional problems
in Sections 6.2 through 6.4 still hold except that the fundamental matrices [T] and [Q] now
involve triple integration. For Helmholtz equation (6.56), for example, Equation 6.68 applies,
namely,

[Cy—K*Ts1®; =0 (6.130)

1 (2000)

10 (0002)

9(0011)

5 6
(0200) (0110) (0020)

FIGURE 6.29

Numbering scheme for second-order tetrahedron.
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TABLE 6.11
Shape Functions (&, &, &5, &) forn =1-3

n=1 n=2 n=3

=g a =626 - 1) o= 666 -2)36 -1
w=6 0 =466 0 =2 666 - 16
=& as = 466 as =2 636~ Dés
=& o= 46¢ @ = 636 - 1)

as =626 - 1)

s =486
a; =488,

ag =626 - 1)
g =488,

= §(26,— 1)

a5 = %&(353 “1g

as = 276663
a7 =27£68

o5 = %@ (36— 1)&
Qg = 27515354
o0 = %& (3¢ 1),
an = %&(352 ~1)E6H-2)
onp = %&(3& —1g
_9 _
Q13 = > 52(352 1)54

Qg = 352(363 - 1)53

Q5 = 27525354

o = %52(353 —16

oy = %&(3@ —1)(@& -2)
Qg = %fa (353 - 1)54

o9 = %&(3@ ~1g

Qo = %54(354 - 1)(354 - 2)

except that

CI(]»E) :fVozi 'VOéj dv

- f Oy 0oy, Doy 00y, Doy 0ay |y, (6.131)
Ox Ox Oy Oy 0z Oz
Ti]@) = f aia;dv =1 f f f ;6 dé dés (6.132)

v
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For further discussion on three-dimensional elements, one should consult Silvester and
Ferrari [4]. Applications of three-dimensional elements to EM-related problems can be
found in References 47-51.

6.10 FEMs for Exterior Problems

Thus far in this chapter, the FEM has been presented for solving interior problems. To apply
the FEM to exterior or unbounded problems such as open-type transmission lines (e.g.,
microstrip), scattering, and radiation problems poses certain difficulties. To overcome these
difficulties, several approaches [52-80] have been proposed, all of which have strengths and
weaknesses. We will consider three common approaches: the infinite element method, the
boundary element method (BEM), and absorbing boundary condition.

6.10.1 Infinite Element Method

Consider the solution region shown in Figure 6.30a. We divide the entire domain into a
near-field (n.f.) region, which is bounded, and a far-field (f.f) region, which is unbounded.
The n.f. region is divided into finite triangular elements as usual, while the f.f. region is
divided into infinite elements. Each infinite element shares two nodes with a finite element.
Here, we are mainly concerned with the infinite elements.

=y

Ground plane /
(a)

(b)

FIGURE 6.30
(a) Division of solution region into finite and infinite elements; (b) typical infinite element.
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Consider the infinite element in Figure 6.30b with nodes 1 and 2 and radial sides
intersecting at point (x,, y,). We relate triangular polar coordinates (p, £) to the global
Cartesian coordinates (x, v) as [60]

X =X, + p[(x1 —x,) + &(x2 — x1)]

6.133
Y= Yo+ Pl — o) + £ — y1)] (6.133)

where 1 < p < 00,0 < ¢ < 1. The potential distribution within the element is approximated
by a linear variation as

V=;Wﬂ—@+%ﬂ

or
2
V= an,- (6.134)
i=1

where V; and V, are potentials at nodes 1 and 2 of the infinite elements, «; and «, are the
interpolation or shape functions, that is,
1-¢ £

=", == (6.135)
p p

The infinite element is compatible with the ordinary first-order finite element and
satisfies the boundary condition at infinity. With the shape functions in Equation 6.135, we
can obtain the [C¥] and [T¥] matrices. We obtain solution for the exterior problem by using
a standard finite element program with the [C®] and [T®] matrices of the infinite elements
added to the [C] and [T] matrices of the n.f. region.

6.10.2 Boundary Element Method

A comparison between FEM and MoM is shown in Table 6.12. From the table, it is evident
that the two methods have properties that complement each other. In view of this, hybrid

TABLE 6.12

Comparison between MoM and FEM [81]

MoM FEM

Conceptually easy Conceptually involved

Requires problem-dependent Green’s functions Avoids difficulties associated with singularity of Green’s
functions

Few equations; O(n) for 2-D, O(n?) for 3-D Many equations; O(n?) for 2-D, O(n®) for 3-D

Only boundary is discretized Entire domain is discretized

Open boundary easy Open boundary difficult

Fields by integration Fields by differentiation

Good representation of far-field condition Good representation of boundary conditions

Full matrices result Sparse matrices result

Nonlinearity, inhomogeneity difficult Nonlinearity, inhomogeneity easy
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methods have been proposed. These methods allow the use of both MoM and FEM with
the aim of exploiting the strong points in each method.

One of these hybrid methods is the so-called BEM. It is a finite element approach for
handling exterior problems [66-78]. It basically involves obtaining the integral equation
formulation of the boundary value problem [82] and solving this by a discretization
procedure similar to that used in regular finite element analysis. Since the BEM is based
on the boundary integral equivalent to the governing differential equation, only the surface
of the problem domain needs to be modeled. Thus, the dimension of the problem is reduced
by one as in MoM. For 2-D problems, the boundary elements are taken to be straight line
segments, whereas for 3-D problems, they are taken as triangular elements. Thus the shape
or interpolation functions corresponding to sub-sectional bases in the MoM are used in
the finite element analysis.

6.10.3 Absorbing Boundary Condition

To apply the finite element approach to open region problems, such as for scattering or
radiation, an artificial boundary is introduced in order to bound the region and limit
the number of unknowns to a manageable size. The artificial boundary is set far from
the guided region. One would expect that as the boundary approaches infinity, the
approximate solution tends to the exact one. But the closer the boundary to the radiating
or scattering object, the less computer memory is required. To avoid the error caused
by this truncation, an absorbing boundary condition (ABC) is imposed on the artificial
boundary S, as typically portrayed in Figure 6.31. The ABC minimizes the nonphysical
reflections from the boundary. Several ABCs have been proposed [83-89]. The major
challenge of these ABCs is to bring the truncation boundary as close as possible to the
object without sacrificing accuracy and to absorb the outgoing waves with little or no
reflection. A popular approach is the PML-based ABC discussed in Section 3.8.3 for
FDTD. The finite element technique is used in enforcing the condition as a tool for mesh
truncation [85].

Absorbing boundary § 7

--------------------------------------------

FIGURE 6.31
A radiating (or scattering) object surrounded by an absorbing boundary.
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Another popular ABC by derived Bayliss, Gunzburger, and Turkel (BGT) employs asymptotic
analysis [89]. For example, for the solution of a 3-D problem, an expansion of the scalar
Helmholtz equation is [88]

e " CNE(0,9)
O(r,0,0)= S 6.136
r.0,0)=" Z o (6136)
The sequence of BGT operators is obtained by the recursion relation
5 o1 (6.137)
B, = [+jk+ m= ]Bml, m=2,3,..
or
Since ¢ satisfies the higher-order radiation condition
1
B,2=0 W] (6.138)
imposing the mth-order boundary condition
B,®=0o0onS (6.139)

will compel the solution ¢ to match the first 2m terms of the expansion in Equation 6.136.
Equation 6.139 along with other appropriate equations is solved for ¢ using the FEM.

6.11 Finite-Element Time-Domain Method

Traditionally, frequency-domain methods have dominated computational electromagnetics,
while time-domain computation is a novelty. The trend is to solve Maxwell’s equations
directly in the time domain. (It is much easier to get frequency-domain results from time-
domain data than the other way around.) To date, finite-difference time-domain (FDTD)
techniques have received the greatest attention due to their algorithmic simplicity. In recent
years, finite-element time-domain (FETD) algorithms have increased in popularity because
of their ability to approximate physical boundaries. The FDTD method is the method
of choice when modeling geometries of low complexity, while FETD methods are most
appropriate when complicated geometries need to be modeled. Since FETD formulations
have not received as much attention as FDTD schemes, they are lacking in both maturity
and variety of applications.

Numerous FETD methods have been proposed for EM computation [89-97]. These
methods can be classified into two categories. One class of approaches directly solves
Maxwell’s equations and operates in a leapfrog fashion similar to the FDTD technique.
The approaches are conditionally stable. Another class of FETD methods tackles the
second-order vector wave equation obtained by eliminating one of the field variables from
Maxwell’s equations. We follow the approach in Reference 89.
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Consider Maxwell’s equations in space-time:

OH
VXE=—p—— 6.140
X i ot ( a)
VXH:I—Fs%—If (6.140b)

where E and H are electric field intensity and magnetic field intensity, respectively, and J is
the current density. From Equation 6.140, we can derive an initial value problem in terms
of the magnetic field H.

2
Vxloxp o 00 _1g 4 (6141)
€ e Ot ot €

where ¢ is the conductivity, € = ¢,¢, and p = p,u, are, respectively, the permittivity and
permeability of the medium. For 2-D region, the scalar wave equation for the longitudinal
component of the magnetic field is

firtte OH, O’H, 1

1 o2
7v Hz_a — Mr o -
a ot? £,€,

£,E, &€, Of

(Vx]). (6.142)

By defining the carrier frequency w, the field component and the current density can be
written as

H.(t) = V(t)e/

i (6.143)

J(t) = j(£)e™
where V(t) is the time-varying complex envelope of the field at the carrier frequency. The
application of Galerkin’s process (global weak formulation) produces a set of ordinary
differential equations

d*

L s

+ [B]% Gl +[F1=0 (6.144)

where v is the coefficient vector of V. Matrices [T], [B], and [G] are time-independent and
are given by

Tyj= f f LW, ds (6.145a)
. C
Bj = f f %(ijﬂra)WindS (6.145b)
S
Gj = f lWV,-VV\/]-—“—;(w?— jaw, WiW; dS (6.1450)
& C

S
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Eszlwﬁmm% (6.1454)
&
S

where ¢ is the speed of light in free space, a = 0/¢¢, is a constant, W, are 2-D FEM basis
functions, and S is a 2-D area bounded by the boundary I.
In order to solve Equation 6.144, the time derivatives must be discretized.

v 1

AR [o(n+1)—20(n) +v(n—1)] (6.1462)
% — - fotn+ D= on—1)] (6:146b)
00) = Boln + 1)+ (1 — 28060 + o — 1) (6:1460)

where v(n) = v(nAf) is the discrete-time version of v(f) and 3 is a constant that determines
the stability and the accuracy of the scheme. It is recommended that 3 = 1/4 which results
in an unconditionally stable scheme. Thus, Equation 6.144 becomes

[T] B G 2[T] B [G]
[At2 2At 4 ]v(nH) [At2 2 ]U(n)
[T] B [G] N
+ [_«tz + ﬁ — 4]0(71 1)—f(n) (6.147)

To solve these equations, we need to invert the matrix on the left-hand side. Since this
matrix is time independent, it needs to be filled and solved only once.

6.12 Applications: Microstrip Lines

The reader will benefit from the numerous finite element software packages that are freely
or commercially available. These include:

e COMSOL ( www.comsol.com)

¢ Quickfield ( www.quickfield.com/free_soft.htm)

e FEMM ( femm.foster-millercom/index.htm)

¢ NASTRAN (https://www.autodesk.com/education/free-software/nastran)
* Abaqus (https://academy.3ds.com/en/software/abaqus-student-edition)

¢ ANSYS ( www.ansys.com/Products/Electronics/ANSYS-HFSS)

* MaxFem (http://downloads.informer.com/maxfem/0.3/)

An extensive description of some of these codes and their capabilities can be found in
References 98,99.

Although some of the codes were developed for one field of engineering or another,
they can be applied to problems in a different field with little or no modification. Here, we
illustrate solving microstrip problems using COMSOL multiphysics package.


www.comsol.com
www.quickfield.com/free_soft.htm
http://femm.foster-millercom/index.htm
https://www.autodesk.com/education/free-software/nastran
https://academy.3ds.com/en/software/abaqus-student-edition
www.ansys.com/Products/Electronics/ANSYS-HFSS
http://downloads.informer.com/maxfem/0.3/
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-

I, Z.

FIGURE 6.32
Cross-section of a single-strip microstrip line.

The microstrip transmission lines have received a lot of attention in microwave circuit
design. In this section, we briefly illustrate how to use COMSOL to determine the capacitance,
inductance, and characteristic impedance of an open microstrip line [97]. Figure 6.32 shows
the cross section of the open single-strip microstrip line with the following parameters:

t = thickness of the conducting strip = 0.01 mm
w = width of the conductor (variable)
h = height of the dielectric material = 1 mm

¢, = dielectric constant = 6

The simulation is done twice: one to get the capacitance per unit length C of the microstrip
when the dielectric material is in place and the other to get C, when the dielectric material
is removed. The inductance per unit length L is given by

Hofo
L=2= 14
c (6148)
and the characteristic impedance is
Z= 6.149
" uCC ©149)

We now are using COMSOL to determine C, and C by taking the following steps:

1. Construct the geometry of the line, as shown in Figure 6.32 with the microstrip
surrounded by a 30w x 14h shield.

2. Take the difference between the conductor and air. Consider two cases—one for
air and the other for dielectric material.

3. For the dielectric region, specify the relative permittivity.

4. For the boundary, select the outer conductor (shield) as ground and the single strip
as port.

5. Generate the finite element mesh and solve the model.

6. As post-processing, select Point Evaluation and choose capacitance elements to find
the capacitance per unit length of the line.

Table 6.13 shows the finite element results for the capacitance per unit length and
inductance per unit length. These results are used in obtaining Table 6.14 for the
characteristic impedance of the line.
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TABLE 6.13
Capacitance and Inductance of the Microstrip Line
w/h C, (pF/m) C (pF/m) L (mh/m)
0.4 18.976 73.785 585.53
0.7 23.203 92.681 478.90
1.0 26.946 110.041 412.35
2.0 37.919 166.78 293.02
4.0 59.785 278.4 185.85
10.0 117.085 600.697 94.90
TABLE 6.14
Characteristic Impedance of the Microstrip Line
Present Conformal
w/h Work MoM Mapping
0.4 89.085 91.172 89.909
0.7 71.885 73.613 71.995
1.0 61.215 62.713 60.970
2.0 41916 43.149 41.510
4.0 25.837 27.301 26.027
10.0 12.569 13.341 12.485

6.13 Concluding Remarks

An introduction to the basic concepts and applications of the FEM has been presented.
It is by no means an exhaustive exposition of the subject. However, we have given the
flavor of the way in which the ideas may be developed; the interested reader may build on
this by consulting the references. Several introductory texts have been published on FEM.
Although most of these texts are written for civil or mechanical engineers, the texts by
Silvester and Ferrari [4], Chari and Silvester [39], Steele [100], Hoole [101], Itoh [102], and Jin
[103] are for electrical engineers. More texts and monographs have been published on FEM
than any other numerical technique.
The FEM has the following advantages [104]:

1. Itis flexible and versatile in modeling complex or inhomogeneous solution regions

2. Itcan handle a wide variety of engineering problems such as in EM, solid mechanics,
fluid mechanics, dynamics, and heat

3. It produces accurate and stable solutions
4. Boundary conditions are incorporated in the functional formulation
5. It can handle nonlinear problems

The limitations or disadvantages include:

1. Its sparsity patterns are highly unstructured and this makes it very difficult to
efficiently parallelize a FEM code.
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2. Due to inherent errors, the FEM produces only approximate solutions.
3. It produces spurious or extraneous nonphysical modes for some vector formulations
(6.123Db).

4. It is more directly suited for closed problems, but can be extended to open problems
using ABCs.

To address the limitations and increase the accuracy of FEM, some hybrid methods have
been proposed [98,105-110]. Due to its flexibility and versatility, the FEM has become a
powerful tool throughout engineering disciplines. It has been applied with great success
to numerous EM-related problems. Such applications include the following:

e Transmission line problems [103,111,112],

* Optical and microwave waveguide problems [8-17,113-11§],
¢ Electric machines [39,119-121],

® Scattering problems [69,70,73,122],

e Human exposition to EM radiation [123-126], and

e Others [127-130].

For other issues on FEM not covered in this chapter, one is referred to introductory texts
on FEM such as [2,4,34,39,46,90-92,99,131-139]. The issues of edge elements and absorbing
boundary are covered in Reference 106. Estimating error in finite element solution is
discussed in References 50,131,132. The reader may benefit from the numerous finite element
codes that are commercially available. An extensive description of these systems and their
capabilities can be found in References 133,140-142. Although the codes were developed
for one field of engineering or another, they can be applied to problems in a different field
with little or no modification.

PROBLEMS
6.1 For the triangular elements in Figure 6.33, determine the element coefficient
matrices.

6.2 Obtain the global coefficient matrix for the three-element mesh shown in
Figure 6.34.

1 2
(4,2) (7,2)

FIGURE 6.33
For Problem 6.1.
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FIGURE 6.34
For Problem 6.2.

6.3 The triangular element shown in Figure 6.35 is part of a finite element mesh. If
Vi=8V,V,=12,and V; =10V, find the potential at: (a) (1,2), (b) the center of
the element.

6.4 Find the coefficient matrix for the two-element mesh of Figure 6.36. Given that
V, =10 and V, = —10, determine V, and V;.

6.5 Determine the shape functions «;, o, and «; for the element in Figure 6.37.

(1, 4)

FIGURE 6.35
For Problems 6.3.

FIGURE 6.36
For Problem 6.4.
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1
(8,5)

3,4)
(6,0)
3

FIGURE 6.37
For Problem 6.5.

6.6 A triangular element has nodes at (0,1), (1,0), and (0,1). Construct the shape
function oy.

6.7 Show that the shape function «, evaluates to unity at node 1 and to zero at all
other nodes for the first-order elements.

6.8 Consider the mesh shown in Figure 6.38. The shaded region is conducting and
has no finite elements. Calculate the global elements C;,, and Cs ;.

6.9 With reference to the finite element in Figure 6.39, calculate the energy per unit
length associated with the element.

3em?t Y
13 12 11

14

15 10

16 9

Y=

w
(=23
~
)
W
2

=

FIGURE 6.38
For Problem 6.8.



436 Computational Electromagnetics with MATLAB®

I,

A
Y
o

FIGURE 6.39
For Problem 6.9.

6.10 Consider the element whose sides are parallel to the x and y axis, as shown in
Figure 6.40. Verify that the potential distribution within the elements can be
expressed as

Vi, y) = Vi + &V, + o5V + oV,

where V; are the nodal potentials and «; are local interpolating functions

defined as
= =)=y
(x4 — Xz)(yl - y4)
PN ) [l ),
(2 —x1)(y2 — y3)
0 = (x —x4)(Y —v2)
(x5 — x4)(]/3 —yz)
= F=%)y—y)
(x4 —x3)(Ya — 1)
y
4 3
1 2
FIGURE 6.40

For Problem 6.10.
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6.11

6.12
6.13

6.14

6.15

6.16

The cross section of an infinitely long rectangular trough is shown in
Figure 6.41; develop a program using FEM to find the potential at the center
of the cross section. Take ¢, = 4.5.

Solve the problem in Example 3.3 using the FEM.

Once the potential distribution is obtained, the electric field intensity can be
obtained from

E(x,y) =E.a,+ Ea,=-VV(x,y)
For each triangular element, show that

1
E = —ﬂ[(yj = Y)Vi+ Wk —y)V; + (i — yi)Vil

1
E, = —g[(xk —x))Vi + (x; — x)V; +(x; — x:)Vi ]

where A is the area of the element and V;;, represent the electric potentials of
three nodes (i, j, k) of each element.

A potential field is defined over a triangular three-node element by

Node i V. (V) x; (cm) y; (cm)

Calculate the potential and potential gradient at (4,4) cm.

Modify the program in Figure 6.10 to calculate the electric field intensity E at
any point in the solution region.

The program in Figure 6.10 applies the iteration method to determine the
potential at the free nodes. Modify the program and use the band matrix method
to determine the potential. Test the program using the data in Example 6.2.

A
Y 0V

20 cm

Ep

10cm fesesaceinann

i

£pgy

0 10 20 30em x

FIGURE 6.41
For Problem 6.11.
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)rl\
2.0
E= 8{’
1.0
£=EE
Po
0 ] 1.0 x
FIGURE 6.42
For Problem 6.17.

6.17 A grounded rectangular pipe with the cross section in Figure 6.42 is half-
filled with hydrocarbons (¢ = 2.5 €,, p, = 10-3C/m?). Use FEM to determine the
potential along the liquid-air interface. Plot the potential versus x.

6.18 Solve the problem in Example 3.4 using the FEM.

6.19 The cross section of an isosceles right-triangular waveguide is discretized as in
Figure 6.43. Determine the first 10 TM cutoff wavelengths of the guide.

6.20 Using FEM, determine the first 10 cutoff wavelengths of a rectangular waveguide
of cross section 2 cm x 1 cm. Compare your results with the exact solution.

Assume the guide is air-filled.

yl
(1,1)
15
13 14
(D)
10 L 1
®
8@ 6,
®/|®
o/ o e @
(0,0)
1 2 3 4 (,0) *

FIGURE 6.43
For Problem 6.19.
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6.21 Use the mesh generation program in Figure 6.16 to subdivide the solution regions
in Figure 6.44. Subdivide into as many triangular elements as you choose.

6.22 Determine the semi-bandwidth of the mesh shown in Figure 6.45. Renumber the
mesh so as to minimize the bandwidth.

6.23 Find the semi-bandwidth B of the mesh in Figure 6.46. Renumber the mesh to
minimize B and determine the new value of B.

y
1.5
©) @
0 1 2 3 ;:
(@)
3
4
©)
) @
©)
0 2 4 6 *
(b)
FIGURE 6.44
For Problem 6.21.
6 9 12 14. 15
@
ONL O\ |G\ |®
3 5 8 11 13
®
ON|® @
1 2 4 7 10
FIGURE 6.45

For Problem 6.22.
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94 26)%
®
096|926

For Problem 6.23.

6.24 Rework Problem 3.22 using the FEM.
Hint: After calculating V at all free nodes with ¢ lumped with C;, use Equation
6.19 to calculate W, that is,

W= %{vncm

Then find the capacitance from

2W
C=—H5
Vi
where V, is the potential difference between inner and outer conductors.

6.25 Using the area coordinates (§;, &, &) for the triangular element in Figure 6.3,
evaluate

a. fyxdS
b. /fixdS
c. JsxydS
6.26 Evaluate the following integrals:
a. [sa2ds
b. /i ayos dS
c. Js ayonon dS
6.27 Evaluate the shape functions «;, ..., a4 for the second-order elements in
Figure 6.47.
6.28 Derive matrix T for n = 2.
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FIGURE 6.47
For Problem 6.27.

6.29 By hand calculation, obtain Q® and Q® forn =1and n = 2.

6.30 The D@ matrix is an auxilliary matrix used along with the T matrix to derive
other fundamental matrices. An element of D is defined in Reference 41 as the
partial derivative of o; with respect to §, evaluated at node P, that is,

() _ “

, 1,i=1,2,...,m
if agq ]

B

where g € {1, 2, 3}. For n = 1 and 2, derive DW. From DY, derive D® and D®.
6.31 a. The matrix K# can be defined as

K(.Pfi):f 0a; 90; g
! 0§, 0&,

where p, g = 1, 2, 3. Using the D@ matrix of the previous problem, show that

Kvd = D®OT D@t

where t denotes transposition.
b. Show that the Q@ matrix can be written as

Q(ﬂ) — [D(Hl) _ D(ﬂfl)]T[D(qH) _ D(ﬂfl)]f

Use this formula to derive Q® for n = 1 and 2.
6.32 Verify the interpolation function for the 10-node tetrahedral element.

6.33 The (x, y, z) coordinates of nodes 1, 2, 3, and 4 of a three-dimensional simplex
element are (0, 0, 0), (2, 4, 2), 4, 0, 0), and (2, 0, 6), respectively. Determine the
shape functions of the element.
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6.34 Using the volume coordinates for a tetrahedron, evaluate

fzzdv

Assume that the origin is located at the centroid of the tetrahedron.
6.35 Obtain the T matrix for the first-order tetrahedral element.
6.36 Use Equation 6.104f to show that if

M; = f f ields

then

6.37 For the two-dimensional problem, the BGI sequence of operators are defined by
the recurrence relation

0 4m—3 B, .
dp 2p

Bm:[+jk+

where B, = 1. Obtain B, and B,.
6.38 Figure 6.48 shows the cross-section of an open double-strip microstrip line. Let
t = thickness of strip = 1 mm
w = width of the strip = 3 mm
h = height of dielectric material = 1 mm
d = distance between the two strips = 3 mm
¢, = dielectric constant = 2

r

Use any finite element software to calculate the capacitance values of the line.

A
‘—» w <—}—>d <—‘—> w 4—‘ t
L_I ] ] I_<—,
&, 1;

R,

FIGURE 6.48
For Problem 6.38.
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6.39 Use any finite element package to determine the characteristic impedance of
the shielded microstrip line whose cross-section is shown in Figure 6.49. Let
a=202,b=70h=10=w,t=00L

640 Consider the cross-section of a double-strip shielded microstrip line shown in
Figure 6.50. Use any finite element package to compute the capacitance matrix of
theline. Takew =3 mm,t=1mm,s =2mm, s =1 mm,a = 11 mm, b = 2.7 mm,
for the dielectric e, = 2.

6.41 For the shielded broadside-coupled suspended microstrip line shown in Figure
6.51, use a finite element software to find the capacitance matrix. Consider the
following parameters:

a = width of the shield = 40 mm

b = height of the shield =20 mm

t = thickness of the strip = 0.01 mm

h = thickness of the dielectric material =2 mm
w = width of the strip =2h,4h,and 8 h

¢, = dielectric constant = 2.22

r

that is, consider three cases withw =2h,4h,and 8 h

A
Y

FIGURE 6.49
For Problem 6.39.

FIGURE 6.50
For Problem 6.40.
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Conducting strip

Dielectric substrate

S

—

FIGURE 6.51
For Problem 6.41.
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7

Transmission-Line-Matrix Method

Excuses are the most important tools of non-achievers.

—Unknown

7.1 Introduction

The link between field and circuit theories has been exploited in developing numerical
techniques to solve certain types of partial differential equations (PDEs) arising in field
problems with the aid of equivalent electrical networks [1]. There are three ranges in the
frequency spectrum for which numerical techniques for field problems in general have
been developed. In terms of the wavelength )\ and the approximate dimension ¢ of the
apparatus, these ranges are [2]:

In the first range, the special analysis techniques are known as circuit theory; in the second,
as microwave theory; and in the third, as geometric optics (frequency independent). Hence, the
fundamental laws of circuit theory can be obtained from Maxwell’s equations by applying
an approximation valid when A >> ¢. However, it should be noted that circuit theory was not
developed by approximating Maxwell’s equations, but rather was developed independently
from experimentally obtained laws. The connection between circuit theory and Maxwell
equations (summarizing field theory) is important; it adds to the comprehension of
the fundamentals of electromagnetics. According to Silvester and Ferrari, circuits are
mathematical abstractions of physically real fields; nevertheless, electrical engineers at
times feel they understand circuit theory more clearly than fields [3].

The idea of replacing a complicated electrical system by a simple equivalent circuit goes
back to Kirchhoff and Helmholtz. As a result of Park’s [4], Kron’s [5,6] and Schwinger’s [7,8]
works, the power and flexibility of equivalent circuits become more obvious to engineers.
The recent applications of this idea to scattering problems, originally due to Johns and
Beurle [9], have made the method more popular and attractive.

Transmission-line modeling (TLM), otherwise known as the transmission-line-matrix
method, is a numerical technique time-domain for solving field problems using circuit
equivalent. It is based on the equivalence between Maxwell’s equations and the equations
for voltages and currents on a mesh of continuous two-wire transmission lines. The
main feature of this method is the simplicity of formulation and programming for a
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FIGURE 7.1
(@) 1-D conducting system, (b) discretized equivalent.

wide range of applications [10,11]. As compared with the lumped network model, the
transmission-line model is more general and performs better at high frequencies where
the transmission and reflection properties of geometrical discontinuities cannot be
regarded as lumped [7].

Like other numerical techniques, the TLM method is a discretization process. Unlike
other methods such as finite difference and finite element methods, which are mathematical
discretization approaches, the TLM is a physical discretization approach. In the TLM, the
discretization of a field involves replacing a continuous system by a network or array of
lumped elements. For example, consider the one-dimensional (1-D) system (a conducting
wire) with no energy storage as in Figure 7.1a. The wire can be replaced by a number of
lumped resistors providing a discretized equivalent in Figure 7.1b. The discretization of
the two-dimensional (2-D), distributed field is shown in Figure 7.2. More general systems
containing energy-reservoir elements as well as dissipative elements will be considered
later.

The TLM method involves dividing the solution region into a rectangular mesh of
transmission lines. Junctions are formed where the lines cross forming impedance
discontinuities. A comparison between the transmission-line equations and Maxwell’s

L RN
NN
HEN

(a) (b)

Iﬂ}’

Ax

(c)

FIGURE 7.2
(@) 2-D conductive sheet, (b) partially discretized equivalent, (c) fully discretized equivalent.
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equations allows equivalences to be drawn between voltages and currents on the lines
and electromagnetic fields in the solution region. Thus, the TLM method involves two
basic steps [12]:

¢ Replacing the field problem by the equivalent network and deriving analogy
between the field and network quantities and

¢ Solving the equivalent network by iterative methods.

Before we apply the method, it seems fit to briefly review the basic concepts of transmission
lines and then show how the TLM method can be applied to a wide range of EM-related
problems.

7.2 Transmission-Line Equations

Consider an elemental portion of length A¢ of a two-conductor transmission line. We intend
to find an equivalent circuit for this line and derive the line equations. An equivalent circuit
of a portion of the line is shown in Figure 7.3, where the line parameters R, L, G, and C are
resistance per unit length, inductance per unit length, conductance per unit length, and
capacitance per unit length of the line, respectively. The model in Figure 7.3 may represent
any two-conductor line. The model is called the T-type equivalent circuit; other types of
equivalent circuits are possible, but we end up with the same set of equations. In the model
of Figure 7.3, we assume without loss of generality that wave propagates in the +z direction,
from the generator to the load.

By applying Kirchhoff’s voltage law to the left loop of the circuit in Figure 7.3, we obtain

Vi) = R0+ LA ¢ by vz 4 A2,
2 2 Ot
or
V(z+AL/2,8)—V(z,t) ol
- =RI(z,t)+ L—(z,t 71
1(z 1) RA?SZ LAGE 5 Lo R&%z e+ &0
Al
+ + +
Viz, t) GAL CAE== Vz+ A/2,1)  Viz+ AL, t)
] !
é z +.£\€
FIGURE 7.3

T-type equivalent circuit model of a differential length of a two-conductor transmission line.
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Taking the limit of Equation 7.1 as A¢ — 0 leads to

_oV(zt) _ RI

ol
82 (Z/ t)"_LE(zl t) (72)

Similarly, applying Kirchhoff’s current law to the main node of the circuit in Figure 7.3
gives

I(z,8) = I(z + AL ) + Al
— 2+ ALE+CALV (2 + AL/2, 1) + CAZ%—‘;(Z +AL/2,8)

or

ACGHALD=IED _ Gy ars2, 1Y 4 a0/ (73)
Al ot
As Al — 0, Equation 7.3 becomes
_OL G =cvin+c Y @ (74)
0z ot

Differentiating Equation 7.2 with respect to z and Equation 7.4 with respect to ¢, the two
equations become

OV _ ROl 0

=R—+L 7.2a
oz’ Oz  0zot 2
and
L _ oV 9V
— =G> 4C 74a
otoz ot o 742
Substituting Equations 7.4 and 74a into Equation 7.2a gives
o’V R% ov
=LC RC+GL)—+RGV 7.5
0z g TRCHEL G, 79
Similarly, we obtain the equation for current I as
9’1 9’1 ol
~—— =LC~5+(RC+GL)=—+RGI 7.6
oz* or* TRC+GL) ot 70

Equations 7.5 and 7.6 have the same mathematical form, which in general may be
written as
o o 09

=LC RC+GL)~—— + RGP 7.7
9z* 8t2+( * )at+ @7)

where ®(z, t) has replaced either V(z, t) or I(z, 1).
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Ignoring certain transmission-line parameters in Equation 7.7 leads to the following
special cases [13]:

a. L=C=0yields
9’

where k; = RG. Equation 7.8 is the 1-D elliptic PDE called Poisson’s equation.
b. R=C=0o0rG=L=0yields

e . 0P

_ . 0% 79
09z2 ot 79)

where k, = GL or RC. Equation 79 is the 1-D parabolic PDE called the diffusion
equation.

c¢. R=G =0 (lossless line) yields

2P 2P

where k; = LC. This is the 1-D hyperbolic PDE called the Helmholtz equation, or
simply the wave equation. Thus, under certain conditions, the 1-D transmission
line can be used to model problems involving an elliptic, parabolic, or hyperbolic
partial differential equation (PDE). The transmission line of Figure 7.3 reduces
to those in Figure 74 for these three special cases.

Apart from the equivalent models, other transmission-line parameters are of interest. A
detailed explanation of these parameters can be found in standard field theory texts, for
example, Reference 14. We briefly present these important parameters. For the lossless line
in Figure 74c, the characteristic resistance

R, = \E (711a)

the wave velocity

1
U=——, 711b
c (711b)
and the reflection coefficient at the load
RL - Ro
= , 711
R, tR, (711c)

where R; is the load resistance.
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FIGURE 7.4
Transmission-line equivalent models for: (a) elliptic PDE, Poisson’s equation, (b) parabolic PDE, diffusion
equation, (c) hyperbolic PDE, wave equation.

The generality of the TLM method has been demonstrated in this section. In the following
sections, the method is applied specifically to diffusion [15,16] and wave propagation
problems [10-13,17,18].

7.3 Solution of Diffusion Equation

We now apply the TLM method to the diffusion problem arising from current density
distribution within a wire [15]. If the wire has a circular cross section with radius a and
is infinitely long, then the problem becomes 1-D. We will assume sinusoidal source or
harmonic fields (with time factor ).

The analytical solution of the problem has been treated in Example 2.3. For the
TLM solution, consider the equivalent network of the cylindrical problem in Figure 7.5,

R AL

5
CRE Yy -

A€

FIGURE 7.5
RC equivalent network.
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where Al is the distance between nodes or the mesh size. Applying Kirchhoff’s laws to the
network in Figure 7.5 gives

oI,

i jwCV, (712a)
‘?2’ =—RI, (7.12b)

where R and C are the resistance and capacitance per unit length.
Within the conductor, Maxwell’s curl equations (o >> we) are

V x E=—jwuH (713a)
V x H=0E (713b)

where E and H are assumed to be in phasor forms. In cylindrical coordinates, Equation 7.13
becomes

OE, )

10
~-—(pH,) =0k,
p Op

These equations can be written as

9 _ jw[“] (pH,) (714a)
dp p
d
——(pH;) = (op)E; (7.14b)

dp

Comparing Equation 7.12 with Equation 7.14 leads to the following analogy between the
network and field quantities:

I, =-E, (715a)
Vs, =pH, (7.15b)
C=ulp (7.150)
R=op (715d)

Therefore, solving the impedance network is equivalent to solving Maxwell’s equations.
We can solve the overall impedance network in Figure 7.6 by an iterative method. Since
the network in Figure 7.6 is in the form of a ladder, we apply the ladder method. By applying
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V(1) w(2) VIN-2) VIN-1) V(N)
r=- —Wvy AW WN——T—— ===
r(1) rN=-2) riN=-1) r(N)
BR)L  BIN-1)L  BIN)== BN+ 1)<
l i i P
Al (N = 1)AC

FIGURE 7.6
The overall equivalent network.

Kirchhoff’s current law, the Nth nodal voltage (N > 2) is related to (N — 1)th and (N — 2)th
voltages according to

V) =T VN =) V(N -2
+ BN -1 (N-)V(N-1)+ V(N -1) (716)

where the resistance r and susceptance B are given by
r(N)=R(A) = o(N —0.5)(AL)?, (7.17a)

Al w
B(N)=wCAl = “H — W
(N)=w (N—D)AC  N-1 (717b)

We note that V(1) = 0 because the magnetic field at the center of the conductor (p = 0) is
zero. Also V(2) = I(1) - r(1), where I(1) can be arbitrarily chosen, say I(1) = 1. Once V(1) and
V(2) are known, we can use Equation 7.16 to scan all nodes in Figure 7.6 once from left to
right to determine all nodal voltages (=pH,) and currents (=E, = ], /o).

EXAMPLE 7.1

Develop a computer program to determine the relative (or normalized) current density
J.(p)/].(a) in a round copper wire operated at 1 GHz. Plot the relative current density
against the radical position p/a for cases a/6 =1, 2, and 4. Take Al/6 =01, p = p,,
oc=>5.8x 10" S/m.

Solution

The computer program is presented in Figure 7.7. It calculates the voltage at each node
using Equations 7.16 and 7.17. The current on each r(N) is found from Figure 7.7 as

I(N-1)= V(N)-V(N-1)

r(N—1)
Since | = o E, we obtain [,(p)/],(a) as the ratio of I(N) and I(N MAX), where I (N MAX) is
the current at p = a.

To verify the accuracy of the TLM solution, we also calculate the exact ] ,(p)/].(a) using
Equation 2.120. (For further details, see Example 2.3.) Table 7.1 shows a comparison
between TLM results and exact results for the case a/6 = 4.0. It is noticed that the
percentage error is maximum (about 8%) at the center of the wire and diminishes to
zero as we approach the surface of the wire. Figure 7.8 portrays the plot of the relative
current density versus the radial position for cases a/6 = 1, 2, and 4.
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FIGURE 7.7

USING THE TLM METHOD, THIS PROGRAM CALCULATES THE RELATIVE
CURRENT DENSITY JR IN A ROUND COPPER WIRE
THE EXACT SOLUTION JRE IS ALSO INCLUDED

oF g0 o0 9P o

clear
% SPECIFY INPUT DATA

F = 1.0E+9;

SIGMA = 5.8E+7;

PIE = 4.0*atan(1.0);
MIU = 4.0*PIE*1.0E-7;
OMEGA = 2.0*PIE*F;

DELTA = sgrt( 2.0/(SIGMA*MIU*OMEGA) );
H = 0.1*DELTA;

A = 4.0*DELTA;

NMAX = A/H;

% INITIALIZE AND CALCULATE RELATIVE CURRENT DENSITY JR USING TLM

vi(l) 0;
V(2) = 0.1%(SIGMA*({ (1) - 0.5 )*(H"2));

for N = 3:NMAX+1
V(N) = (SIGMA*(N-1-0.5)*H"2)/(SIGMA* (N-2-0.5)*H"2)*(V(N=-1) - V(N-
2)) e
+ i*((OMEGA*MIU/(N=-2)))*(SIGMA*(N-1-0.5)*H"2)*V(N-
1) + V(N-1);
end

2 :NMAX+1;
I = ( V(N) - V(N-1) )./ (SIGMA*(N-1-0.5)*H"2);
JR = abs(I/I(NMAX));

% CALCULATE THE CURRENT DENSITY JRE FROM THE EXACT SOLUTION

K = 0:20;

NRO = 1:NMAX;

X = ( (NRO)/(NMAX) )*A*sqrt(2.0)/DELTA;
[K2,X2] = meshgrid(K,X);

FB = ( (X2/2)."(2*K2) )./(factorial(K2)."2);
BEO = FB*exp(i*K¥pi/2).';

JRE = abs(BEO);
JRE = JRE/JRE(NMAX); % RELATIVE CURRENT DENSITY

RHO = (1:NMAX)/(NMAX);
20utput Result
disp(sprintf('\n%s #s %s', 'RADIAL POSITION','TLM J', 'EXACT J'));
for N=4:4:NMAX
s2 = sprintf('$10g %16g %12g',RHO(N), JR(N), JRE(N));
disp(s2)
end
figure(l),plot(RHO,JR,RHO,JRE)

ylabel('Relative current Density');
xlabel( 'Radial position')

Computer program for Example 7.1.
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TABLE 7.1

Comparison of Relative Current Density
Obtained from TLM and Exact Solutions

(a/6 = 4.0)
Radial
Position (p/a) TLM Result  Exact Result
0.1 0.11581 0.10768
0.2 0.11765 0.11023
0.3 0.12644 0.12077
0.4 0.14953 0.14612
0.5 0.19301 0.19138
0.6 0.26150 0.26082
0.7 0.36147 0.36115
0.8 0.50423 0.50403
0.9 0.70796 0.70786
1.0 1.0 1.0
1.0
ald =4
08
fury
@
5 06
(a]
= ald=2
g -
E
@]
e 041
E o — ald =
il
(=1 ____—-_——-—_—-_,.
0.2
0 1 | |

]
0.0 0.2 0.4 0.6 0.8 1.0
Radial Position (p/a)

FIGURE 7.8
Relative current density versus radial position.

7.4 Solution of Wave Equations

In order to show how Maxwell’s equations may be represented by the transmission-line
equations, the differential length of the lossless transmission line between two nodes of the
mesh is represented by lumped inductors and capacitors as shown in Figure 7.9 for 2-D wave
propagation problems [1718]. At the nodes, pairs of transmission lines form impedance
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FIGURE 7.9
Equivalent network of a 2-D TLM shunt node.

discontinuity. The complete network of transmission-line matrix is made up of a large
number of such building blocks as depicted in Figure 7.10. Notice that in Figure 7.10 single
lines are used to represent a transmission-line pair. Also, a uniform internodal distance of
Alis assumed throughout the matrix (i.e., Al = Ax = Az). We shall first derive equivalences
between network and field quantities.

7.4.1 Equivalence between Network and Field Parameters

We refer to Figure 79 and apply Kirchhoff’s current law at node O to obtain

L(x—AL/2)—I.(x + Al/2)+ I(z— Al/2)— I (z + Al/2) = 2CA€%

@ i Boundary A
..... / 3
(v q) 2 4
! 1
E Boundary B
sifeomanlosssdsrre fons sl :__/ 2
(1, m) :
t
Boundary C

FIGURE 7.10
TLM and boundaries.
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Dividing through by A/ gives

L(x—Al/2)— I (x+Al/2) N L(z—Al/2)~L(z+AL/2) _, -0V,
Al Al Y

Taking the limit as A¢ — 0 results in

oL, 0l _oC av, (718a)
0z Ox ot

Applying Kirchhoff’s voltage law around the loop in the x — y plane gives

Ol (x—AL/2)
ot

—V,(x+AL/2)=0

V,(x—Al/2)—LAL/2
CLA2 Ol(x+Al/2)
ot
Upon rearranging and dividing by A/, we have

V,(x=Al/2)=V,(x+ Al/2) Ll (x—AL/2) N LoL(x+Al/2)
Al 2 ot 2 ot

Again, taking the limit as A¢ — 0 gives

oy _ 1 9k (718b)
ox ot

Taking similar steps on the loop in the y — z plane yields

vy _ ;0L (7180)
0z ot

These equations will now be combined to form a wave equation. Differentiating Equation
7.18a with respect to t, Equation 7.18b with respect to x, and Equation 7.18c with respect to
z, we have

2 2 2
_OL 0L _ 5,0y (719a)
0z0t  OxOt ot?
2 2
OV _ 0L (719b)
ox otox
2 2
ov, ;0L (7.190)
022 otdz

Substituting Equations 7.19b and 7.19c into Equation 7.19a leads to

0%V, 0%, 0%V,
8x2y * 8zzj =2Lc Btzy 720

Equation 7.20 is the Helmholtz wave equation in 2-D space.
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In order to show the field theory equivalence of Equations 7.19 and 7.20, consider Maxwell’s
equations

OH
VxE=—u 8 721
X " ot (7.21a)
and
vxH=%E (721b)
ot

Expansion of Equation 7.21 in the rectangular coordinate system yields

OE, OE,  OH,
oy o Mot (7.22a)
OFE, OF _ _ OH, (7.22b)
0z  Ox ot
OE, OL, H,
Oy 05 _ 0 , (7.22¢)

ox oy | ot

oH, OH, OF,
oy 0z T (722d)

OH, oH. _ OE, 7220)

0z  Ox ot’

OH, 0H, OE.
ox  dy ot (7:224)

Consider the situation for which E, = E, = H, =0, 9/dy =0. It is noticed at once that
this mode is a transverse electric (TE) mode with respect to the z-axis but a transverse
magnetic (TM) mode with respect to the y-axis. Thus by the principle of duality, the
network in Figure 7.9 can be used for E,, H,, H, fields as well as for E,, E., H, fields. A
network capable of reproducing TE waves is also capable of reproducing TM waves. For
TE waves, Equation 7.22 reduces to

OH, OH.  OE, (723a)
0z ox ot
OE, OH
OE, __ OH. 723b
Ox Hoot ( )
OE, _ OH. (7.230)

0z Mc’)t
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Taking similar steps on Equations 7.23a through 7.23c as were taken for Equations 7.18a
through 7.18c results in another Helmholtz equation

O°E,
+
ox* 972

2}{1 ZE
OH, _, OF,
ot

(7.24)

Comparing Equations 7.23 and 7.24 with Equations 718 and 7.20 yields the following
equivalence between the parameters

E, =V,

H.,=-1I,

H,=1I, (7.25)
w=1L
e=2C

Thus in the equivalent circuit:

* The voltage at shunt node is E,
e The current in the z direction is —H,,

e The current in the x direction is H,,

The inductance per unit length represents the permeability of the medium,

Twice the capacitance per unit length represents the permittivity of the medium.

7.4.2 Dispersion Relation of Propagation Velocity

For the basic transmission line in the TLM which has u, = ¢, = 1, the inductance and
capacitance per unit length are related by Reference 8

1 _ 1 .
\/(LC) \/(M060)

(7.26)

where ¢ =3 x 105 m/s is the speed of light in vacuum. Notice from Equation 7.26 that for
the equivalence made in Equation 7.25, if voltage and current waves on each transmission
line component propagate at the speed of light c, the complete network of intersecting
transmission lines represents a medium of relative permittivity twice that of free space. This
implies that as long as the equivalent circuit in Figure 7.9 is valid, the propagation velocity
in the TLM mesh is 1/+/2 of the velocity of light. The manner in which wave propagates on
the mesh is now derived.

If the ratio of the length of the transmission-line element to the free-space wavelength of
the wave is 6/2r = Al/A (0 is called the electrical length of the line), the voltage and current
at node i are related to those at node i + 1 by the transfer-matrix equation (see Problem 7.2)
given as [19]

vi| 1 0
I

(2jtan6/2) 1

Via

Ii+1

(cosf/2)  (jsind/2)

(jsing/2)  (cos/2) (7.27)

(cosf/2)  (jsin6/2)
(jsin6/2)  (cosf/2)
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If the waves on the periodic structure have a propagation constant v, = a,, + j3,, then

Vi . emAe 0 |[Vin 798
I; 0 e I (28)

Solution of Equations 7.27 and 7.28 gives
cosh(,Al) = cos(f) — tan(6/2)sin(f) (7.29)

This equation describes the range of frequencies over which propagation can take place
(passbands), that is,

|cos(f) — tan(6/2)sin(9)| < 1, (7.30a)
and the range of frequencies over which propagation cannot occur (stop-bands), that is,
|cos(6) — tan(6/2)sin(0)| > 1, (7.30b)

For the lowest frequency propagation region,

Y = By (7.31a)
and
po 2Bl _w Ay (7.31b)
A c

Introducing Equation 7.31 in Equation 7.29, we obtain

cos(0,Al) = cos WAEJ —tan LL)AEJsin wAZ] (7.32)
c c c
Applying trigonometric identities
sin(2A) = 2sin(A)cos(A)
and
cos(2A) =1 — 2 sin¥(A)
to Equation 7.32 results in
sin[ b ”ZM] =2sin “’M] (7.33)

which is a transcendental equation. If we let r be the ratio of the velocity u,, of the waves on
the network to the free-space wave velocity c, then

w 27

B AB,

r:un/c:

(7.34a)
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or

3, =27 (7.34b)
A1

Substituting Equations 7.34 into Equation 7.33, the transcendental equation becomes

sin[”Af] -2 sin[ﬂfg] (7.35)

r

By selecting different values of A/}, the corresponding values of r = u,/c can be obtained
numerically as in Figure 711 for 2-D problems. From Figure 711, we conclude that the TLM
can represent Maxwell’s equations only over the range of frequencies from zero to the first
network cutoff frequency, which occurs at wAl/c = 7/2 or A¢/A = 1/4. Over this range, the
velocity of the waves behaves according to the characteristic of Figure 7.11. For frequencies
much smaller than the network cutoff frequency, the propagation velocity approximates
to 1/+/2 of the free-space velocity.

Following the same procedure, the dispersion relation for three-dimensional (3-D)
problems can be derived as

T AL Al
inl L. 25 = 2gin| 7 22
sm[ 3 ] 51n[7r 3 ] (7.36)

Thus for low frequencies (A¢/A < 0.1), the network propagation velocity in 3-D space may
be considered constant and equal to ¢/2.

7.4.3 Scattering Matrix

If .V, and ,Vj are the voltage impulses incident upon and reflected from terminal 7 of a
node at time t = kA{/c, we derive the relationship between the two quantities as follows.
Let us assume that a voltage impulse function of unit magnitude is launched into terminal
1 of a node, as shown in Figure 7.12a, and that the characteristic resistance of the line is
normalized. A unit-magnitude delta function of voltage and current will then travel toward
the junction with unit energy (S, = 1). Since line 1 has three other lines joined to it, its

=
o3

0.6

Normalized Propagation Velocity u,/c

I 1 I
0 0.05 0.1 0.15 0.2 0.25

0.5

Normalized Frequency A£/A

FIGURE 7.11
Dispersion of the velocity of waves in a 2-D TLM network.
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FIGURE 7.12
Impulse response of a node in a matrix.

effective terminal resistance is 1/3. With the knowledge of its reflection coefficient, both the
reflected and transmitted voltage impulses can be calculated. The reflection coefficient is

R-R, _1/3-1_ 1

TRFR, 1341 2 37)
so that the reflected and transmitted energies are
S, =SI'*= 1 (7.38a)
4
3
S=5(1-I")= 1 (7.38b)

where subscripts i, 7, and t indicate incident, reflected, and transmitted quantities,
respectively. Thus, a voltage impulse of —1/2 is reflected back in terminal 1, while a voltage
impulse of 1/2 =[3 = 3]"? will be launched into each of the other three terminals as shown
in Figure 7.12b.

The more general case of four impulses being incident on four branches of a node can
be obtained by applying the superposition principle to the previous case of a single pulse.
Hence, if at time t = kAl/c, voltage impulses Vi, ;V3, V4, and , Vj are incident on lines 1-4,
respectively, at any node as in Figure 712¢c, the combined voltage reflected along line 1 at
time t = (k + 1)A¢/c will be [9,10]

. i i i i
k1 V4 :E<kV2 + Vs + Vi — le> (7.39)

In general, the total voltage impulse reflected along line 7 at time t = (k + 1)A//c will be

4
r 1 i
k+1 Vn = E g ka

m=1

- erf/ n= 1/ 2/ 3/4 (740)

This idea is conveniently described by a scattering matrix equation relating the reflected
voltages at time (k + 1)A¢/c to the incident voltages at the previous time step kA¢/c:

v, 1 1 1 1 W
V. 1 -1 1 1 |v
2 _ 1 2 (741a)
Vel 201 1 -1 1] |»
Vi 11 1 -1 |V
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or
paV =5, V! (741b)
where
-1 1
11 1 =1 1
=51 1 4
1 1 1 -1

Also an impulse emerging from a node at position (z, x) in the mesh (reflected impulse)
becomes automatically an incident impulse at the neighboring node. Hence,

1Vi(Z, x+ Al = V3 (2, %)
ki1Va(z 4+ AL x) = 1Vi(z, %)
k+1V3i(Z/x —Al) = Vi (z,x)
1Vi(z — AL x) = 11V (2, X)

(742)

Thus by applying Equations 741 and 7.42, the magnitudes, positions, and directions
of all impulses at time (k + 1)A//c can be obtained at each node in the network provided
that their corresponding values at time kA¢/c are known. The impulse response may,
therefore, be found by initially fixing the magnitude, position, and direction of travel of
impulse voltages at time t = 0, and then calculating the state of the network at successive
time intervals. The scattering process forms the basic algorithm of the TLM method
[10,17].

The propagation of pulses in the TLM model is illustrated in Figure 7.13, where the
first two iterations following an initial excitation pulse in a 2-D shunt-connected TLM are
shown. We have assumed free-space propagation for the sake of simplicity.

7.4.4 Boundary Representation

Boundaries are usually placed halfway between two nodes in order to ensure synchronism.
In practice, this is achieved by making the mesh size A an integer fraction of the structure’s
dimensions.

Any resistive load at boundary C (see Figure 7.10) may be simulated by introducing a
reflection coefficient I

eaVi(p, @)= V3 (p+1,9) =TLVi(p,q)] (743)

where

(744)
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Excitation First iteration

Second iteration

FIGURE 7.13
Scattering in a 2-D TLM network excited by a Dirac impulse.

and R, is the surface resistance of the boundary normalized by the line characteristic
impedance. If, for example, a perfectly conducting wall (R, = 0) is to be simulated along
boundary C, Equation 7.44 gives I' = —1, which represents a short circuit, and

kaVi(p,q)=—Vi(p,q) (7:45)

is used in the simulation. For waves striking the boundary at arbitrary angles of incidence,
a method for modeling free-space boundaries is discussed in Reference 20.

7.4.5 Computation of Fields and Frequency Response

We continue with the TE mode of Equation 723 as our example and calculate E,, H,, and
H.. E, at any point corresponds to the node voltage at the point, H, corresponds to the net
current entering the node in the x direction (see Equation 7.25), while H, is the net current
in the negative z direction. For any point (z = m, x = n) on the grid of Figure 7.10, we have
for each kth transient time

1 i i i i
vEy(m,n) = E[kvl (m,n)+ Va(m,n)+ Vi(m,n)+ Vi(m,n)] (746)
_ka(m/ 1’1) = kVZi(m/ 7’[) - kV4i(m/ 7’1), (747)
and
wH.(m,n)= kV?f(m/n) - kvli(m/n) (748)

Thus, a series of discrete delta function of magnitudes E,, H,, and H, corresponding to
time intervals of Af/c are obtained by the iteration of Equations 741 and 7.42. (Notice that
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reflections at the boundaries A and B in Figure 710 will cancel out, thus H, = 0.) Any point
in the mesh can serve as an output or observation point. Equations 7.46 through 7.48 provide
the output-impulse functions for the point representing the response of the system to an
impulsive excitation. These output functions may be used to obtain the output waveform.
For example, the output waveform corresponding to a pulse input may be obtained by
convolving the output-impulse function with the shape of the input pulse.

Sometimes we are interested in the response to a sinusoidal excitation. This is obtained
by taking the Fourier transform of the impulse response. Since the response is a series of
delta functions, the Fourier transform integral becomes a summation, and the real and
imaginary parts of the output spectrum are given by References 9,10

Re[F(AL/N)] = klcos[”kM] (749)
k=1
Im[F(AL/))] = ; Isin 2”’;“] (749b)

where F(A{/)) is the frequency response, ;I is the value of the output-impulse response at
time t = kAl/c, and N is the total number of time intervals for which the calculation is made.
Henceforth, N will be referred to as the number of iterations.

7.4.6 Output Response and Accuracy of Results

The output-impulse function, in terms of voltage or current, may be taken from any point
in the TLM mesh. It consists of a train of impulses of varying magnitude in the time
domain separated by a time interval A¢/c. Thus, the frequency response obtained by taking
the Fourier transform of the output response consists of series of delta functions in the
frequency domain corresponding to the discrete modal frequencies for which a solution
exists. For practical reasons, the output response has to be truncated, and this results in a
spreading of the solution delta function sin x/x type of curves.

To investigate the accuracy of the result, let the output response be truncated after N
iterations. Let V,(t) be the output-impulse function taken within 0 < t < N Af/c. We may
regard V,(t) as an impulse function V_(¢) taken within 0 < ¢ < oo, multiplied by a unit
pulse function V() of width NA//, that is,

Voul®) = Vo (©) x V() (7.50)

where

1, 0<t<NAl/c
vV, = (751)

|0, elsewhere

Let Sou(f), Soc(f), and S,( f) be the Fourier transform of V,,(#), V..(t), and V,,(¢), respectively.
The Fourier transform of Equation 7.50 is the convolution of S (f) and S,(f). Hence,

Sou(f) = f 5.(@)S,(f —a)da (752)
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where
sin TNALf
_ NA/L c —(xNAL)/c
S(N="  NaF (753
c

which is of the form sin x/x. Equations 7.52 and 7.53 show that S,( f) is placed in each of
the positions of the exact response S_( f). Since the greater the number of iterations N the
sharper the maximum peak of the curve, the accuracy of the result depends on N. Thus, the
solution of a wave equation by TLM method involves the following four steps [21]:

1. Space discretization: The solution region is divided into a number of blocks to fit
the geometrical and frequency requirements. Each block is replaced by a network
of transmission lines interconnected to form a “node.” Transmission lines from
adjacent nodes are connected to form a mesh describing the entire solution region.

2. Excitation: This involves imposing the initial conditions and source terms.

3. Scattering: With the use of the scattering matrix, pulses propagate along transmission
lines toward each node. At each new time step, a multiple of propagation time 6,
scattered pulses from each node become incident on adjacent nodes. The scattering
and connection processes may be repeated to simulate propagation for any desired
length of time.

4. Output: Atany time step, voltages and currents on transmission lines are available. These
represent the electric and magnetic fields corresponding to the particular problem
and excitation. The quantities available at each time step are the solution in the time
domain—there is no need for an iterative solution procedure. If desired, frequency-
domain information may be obtained by using Fourier transform techniques.

The following examples are taken from Johns’s work [9,18].

EXAMPLE 7.2

The MATLAB program in Figure 714 is for the numerical calculations of 1-D TEM wave
problems. It should be mentioned that the computer program in this example and the
following ones are modified versions of those in Agba [22]. The calculations were carried
outona 25 x 11 rectangular matrix. TEM field-continuation boundaries were fixed along
x =2 and x = 10, producing boundaries, in effect, along the lines x = 1.5 and x = 10.5.
The initial impulse excitation was on all points along the line z = 4, and the field along
this line was set to zero at all subsequent time intervals. In this way, interference from
boundaries to the left of the excitation line was avoided. Calculations in the z direction
were terminated at z = 24, so that no reflections were received from points at z = 25
in the matrix, and the boundary C in Figure 710, situated at z = 24.5, was therefore
matched to free space. The output-impulse response for E, and H, was taken at the point
z = 14, x = 6, which is 10.5 mesh points away from the boundary C, for 100, 150, and 200
iterations.

Since the velocity of waves on the matrix is less than that in free space by a factor u,/c
(see Figure 7.11), the effective intrinsic impedance presented by the network matrix is less
by the same factor. The magnitude of the wave impedance on the matrix, normalized
to the intrinsic impedance of free space, is given by Z = |E,|/|H,| and is tabulated in
Table 7.2, together with Arg(Z), for the various numbers of iterations made. A comparison
is made with the exact impedance values [14].
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clear

% W e oo ok o ok ok o e o e o o o ok ok ok ok ok ok o e o o e o e o ok ok o ok ok o ok ok o e e e e o e ok o o ok ok o e o
% THIS PROGRAM APPLIES THE TLM METHOD TO SOLVE

% ONE-DIMENSIONAL WAVE PROBLEMS. THE SPECIFIC EXAMPLE

% SOLVED HERE IS DESCRIBED AS FOLLOWS:-—

%

% THE TEM WAVES ON A 25 x 11 MATRIX

% THE BOUNDARIES ARE AT X = 2 AND X = 10

% INITIAL IMPULSE EXCITATION IS ALONG Z=4 AT t = 0

% AND SUBSEQUENTLY THIS LINE IS SET TO ZERO. THE GRID

% IS TERMINATED AT 2=25. OUTPUT IS TAKEN AT 2 = 14,

% X = 6 FOR Ey AND Hx FOR 100,150,200 ITERATIONS

% VI(IT,I,J,K) -- ARRAY FOR INCIDENT VOLTAGE

% VR(IT,I,J,K) -- ARRAY FOR REFLECTED VOLTAGE

% IT =1 -- FOR PREVIOUS PULSE VALUE

% IT =2 -= FOR CURRENT PULSE VALUE

% Ied -- CORRESPOND TO NODE LOCATION (Z,X)

% K=1..4 -- FOR TERMINALS

% NX -- INDEX OF NODES IN X-DIRECTION

% N2 -- INDEX OF NODES IN Z-DIRECTION

% NX/NZ B,E -- INDEX OF BEGINNING, END NODE

% NX/NX O -- INDEX OF OUTPUT NODE

% GAMMA -- RELFLECTION COEFFICIENT AT THE BOUNDARY C
% DELTA -- MESH SIZE DIVIDED BY LAMBA

% ITRATE -- NO. OF ITERATIONS

% LA A AR RS R RS R R R R R R R Rt R R R R R R R R RS ER R R EEEEEEEEE R

VI = zeros(2,25,11,4); VR = zeros(2,25,11,4);
EFI = zeros(1,20); EFR = zeros(1,20);
HFI = zeros(1,20); HFR = zeros(1,20);

CEF zeros(1,20); CHF = zeros(1,20);
OUT = zeros(20,9);

NXB=2;NXE=10;NZB=4;NZE=24;NT=4; ITRATE=200;
NX0=6;NZ0=14;PIE=3.1415927; GAMMA=0; DELTA=.002;

% STEP #1 **tdrdhdkhk ke k kAR AR Ak R AR AR AR AR AR AR AR AR AN AR R AR AR AR AR I E
% INSERT INITIAL PUSLE EXCITATION ALONG LINE Z = 4

VI(1,NZB+1,NXB:NXE,2) = 1.0;

G STED #2 *rdrrhhakhkr ke hrh Rk d Ak AR Rk R AR AR Rk AR AR Ak AR Rk kR kA Rk R kA% %
% Using EQUATIONS (7.40) TO (7.42), CALCULATE THE

% REFLECTED VOLTAGE AND SUBMIT IT DIRECTLY

% TO THE NEIGHBORING NODE.

E = 1:20; II = 0;
DEL = DELTA:DELTA:DELTA*20;
oUT(:,1) = DEL;
for ITIME = 1: ITRATE
IT = 2;
for I = (NZB+1):NZE
for J = NXB:NXE

VR(IT,I,J,1:NT) = 0.5%sum(VI(IT-1,I,J,1:NT)) - VI(IT-1,I,J,1:NT);
VI(IT,I,J-1,3) = VR(IT,I,J,1);
VI(IT,I-1,J,4) = VR(IT,I,J,2);
VI(IT,I,J+1,1) = VR(IT,I,J,3);
VI(IT,I+1,J,2) = VR(IT,I,J,4);

FIGURE 7.14
Computer program for Example 7.2. (Continued)
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% STEP #3 *hdhhhdkh ke h ke kA k Rk kAR AR R R AR AR AR AR AR Ak kAR Ak Ak kAR R kAR h kT
% Using EQUATIONS (7.43) AND (7.44), INSERT BOUNDARY CONDITIONS

if (J==NXE), VI(IT,I,NXE,3) = VR(IT,I,NXE,1); end
if (J==NXB), VI(IT,I,NXB,1) = VR(IT,I,NXB,3); end
if (I==NZE), VI(IT,NZE,J,4) = GAMMA*VR(IT,NZE,J,4); end

end
end

% STEP #4 *hkkddkhkkhdhhdhhhdhhh bbb h kb ke r ok h ok ko bk k ko hh ke d ke hdkk

% Using EQUATIONS (7.46) - (7.49), CALCULATE IMPULSE RESPONSE
% OF Ey and Hx AT Z=NZO,X=NXO

EI = sum(VI(IT,NZO,NX0,1:NT)) * 0.5;
HI = VI(IT,6NZO,NXO,2) - VI(IT,6NZO,NXO,4);

% SUM THE FREQUENCY RESPONSE FOR DIFFERENT VALUES OF MESH-SIZE DIVIDED
% BY WAVELENGTH

CEF = CEF + EI*exp(j*2*pi*ITIME*DEL); %Complex E Field
CHF CHF + HI*exp(j*2*pi*ITIME*DEL); %Complex H Field

% SAVE THE CURRENT PULSE MAGNITUDE FOR NEXT ITERATION
VI(IT-1,:,:,:) = VI(IT,:,:,%};
VR(IT-1,:,:,:) = VR(IT,:,2,:);

IT = ITIME;
i£((IT==100) || (IT==150)] | (IT==200))
II = II + 2;
% STEP #5 dhhkhkhkhk kb kb bbbk bk hk bbbk bbb bk d bbbk bk h bk h bk hd bbbk h b dd
% CALCULATE MAGNITUDE & ARGUMENT OF IMPEDANCE
OUT(K,II) = abs(CEF)./abs(CHF); % MAGNITUDE
ZARG = CEF./CHF;
OUT(K,II+1l) = -atan(imag(ZARG)./real(ZARG));
end
end

% STEP #f #*dkddh bk d kA Ak kA A A A R A A AR AR R AR R R R R R R R AR SR NI AR R F AR Fh ok

% CALCULATE EXACT VALUE OF IMPEDANCE [REF. 13]

R2 = 1./(pi*DEL./{asin(sgrt(2).*sin(pi*DEL))));
R3 = tan(21.0*R2*pi.*DEL);

CNUM = R2+R3*i;

CDEM = 1 + j*real (CNUM).*imag(CNUM);

OUT(K,8) = abs(CNUM)./(abs(CDEM).*real (CNUM));
ZARG = CNUM./CDEM;

OUT(K,9) = atan(imag(ZARG)./real(2ARG));

END

% disp('Compare to Table 7.2")
% disp(OUT(1:9,:))

hdr2 = {'','|z|", 'Arg(2)',"|2|', Arg(2)"',"'|2| ', 'Arg(z)’,"|2|",'Arg(2) };
hdr3 = {'iteration','100',"'',"150','",'200',"'", 'Exact',"'"};
disp([hdr3;hdr2;num2cell (OUT(1:9,:))])

FIGURE 7.14 (Continued)
Computer program for Example 7.2.

EXAMPLE 7.3

The second example was on a rectangular waveguide with a simple load. The MATLAB
program used for the numerical analysis was basically similar to that of 1-D simulation.
A 25 x 11 matrix was used for the numerical analysis of the waveguide. Short-circuit
boundaries were placed at x =2 and x = 10, the width between the waveguide walls
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TABLE 7.2
Normalized Impedance of a TEM Wave with Free-Space Discontinuity
TLM Results Exact Results
AN |Z] Arg(Z) |Z| Arg(Z) |Z| Arg(Z) |Z| Arg(Z)
Number of
Iterations 100 150 200
0.002 09789  —-0.1368 09730  —-0.1396 09781  —0.1253 0.9747 —0.1282
0.004 0.9028  —0.2432 0.8980  —0.2322 09072  —0.2400 0.9077  —0.2356
0.006 0.8114  -0.3068 0.8229  —0.2979 08170  —-0.3046 0.8185 —0.3081
0.008 0.7238 03307 0.7328  —0.3457 0.7287  —0.3404 0.7256  —0.3390
0.010 0.6455  —0.3201 0.6367 —0.3350 0.6396  —0.3281 0.6414 —0.3263
0.012 0.5783  —0.2730 0.5694 -0.2619 05742 —-0.2680 05731 —0.2707
0.014 05272 —-0.1850 05313  -0.1712 0.5266  —0.1797 0.5255 —0.1765
0.016 04993  —0.0609 05043  —0.0657 0.5009  —0.0538 0.5018 —0.0545
0.018 0.5002  —0.0790  0.4987 —0.0748 0.5057  —0.0785 0.5057 0.0768
thus being 9 mesh points. The system was excited at all points along the line z =2,
and the impulse function of the output was taken from the point (x = 6, z = 12). The
C boundary at z = 24 represented an abrupt change to the intrinsic impedance of free
space. The minor changes in the program of Figure 7.14 are shown in Figure 7.15. The
cutoff frequency for the waveguide occurs [19] at Al/A, = 1/18, A, is the network-matrix
wavelength, which corresponds to A¢/ A = /2 /18 since
Mt _ e _JIC _ 1
A ¢ Jue 2LC 2

0034 DATA NXB,NXE,¥ZB NZE NT,ITRATE/2,10,2,24,4,200/

0035 DATA NXO,NZO,PIE,GAMMA,DELTA/6,12,3 .1415927,0, .02/

0064 C STEP #3 s 4 sss st s s sttt sst st sassssssdssstasssnssns

0065  C USING EQS. (7.43) AND (7.44), INSERT BOUNDARY CONDITIONS

0066  C

0067 IF(J .EQ. WXE)VI(IT,I,NXE,3)= - VR(IT,I,NXE,1)

0068 IF(J .EQ. NXB)VI(IT,I,NXB,1)=VR(IT,I ,NIB,1)

0069 IF(I .EQ. NZE)VI(IT,NZE,J],4)=GAMMA+VR(IT,NZE,J,4)

0095 70 DEL = DEL + 0.001

FIGURE 7.15

Modification in the program in Figure 7.14 for simulating waveguide problem in Example 7.3.
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TABLE 7.3
Normalized Impedance of a Rectangular Waveguide with Simple Load
TLM Results Exact Results

ARIX |Z] Arg(Z) |Z] Arg(Z)
0.020 1.9391 0.8936 1.9325 0.9131
0.021 2.0594 0.6175 2.0964 0.6415
0.022 1.9697 0.3553 2.0250 0.3603
0.023 1.7556 0.1530 1.7800 0.1438
0.024 1.5173 0.0189 1.5132 0.0163
0.025 1.3036 -0.0518 1.2989 -0.0388
0.026 1.1370 -0.0648 1.1471 -0.0457
0.027 1.0297 -0.0350 1.0482 -0.0249
0.028 0.9776 0.0088 0.9900 0.0075
0.029 0.9620 0.0416 0.9622 0.0396
0.030 0.9623 0.0554 0.9556 0.0632

A comparison between the results for the normalized guide impedance using this
method is made with exact results in Table 7.3.

7.5 Inhomogeneous and Lossy Media in TLM

In our discussion on the transmission-line-matrix (TLM) method in the last section, it was
assumed that the medium in which wave propagates was homogeneous and lossless. In this
section, we consider media that are inhomogeneous or lossy or both. This necessitates that
we modify the equivalent network of Figure 79 and the corresponding TLM of Figure 7.10.
Also, we need to draw the corresponding equivalence between the network and Maxwell’s
equations and derive the scattering matrix. We will finally consider how lossy boundaries
are represented.

7.5.1 General 2-D Shunt Node

To account for the inhomogeneity of a medium (where ¢ is not constant), we introduce
additional capacitance at nodes to represent an increase in permittivity [17,23-25]. We
achieve this by introducing an additional length of line or stub to the node as shown
in Figure 7.16a. The stub of length A/{/2 is open circuited at the end and is of variable
characteristic admittance Y, relative to the unity characteristic admittance assumed for the
main transmission line. At low frequencies, the effect of the stub is to add to each node an
additional lumped shunt capacitance CY,Af/2, where C is the shunt capacitance per unit
length of the main lines that are of unity characteristic admittance. Thus at each node, the
total shunt capacitance becomes

C' = 2CAL + CY,Al/2

or

C' = 2CAU(L + Y,/4) (7.54)
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LC L.C

5 NG
CY,

1 1
(a) (b)

FIGURE 7.16
A 2-D node with: (a) permittivity stub, (b) permittivity and loss stub.

To account for the loss in the medium, we introduce a power-absorbing line at each node,
lumped into a single resistor, and this is simulated by an infinite or matched line of
characteristic admittance G, normalized to the characteristic impedance of the main lines
as illustrated in Figure 7.16b.

Due to these additional lines, the equivalent network now becomes that shown in Figure
717 (cf. Figure 717 with Figure 7.9). Applying Kirchhoff’s current law to shunt node O in
the x — z plane in Figure 717 and taking limits as A¢ — 0 results in

ol, oI, GV,
9z  Ox  Z,Al

v,
200+ Y, /4 (7.55)

Expanding Maxwell’s equations V xE = —,uaa—l;l and VxH=0E+ eaa—]f for 0/0y = 0leads to

OH, OH OE
oz ox hvteeTy (7:36)
zZ X
T
X b\\
u
e
v

Lz-Ay2) LAU2Z o A~ LA (74 Al2)
ey
D [z
W ey,

145, -

*

FIGURE 7.17
General 2-D shunt node.
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This may be considered as denoting TE,,, modes with field components H,, H,, and E,.
From Equations 7.55 and 7.56, the following equivalence between the TLM equations and
Maxwell’s equations can be drawn:

E, =V,
H,=-1,
H,=1,
€, =2C
_4+4Y, (7.57)
=
o= Go
2,0

where Z, =+/L/C. From Equation 7.57, the normalized characteristic admittance G, of the
loss stub is related to the conductivity of the medium by

G, = oAlZ, (7.58)

Thus losses on the matrix can be varied by altering the value of G,. Also from Equation
7.57, the variable characteristic admittance Y, of the permittivity stub is related to the
relative permittivity of the medium as

Y, =4(, - 1) (7.59)

7.5.2 Scattering Matrix

We now derive the impulse response of the network comprising the interconnection of
many generalized nodes such as that in Figure 717. As in the previous section, if kV,(z, x)
is unit voltage impulse reflected from the node at (z, x) into the nth coordinate direction
(n=12,...,5) at time kA//c, then at node (z, x),

Vi(z,x)| Vi(z,x — AL)]
Va(z,x) Vi(z— AL, x)
Vi(z,x)| =[S] |Vi(z,x+ AP) (7.60)
Vi(z,x) Va(z+ AL, x)
- Vs(z,x) (| Vs(z,x+ Al)

where [S] is the scattering matrix given by

1 1 1 1 v,
11 1 1 v,

[S] :% 11 1 1 Y- (761)
11 1 1 v,
11 1 1 v,

[[]is a unit matrixand Y = 4 + Y, + G,. The coordinate directions 1, 2, 3, and 4 correspond
to —x, —z, +x, and +z, respectively (as in the last section), and 5 refers to the permittivity
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stub. Notice that the voltage V; (see Figure 7.16) scattered into the loss stub is dropped across
G, and not returned to the matrix. We apply Equation 7.60 just as Equation 7.41.

As in the last section, the output-impulse function at a particular node in the mesh can
be obtained by recording the amplitude and the time of the stream of pulses as they pass
through the node. By taking the Fourier transform of the output-impulse function using
Equation 749, the required information can be extracted.

The dispersion relation can be derived in the same manner as in the last section. If
v, = o, + jB,is the network propagation constant and v = « + j@is the propagation constant
of the medium, the two propagation constants are related as

B 0/2
Bu sin {20+ Y,/4)sin6/2) (7622)
. 2
a _J1-2(1+Y,/4)sin*0/2 (7625)
o 21+, /4) cosb/2
where 0 = 27Al/)\ and
G, (763)

T 8AN11Y,/4)

In arriving at Equation 7.62, we have assumed that «,A¢ << 1. For low frequencies, the
attenuation constant o, and phase constant 3, of the network are fairly constant so that
Equation 7.62 reduces to

Y =200+ Y, /4)y (7.64)

From this, the network velocity u,(=w/8, = 8c/8,) of waves on the matrix is readily
obtained as

2 ¢’

n = m (7.65)

where c is the free-space velocity of waves.

7.5.3 Representation of Lossy Boundaries

The above analysis has incorporated conductivity o of the medium in the TLM formulation.
To account for a lossy boundary [25-27], we define the reflection coefficient

_ ZS_ZO

r=
Zs+2Z,

(7.66)

where Z, = \/11,/ ¢, is the characteristic impedance of the main lines and Z; is the surface
impedance of the lossy boundary given by

Z, = \/m(l—l—j) (7.67)
20,



Transmission-Line-Matrix Method 479

where p and o, are the permeability and conductivity of the boundary. It is evident
from Equations 7.66 and 7.67 that the reflection coefficient I' is in general complex.
However, complex I implies that the shape of the pulse functions is altered on reflection
at the conducting boundary, and this cannot be accounted for in the TLM method [22].
Therefore, assuming that Z, is small compared with Z, and that the imaginary part of
I' is negligible,

D1 |26 (768)

Oc

where 1 = p, is assumed. We notice that I is slightly less than —1. Also, we notice that I
depends on the frequency w and hence calculations involving lossy boundaries are only
accurate for the specific frequency; calculations must be repeated for a different value of
Al/A. The following example is taken from Akhtarzad and Johns [24].

EXAMPLE 7.4

Consider the lossy homogeneous filled waveguide shown in Figure 7.18. The guide is
6 cm wide and 13 cm long. It is filled with a dielectric of relative permittivity ¢, = 4.9
and conductivity o = 0.05 mhos/m and terminated in an open-circuit discontinuity.
Calculate the normalized wave impedance.

Solution

The computer program for this problem is in Figure 7.19. It is an extension of the program
in Figure 7.14 with the incorporation of new concepts developed in this section. Enough
comments are added to make it self-explanatory. The program is suitable for a 2-D TE,
mode.

The waveguide geometry shown in Figure 7.18 is simulated on a matrix of 12 x 26
nodes. The matrix is excited at all points along line z = 1 with impulses corresponding
to E,. The impulse function of the output at point (z, x) = (6, 6) is taken after 700 iterations.
Table 7.4 presents both the TLM and theoretical values of the normalized wave impedance
and shows a good agreement between the two.

x=125

x |
x |
b 4 i
X X
x |
x i
X |
X |
x=6 ® o i
o ]
x i
x .
X i
X |
x i
x I
X |
x=0.5
z=1 z=6 z=26.5
— Short circuit boundary x Excitation point
~~~~~~ Open circuit boundary O Output point

FIGURE 7.18
A lossy homogeneously filled waveguide.
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clear

%

% THIS PROGRAM SOLVES A TYPICAL TWO-DIMENSIONAL
% WAVE PROPOGATION PROBLEM AT STATED BELOW:

% A WAVE GUIDE 6cm X 13cm IS FILLED WITH A

% DIELECTRIC OF RELATIVE PERMITTIVITY EQUAL TO 4.9
% AND CONDUCTIVITY 0.05 MHO/M. THIS GEOMETRY IS
% BEING SIMULATED ON A MATRIX OF 12 X 26 NODES

% THE MATRIX WAS EXCITED AT ALL POINTS ALONG THE
% LINE 2 = 1 WITH IMPULSES CORRESPONDING TO Ey.
% THE IMPLUSE FUNCTION OF THE OUTPUT WAS TAKEN FROM
% THE POINT (£ = 6, X=6) AFTER 750 ITERATIONS.

% THE BOUNDARIES WERE SHORT CIRCUITED AT X = 0.5
% AND X = 12.5 AND TERMINATED AT Z = 26.5 IN AN
% OPEN CIRCUIT DISCONTINUITY.

% VI -- ARRAY FOR INCIDENT VOLTAGE

% VR -- ARRAY FOR REFLECTED VOLTAGE

% NX -- INDEX OF NODES IN X-DIRECTION

% NZ -- INDEX OF NODES IN Z-DIRECTION

% RO -- REFLECTION COEFFICIENT

% DELTA -- MESH SIZE (SPACING)

VI=zeros(2,27,13,5);
VR=zeros(2,27,13,5);
EFI=zeros(1,50);
EFR=zeros(1,50);
HFI=zeros(1,50);
HFR=zeros(1,50);
NXB=1;

NXE=12;

NZB=1;

NZE=26;

NT=5;
ITRATE=750;
NXI=0;

NZI=1;

NX0=6;

NZO=6;

RoS=-1;

RoC=1;
Eo=8.854E-12;
Er=4.9;
SIGMA=0.05;
DELTA=0.005;

Yo = 4.0 * (Er/2 -1);

Ur = 1.0;

Uo = 4.0 * pi * 1.0E-07;

Go = SIGMA * DELTA * sqrt( Uo/Eo );

Y = 4.0 + Yo + Go;

% SINCE REFLECTION COEFFICIENT, RO, DEPENDS ON

% FREQUENCY, THE ITERATIONS MUST BE REPEATED FOR

% EACH VALUE OF THE MESH-SIZE DIVIDED BY WAVELENGTH.

DELTA
for L

0.0;
1:10

FIGURE 7.19
Computer program for Example 7.4. (Continued)



Transmission-Line-Matrix Method 481

DELTA = DELTA + 0.003;

% INITIALIZE ALL NODES (BOTH FREE AND FIXED)
VI = zeros(2,NZE,NXE, NT);
VR = zeros(2,NZE,NXE,NT);

% START THE ITERATION
for ITime = 0: ITRATE

IT = 1;
for I = NZB: NZE
for J = NXB: NXE

SUM = 0.0;
for K = 1:4

SUM = SUM + VI(IT-1+1,I,J,K);
end

SUM = (SUM + Yo*VI(IT-1+1,I,J,5)) * 2/¥;
% INSERT THE INITIAL CONDITION AT I =1
if ((ITime==0)&&(I==NZI)), SUM = 1.0; end

for K = 1: NT
VR(IT+1,I,J,K) = SUM - VI(IT-1+1,I,J,K);
end

if (J~=NXB), VI(IT+1,I,J-1,3) = VR(IT+1,I,J,1);end
if (I~=NZB), VI(IT+1,I-1,J,4) = VR(IT+1,I,J,2);end
if (J~=NXE), VI(IT+1,I,J+1,1) = VR(IT+1,I,J,3);end
if (I~=NZE), VI(IT+1,I+1,J,2) = VR(IT+1,I,J,4);end
VI (IT+1,I1,J,5) = VR(IT+1,I,J,5);

n

% INSERT THE BOUNDARY CONDITIONS
% FOR THE SHORT CIRCUIT AT X = 0.5
if (J==NXB), VI(IT+1,I,1,1) = RoS*VR(IT+1,I,1,1);end

% FOR THE SHORT CIRCUIT AT X = 12.5
if (J==NXE), VI(IT+1,I,J,3) = RoS*VR(IT+1,I,J,3);end

% FOR THE OPEN CIRCUIT DISCONTINUITY AT Z = 26.5
if (I==NZE), VI(IT+1,I,J,4) = RoC*VR(IT+1,I,J,4);end

end
end
% IN ORDER TO CONSERVE SPACE, THE ARRAYS
% HAVE TO BE UPDATED

VI(IT-1+1,1:NZE,1:NXE,1:NT) = VI(IT+1,1:NZE,1:NXE,1:NT);
VR(IT-1+1,1:NZE,1:NXE,1:NT) = VR(IT+1,1:NZE,1:NXE,1:NT);

% CALCULATE IMPULSE RESPONCE AT Z=NZO, X=NXO
EI = (sum(VI(IT+1,NZO,NXO,1:4)) + Yo * VI(IT+1,NZO,NX0,5)) * 2.0/¥;
HI = -(VI(IT+1,NZO,NX0,2)-VI(IT+1,NZ0,NX0,4));

FIGURE 7.19 (Continued)
Computer program for Example 7.4. (Continued)
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% SUM THE FREQUENCY RESPONSE (imaginary and
% real parts) FOR DIFFERENT VALUES OF
% MESH-SIZE DIVIDED BY WAVELENGTH

T = (ITime);
EFI(L) = EFI(L)+EI*sin(2.0
EFR(L) = EFR(L)+EI*cos(2.0
HFI(L) = HFI(L)+HI*sin(2.0
HFR(L) = HFR(L)+HI*cos (2.0
OUT(L,1) = DELTA;
if (ITime==ITRATE)
CEF = EFR(L)+EFI(L)*i;
CHF = HFR(L)+HFI(L)*i;
OUT(L,2) = abs(CEF)/abs(CHF);

DELTA) ;
DELTA) ;
DELTA) ;
DELTA) ;

pi
pi
pi
pi

I
* % ¥ *
% % %
HXYa 3
* % * %

% CALCULATE ARGUMENT 2

ZARG = CEF/CHF;

XZ = real(ZARG);

YZ = imag(ZARG);

XYZ = YZ / XZ;
OUT(L,3) = -atan(XYZ);

end
end
end

format short g
disp(' DELTA |z | Arg(z)"')
disp(0UT)

FIGURE 7.19 (Continued)
Computer program for Example 7.4.

TABLE 7.4
Impedance of a Homogeneously Filled Waveguide with Losses
TLM Results Exact Results

JAYZ)N |Z] Arg(Z) |Z] Arg(Z)
0.003 0.0725 1.5591 0.0729 1.5575
0.006 0.1511 1.5446 0.1518 1.5420
0.009 0.2446 1.5243 0.2453 1.5205
0.012 0.3706 1.4890 0.3712 1.4840
0.015 0.5803 1.4032 0.5792 1.3977
0.018 1.0000 1.0056 0.9979 1.0065
0.021 1.1735 0.5156 1.1676 0.5121
0.024 0.5032 -0.1901 0.5093 -0.2141
0.027 0.6766 0.6917 0.6609 0.6853

0.030 0.8921 —-0.3869 0.8921 —0.4185
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7.6 3-D TLM Mesh

The TLM mesh considered in Sections 7.4 and 7.5 is 2-D. The choice of shunt-connected
nodes to represent the 2-D wave propagation was quite arbitrary; the TLM mesh could
have equally been made up of series-connected nodes. To represent a 3-D space, however,
we must apply a hybrid TLM mesh consisting of three shunt and three series nodes to
simultaneously describe all the six field components. First of all, we need to understand
what a series-connected node is.

7.6.1 Series Nodes

Figure 7.20 portrays a lossless series-connected node that is equipped with a short-circuited
stub called the permeability stub. The corresponding network representation is illustrated
in Figure 7.21. The input impedance of the short-circuited stub is

Lin = jZo\/ftan
C

where Equation 7.26 has been applied. This represents an impedance with inductance

L= L%ZO (7.70)

“;Af] ~ jWLZ,A0/2 (7.69)

Hence, the total inductance on the side in which the stub is inserted is LAYl + Z,)/2 as in
Figure 7.21. We now apply Kirchhoff’s voltage law around the series node of Figure 7.21
and obtain

Al ol aV, avV. AL Ol
V,+L—QA+Z)=—=+V, +—LAl—|V,+—2Al|+3L * VvV, =0
2 ( ) o ' oz dy 2 ot 7
3
AL/2
A2
N y
2 W A 4
AL/2 z
Zp
1
FIGURE 7.20

A lossless series connected node with permeability stub.
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av,
V.+ — AL

z

> oz
H a2

L A€/2 L ACI2

T

i _ av,
v,§ T Cae2 (5 CART g, + L ot

y
1 CAL2

[
v,

, AL
{T “+ZU)

FIGURE 7.21
Network representation of a series node.

Dividing through by Af and rearranging terms leads to

=2L1+2,/4
oy 0z ( / )8

ov. _ 9V, 81: 771)

Note that the series node is oriented in the y — z plane. Equations for series nodes in the
x —y and x — z planes can be obtained in a similar manner as

ov, 9V, ol

————==2L(1+7Z,/4)— 772

or gy AT/ (772)
and

ov, oV. ol

=211+ Z,/4)L, 773

0z Ox A+2/ )6t *73)

respectively.

Comparing Equations 7.71 through 7.73 with Maxwell’s equations in Equation 7.22, the
following equivalences can be identified:

E. =V,

E.=V,

1 = 2L (7.74)
_4+7,

=y

A series-connected 2-D TLM mesh is shown in Figure 7.22a, while the equivalent 1-D mesh
is in Figure 7.22b. A voltage impulse incident on a series node is scattered in accordance
with Equation 7.60, where the scattering matrix is now
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]

FIGURE 7.22
(@) A 2-D series-connected TLM mesh. (b) A 1-D series-connected TLM mesh.

[S]:% 1 -1 -1 11|40 (775)

where Z =4 + Z,, and [I] is the unit matrix. The velocity characteristic for the 2-D series
matrix is the same as for the shunt node [24]. For low frequencies (A¢/ A < 0.1) the velocity of
the waves on the matrix is approximately 1/+/2 of the free-space velocity. This is due to the
fact that the stubs have twice the inductance per unit length, while the capacitance per unit
length remains unchanged. This is the dual of the 2-D shunt case in which the capacitance
was doubled and the inductance was unchanged.

7.6.2 3-D Node

A 3-D TLM node [27] consists of three shunt nodes in conjunction with three series nodes.
The voltages at the three shunt nodes represent the three components of the E field, while
the currents of the series nodes represent the three components of the H field. In the x — z
plane, for example, the voltage—current equations for the shunt node are

ol, oI, _ eV av,
oz Ox ot

(7.76a)
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oy _ _; 0L (7.76b)
ox ot

vy _ ;0L (7.760)
0z ot

and for the series node in the x — z plane, the equations are

OVe OV. _, O, 77
0z ox ot
oy _ V. (7.77b)
ox ot
oy _ _-0Vi (7770)
0z ot

Maxwell’s equations V xE = 98 and VxH= ea—E for 9 =0 give
ot ot oy

OH, OH. _ OE, (7.782)
0z ox ot
OE,  OH
v, 9Hx 7.78b
ox ’ ot ( )
OE, oH
YRy z 7.78¢
0z ot (778c)
and
OF, O __ 0H, (779%)
0z ox ot
OH, _ _ O, (7.79b)
ox ot
OH, __ OE (7.79¢)
0z ot

A similar analysis for shunt and series nodes in the x — y and y — z planes will yield
the voltage—current equations and the corresponding Maxwell’s equations. The three sets
of 2-D shunt and series nodes oriented in the x — y, ¥ — z, and z — x planes form a 3-D
model. The 2-D nodes must be connected in such a way as to correctly describe Maxwell’s
equations at each 3-D node. Each of the shunt and series nodes has a spacing of A¢/2 so that
like nodes are spaced Al apart.

Figure 723 illustrates a 3-D node representing a cubical volume of space A¢/2 long in
each direction. A close examination shows that if the voltage between lines represents the
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FIGURE 7.23

%
y

A 3-D node consisting of three shunt nodes and three series nodes.

E field and the current in the lines represents the H field, then the following Maxwell’s

equations are satisfied:

OH, 0H. _ OE,
oz  Ox ot
OE. OE,  OH,
oy 0z ot
OE, OE, OH,
ox  dy ot
OE, OE.  OH,
o0z ox Mot

OH, OH, _ OE.
oy 0z ot

OH, OH, _ OE.

ox Oy

ot

(7.80a)

(7.80b)

(7.80¢)

(780d)

(7.80e)

(7.80f)

In the upper half of the node in Figure 7.23, we have a shunt node in the x — z plane
(representing Equation 7.80a) connected to a series node in the y — z plane (representing
Equation 7.80b) and a series node in the x — y plane (representing Equation 7.80c). In the
lower half of the node, a series node in the x — z plane (representing Equation 7.80d) is
connected to a shunt node in the y — z plane (representing Equation 7.80e) and a shunt node
in the x — y plane (representing Equation 7.80f). Thus Maxwell’s equations are completely
satisfied at the 3-D node. A 3-D TLM mesh is obtained by stacking similar nodes in x, y,
and z directions (see Figure 7.25, for example).
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B i o e

Shunt node + Series node

Short circuited stub
(permeability stub)

Open circuited stub
(permittivity stub)

[l
]
0
]

——— — — — Infinitely long stub (loss stub)

FIGURE 7.24
A general 3-D node.

The wave characteristics of the 3-D mesh are similar to those of the 2-D mesh with the
difference that low-frequency velocity is now c¢/2 instead of c/+/2.

Figure 7.24 illustrates a schematic diagram of a 3-D node using single lines to represent
pairs of transmission lines. It is more general than the representation in Figure 7.23 in that
itincludes the permittivity, permeability, and loss stubs. Note that the dotted lines making
up the corners of the cube are guidelines and do not represent transmission lines or stubs.
It can be shown that for the general node the following equivalences apply [28]:

E, = the common voltage at shunt node E,

E, = the common voltage at shunt node E,
E, = the common voltage at shunt node E,
H, = the common current at series node H,
H, = the common current at series node H,
H, = the common current at series node H,
€, = C (the capacitance per unit length of lines) (7.81)

& =201+Y,/4)
o = L (the inductance per unit length of lines)
w=214+2,/4)

G,

A€£
C

o=
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where Y,, Z, and G, remain as defined in Sections 7.4 and 7.5. Interconnection of many
of such 3-D nodes forms a TLM mesh representing any inhomogeneous media. The
TLM method for 3-D problems is therefore concerned with applying Equation 7.60 in
conjunction with Equations 7.61 and 7.75 and obtaining the impulse response. Any of the
field components may be excited initially by specifying initial impulses at the appropriate
nodes. Also, the response at any node may be monitored by recording the pulses that
pass through the node.

7.6.3 Boundary Conditions

Boundary conditions are simulated by short-circuiting shunt nodes (electric wall) or open-
circuiting series nodes (magnetic wall) situated on a boundary. The tangential components
of E must vanish in the plane of an electric wall, while the tangential components of H
must be zero in the plane of a magnetic wall. For example, to set E, and E, equal to zero
in a particular plane, all shunt nodes E, and E, lying in that plane are shorted. Similarly,
to set H, and H, equal to zero in some plane, the series nodes H, and H, in that plane are
simply open-circuited.

The continuity of the tangential components of E and H fields across a dielectric/
dielectric boundary is automatically satisfied in the TLM mesh. For example, for a
dielectric/dielectric boundary in the x — z plane such as shown in Figure 7.25, the following
equations valid for a transmission-line element joining the nodes on either side of the
boundaries are applicable:

HZ] """"""“'I"I
E / Ha - : 3-D node in
1}.1 T I
' : medium 1
E Ex} Hyl ;
s B Boundary is

]

1

1

|
--------------- 4 - anywhere in

I - .

| this resion

1

1

1

my

£ RRTCTTER ER. .
E.“)/ szj i 3-D node in
e ? : medium 2
e i
YA /

FIGURE 7.25
A dielectric/dielectric boundary in TLM mesh.
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Ezl = EzZ + 8E22 AZ

9y
Exl = ExZ + 85};2 AE

8; (7.82)
Ha=H,+ 2 Al

aI_IZZ

Hzl :H22+ Af
9y

Finally, wall losses are included by introducing imperfect reflection coefficients as
discussed in Section 7.5. The 3-D TLM mesh will be applied in solving the 3-D problems
of resonant cavities in the following examples, taken from Akhtarzad and Johns [27].

EXAMPLE 7.5

Determine the resonant frequency of an a x b x d empty rectangular cavity using the
TLM method. Take a = 12A¢, b = 8AY, and d = 6A/.

Solution

The exact solution [13,14] for TE,,,, or TM,,,, mode is

mnp mnp

fr = 5 m/a)’ +(n/ ) +(p/ d)

from which we readily obtain

&_2

k.= WTf =mJ(m/ay* +(n/b)* +(p/dy’

[

The TLM program, the modified version of the program in Reference 22, is shown in
Figure 7.26. The program initializes all field components by setting them equal to zero
at all nodes in the 12A¢ x 6A¢ x 6A¢ TLM mesh and exciting one field component. With
subroutine COMPUTE, it applies Equation 7.60 in conjunction with Equations 7.61 and 7.75
to calculate the reflected E and H field components at all nodes. It applies the boundary
conditions and calculates the impulse response at a particular node in the mesh.

The results of the computation along with the exact analytical values for the first few
modes in the cavity are shown in Table 7.5.

EXAMPLE 7.6

Modify the TLM program in Figure 7.26 to calculate the resonant wavenumber k. of
the inhomogeneous cavities in Figure 7.27. Take ¢, = 16, a = A{, b = 3a/10, d = 4a/10,
s =7a/12.

Solution

The main program in Figure 7.26 can be used to solve this example. Only the subroutine
COMPUTE requires slight modification to take care of the inhomogeneity of the cavity.
The modifications in the subprogram for the cavities in Figure 7.27a and b are shown in
Figure 7.28a and b, respectively. For each modification, the few lines in Figure 7.28 are
inserted in between lines 15 and 17 in subroutine COMPUTE of Figure 7.26. The results

are shown in Table 7.6 for TE,;; mode.
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0001 Chrrsa st st a3 d Rttt sttt b d bttt bt bttt bt s bt ddtdbbisie
0002 C THIS PROGRAM ANLYZES THREE-DIMENSIONAL WAVE PROBLEMS
0003 C USING THE TLM METHOD
0004 C THE SPECIFIC EXAMPLE SOLVED HERE I5 THE DETERMINATION
0005 C OF THE TH DOMINANT NODE OF RECTANGULAR LOSSLESS CAVITY
0006 C OF DIMENSION 12 X 8 X 6
0007 C E ... E - field
0008 Cc H H - field
0009 c I I - component
0010 c Y Y - component
0011 c Z Z - component
0012 c I incident impulse
0013 c R .. reflected impulse
0014 [+ | B ¢ . number of nodes in X-direction
0015 Cc | B4 ... number of nodes in Y-direction
0016 [ | ¥ .. number of nodes in Z-direction
0017 C SHUNT and SERIES .. scattering matrix
0018 c DELTA = DELTA/LAMDA (FREE SPACE)
0019
0020 IMPLICIT REAL+8(A,B,D-H,0-Z),COMPLEX+8(C),
0021 1 INTEGER#2(I-N)
0022 DIMENSION EXR(2,7,9,13,5), EXI(2,7,9,13,5),
0023 1 EYR(2,7,9,13,5), EYI(2,7,9,13,5),
0024 2 EZR(2,7,9,13,5), E21(2,7,9,13,5),
0025 3 HXR(2,7,9,13,5), HX1(2,7,9,13,5),
0026 4 HYR(2,7,9,13,5), BYI(2,7,9,13,5),
0027 5 HBZR(2,7,9,13,5), B2I(2,7,9,13,5),
0028 6 EX(2,1000) ,EY(2,1000) ,EZ(2,1000),
0029 T BX(2,1000) ,HY(2,1000) ,HZ(2,1000),
0030 8 0UT(12,1000) ,SHUNT(S,5) ,SERIES(5,5)
0031
0032 COMMON / PART1 /NT,NXB,NIE NYB,NYE,NZIB,NZE,IT
0033 SQMAG(CM) = ( CABS(CM) ) #+ 2
0034 DATA ITRATE,NXB,NXE,BYB,NYE NZIB,NZE NT,DELTA
0035 1 /1000, 1, 12,1, 8, 1, 6, 4, 1.0/
0036 DATA NXI NYI NZI NXO,NYO,NZO,RoH,K NUMPT,DEL
0037 1 /11, 7, 0, 2, 2, 2,-1.0,1000,0.0001/
0038 DATA PI, Eo, Er, Ur,SIGMA,DELTA
0039 5 /3.1415927,8 854E-12,1.0,1.0,0.0,0.01 /
0040 DATA SERIES /-1.0,1.0,1.0,-1.0,-1.0,
0041 1 1.0,-1.0,-1.0,1.0,1.0,
0042 2 1.0,-1.0,-1.0,1.0,1.0,
0043 3 -1.0,1.0,1.0,-1.0,-1.0,
0044 4 -1.0,1.0,1.0,-1.0,-1.0/
0045 DATA SHURT / 1.0,1.0,1.0,1.0,1.0,
0046 1 1.0,1.0,1.0,1.0,1.0,
0047 2 1.0,1.0,1.0,1.0,1.0,
0048 3 1.0,1.0,1.0,1.0,1.0,
0049 4 1.0,1.0,1.0,1.0,1.0/
0050
0051 Uo = 4.0 « PI = 1 0E-0O7
0052 Yo = 4.0 =« (Er - 1.0)
0053 Zo = 4.0 *« (Ur - 1.0)
0054 Go = SIGMA # DELTA * SQRT(Uo/Eo)
0055 Y =40+ Yo + Go
0056 Z=4.0+ 120
0057 Do sSI=1,5
0058 SHUNT(I,5) = SHUNT(I,5) * Yo
0059 SERIES(5,I) = SERIES(5,I) * Zo
0060 5 CONTINUE
0061 Cc
0062 C INITIALIZE ALL THE NODES
0063 ¢
Q064 Do 10 IT = 1,2
0065 DO 10 K = KZB, NIE
Q066 D0 10 J = NYB, NYE
0067 DO 10 T = WXB, NIE
0068 DO 10 L =1, NT
0069 EXI(IT,K,J,I,L) = 0.0
0070 EYI(IT,K,J,I,L) = 0.0

FIGURE 7.26

Computer program for Example 7.5. (Continued)
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0071 EZI(IT,K,J,I,L) = 0.0

0072 HII(IT,K,J,I,L) = 0.0

0073 BYI(IT,K,J,I,L) = 0.0

0074 HZI(IT,XK,J,I,L) = 0.0

007s EXR(IT,K,J,I,L) = 0.0

0076 EYR(IT,K,J,I,L) = 0.0

0077 EZR(IT,K,J,I,L) = 0.0

0078 HXR(IT,K,J,I,L) = 0.0

0079 BYR(IT,K,3,I,L) = 0.0

0080 16 HZR(IT,X,J,I,L) = 0.0

0081 c

0082 C INSERT THE INITIAL EXCITATION

0083 C

0084 DO 15 K = NZB, NZE

0085 DD 15 L =1, 4

D086 EZR(2,K, :rr §XI,L) = 1.0

0087 15 CONTINUE

0088 IT = 2

0084 C

0090 C START ITERATION

0091 c

0092 DO 60 ITime = 1, ITRATE

0093 IF(ITIKE .EG. 1) GOTO 25

0094 C

0095 C COMPUTE THE REFLECTED E-FIELD AT ALL NODES

0096 e

0097 ISIGE = -1

0098 CALL COMPUTE(EXR,EYR,EZR,SHUNT

0099 1 ,Y,EXI,EYI,EZI ,ISIGN)

0100 c

01 C RE-IRITIALIZE MATRIX AND FORCE TANGENTIAL

0102 C E-FIELD TO ZERD AT BOUNDARY

0103 c

0104 DO 20 K = NZB, NZE

0105 D0 20 J = NYB, NYE

0106 DC 20 1 = NXB, NXE

0107 Do 20 L =1, NT

0108 HXI(IT-1,K,J,I,L) = 0.0

0109 BYI(IT-1,K,J,I,L) = 0.0

0110 HZI(IT-1,K,J,I,L) = 0.0

0111 IF(I _EQ. NXB) THEN

0112 EYR(IT,K,J,I,L) = 0.0

0113 EZR(IT,K,J,I,L) = 0.0

0114 HXR(IT,K,J,I,LY = 0.0

0115 END IF

0116 IF(J ._EQ. NYB)THEN

0117 EXR(IT,K,J,I,L) = 0.0

0118 EZR(IT,K,J,I,L) = 0.0

0119 BYR(IT,K,J,I,L) = 0.0

0120 END IF

0121 IF(K .EQ. NZB)THEN

0122 EXR(IT,K,J,I,L) = 0.0

0123 EYR(IT,K,J,I,L) = 0.0

0124 HZR(IT,X,J,I,L) = 0.0

0125 END IF

0126 20 CONTINUE

0127 25 CONTINUE

0128 DO 30 K = NZB, NZE

0129 DO 30 J = NYB, NYE

0130 DO 30 I = NXB, NXE

0131 IF(J .ME. NYB)HZI(IT-1,K,J-1,1,4)=EXR({IT,K,J,I,1)
0132 IF(XK .NE. NZB)HYI(IT-1,K-1,],1,4)=EXR(IT,K,J,I,2)
0133 BZI(IT-1,K,],I,2) =EXR(IT,K,J],I,3)
0134 BYI(IT-1,K,1,1,2) =EXR(IT,K,J,I, 4)
0135 IF(I .NE. NXB)HZI(IT-1,K,J,I-1,3)=EYR(IT,K,J,I,1)
0136 IF(Xx .NE. NZB)HXI(IT-1,K-1,J],1,4)=EYR(IT,K,J,I,2)
0137 B2I(IT-1,XK,),I,1) =EYR(IT,K,6J,I,3)
0138 BXI(IT-1,K,],I,2) =EYR(IT,K,J,I,4)
0139 IF(I .WE. NXB)BYI(IT-1,K,J,I-1,3)=EZR(IT,K,J,I,1)
0140 IF(J .ME. NYB)HXI(IT-1,K,J-1,I,3)=EZR(IT,K,J,I,2)

FIGURE 7.26 (Continued)

Computer program for Example 7.5. (Continued)
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30
Cc

C INSERT THE BOUNDARY CONDITIONS AT ALL

C

5

[+EeEeR7]

c

40

45
Cc

CONTINUE

BYI(IT-1,K,]
BXICIT-1,K,J

DO 35 K = NZB, NZE

DO 35 J = NYB, NYE

DO 35 I = NIB, NIE
IF(I .EQ. NXB)THEN

BYI(IT-1,K,J,I,1) = RoH
HZI(IT-1,K,J,I,1) = RoH

EED IF

IF(I .EQ. WXE)THEN
BZI(IT-1,K,J,I,3) = RoH
BYI(IT-1,K,J,1,3) = RoH

EED IF

IF(J .EQ. NYB)THEE
BXI(IT-1,K,J,1,1) = RoH
BZI(IT-1,K,J,I,2) = RoH

END IF

IF(J .EQ. NYE)THEN
BXI(IT-1,K,J,1,3) = RoH
HZI(IT-1,K,J,1,4) = RoH

END IF

IF(K .EQ. NZB)THEN
BXI(IT-1,K,J,1,2) = RoH
HYI(IT-1,K,J,1,2) = RoH

EED IF

IF(K .EQ. NZE)THEN
BXI(IT-1,K,J,1,4) = RoH
BYI(IT-1,K,J,1,4) = RoH

EED IF

CONTINUE

=EZR(IT ,X,J),I,3)
=EZR(IT,K,J,I,4)

BOUEDARIES

*« HYR(IT,X,J,I,1)
« HZR(IT,X,J,I,1)

* HZR(IT,X,J,I1,3)
* BYR(IT,XK,J,1,3)

+ HXR(IT,K,J,I1,1)
+ HZR(IT,K,J,I,2)

+ BXR(IT,K,J],I,3)
« BZR(IT,K,J,I,4)

* HXR(IT,K,J,I,2)
* HYR(IT,K,J,I,2)

* HXR(IT,K,J,I,4)
* BYR(IT,K,J,I,4)

COMPUTE THE H-FIELDS AT ALL THE NODES

ISIGE = 1
CALL COMPUTE(HXR,HYR,HBZR,SERIES,
1 Z,HXI,HYI HZI,ISIGH)
RE-INITIALIZE ALL THE NODES

DO 40 K = NZB, NZE

DO 40 J = NYB, NYE

DD 40 I = NXB, NXE

DO 40 L =1, NT

EXI(IT-1,K,J,I,L) = 0.0
EYI(IT-1,K,J,I,L) = 0.0
EZI(IT-1,K,J,I,L) = 0.0
CONTINUE
DO 45 K = NZB, NZE
DO 45 ] = NYB, NYE
DO 45 I = NXB, NIE
EZI(IT-1,K,J,I,4) =HXR(IT,K,J,I,1)
EYI(IT-1,K,J,1,4) =HXR(IT,K,J,I,2)
IF(J .NE. NYE)EZI(IT-1,K,J+1,I,2)=HXR(IT,K,J],I,3)
IF(K .NE. NZE)EYI(IT-1,K+1,J,1,2)=HXR(IT,K,],I,4)
EZI(IT-1,K,},1,3) =BYR(IT,K,J,I,1)
EXI(IT-1,K,J,1,4) =HYR(IT,K,J,I,2)
IF(I .NE. NXE)EZI(IT-1,K,J],I+1,1)=HYR(IT,K,J.I,3)
IF(X .NE. NZE)EXI(IT-1,K+1,J,1,2)=BYR(IT,K,J,I,4)
EYI(IT-1,K,J,1,3) =HZR(IT,K,J,T,1)
EXI(IT-1,K,J],I,3) =HZR(IT,K,J,I,2)
IF(I .NE. NXE)EYI(IT-1,K,J,I+1,1)=HZR(IT,K,J,I,3)
IF(J .NE. NYE)EXI(IT-1,K,J+1,I,1)=HZR(IT,K,J,I,64)
CONTINUE

C CALCULATE THE IMPULSE RESPONSE AT RXO0,NYO,NZO

c

Computer program for Example 7.5.
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EXT = 0.0
EYT = 0.0
EZT = 0.0
HIT = 0.0
HYT = 0.0
HIT = 0.0
DO S0 L =1, NT
EXT = EXT + EXI(IT-1,NZ0,8YO,HXO0,L) = (2.0/Y)
EYT = EYT + EYI(IT-1,8Z0,¥Y0,NX0,L) = (2.0/Y)
EZT = EZT + EZI(IT-1,¥Z0,NYD,HX0,L) * (2.0/Y)
HXT = HXT + HXI(IT-1,NZ0,NYO,KX0,L) # (2.0/Y)
HYT = BYT + HYI(IT-1,NZO,NYO,NX0,L) * (2.0/Y)
50 HZT = HZT + HZI(IT-1,NZ0,NYO ,NX0,L) * (2.0/Y)
(o
C SUM THE FREQUENCY RESPONSE(imaginary and real
C parts) FOR DIFFERENT VALUES OF MESH-SIZE DIVIDED
C BY WAVELENGTH BUT FIRST CONVOLVE IMPULSE RESPONSE
C WITH HANNING PROFILE
[
DINCR = DELTA
DO 55 L = 1, NUMPT
T = DFLOAT(ITIME)
AMT = DFLOAT(ITRATE)
EXTH = EXT *+ (1.0 + DCOS(PI * T/AMT)) * 0.5
EYTH = EYT * (1.0 + DCOS(PI * T/AMT)) * 0.5
EZTH = EZT * (1.0 + DCOS(PI * T/AMT)) » 0.5
HXTH = HXT * (1.0 + DCOS(PI * T/AMT)) » 0.5
HYTHE = HYT # (1.0 + DCOS(PI *= T/AMT)) * 0.5
HZTH = BZT * (1.0 + DCOS(PI » T/AMT)) #* 0.5
EX(1,L) = EX(1,L) + EXTH » DCOS(2.0+PI+T+DINCR)
EX(2,L) = EX(2,L) + EXTH * DSIN(2.0+PI*T+DIECR)
EY(1,L) = EY(1,L) + EYTH » DCOS(2.0+PI+T#+DINCR)
EY(2,L) = EY(2,L) + EYTH s DSIN(2.0¢P1+T+DIECR)
EZ(1,L) = EZ(1,L) + EZTH * DCDS(2.0#PI+T+DIKCR)
EZ(2,L) = EZ(2,L) + EZTH * DSIN(2.0#PI*T+DIKCR)
AX(1,L) = HX(1,L) + HXTE * DCOS(2 . 0#PI+T+DINCR)
HX(2,L) = BX(2,L) + HXTH * DSIN(2.0#PIs+T*DINCR)
HY(1,L) = BY(1,L) + HYTH * DCDS(2.0#PI+T+DINCR)
BY(2,L) = HY(2,L) + HYTH * DSIN(2.0#PIsT#+DIKCR)
HZ(1,L) = HZ(1,L) + HZTH * DCOS(2.0+PI+T+DINCR)
HZ(2,L) = HZ(2,L) + HZTH » DSIN(2.0#PI+T+«DINCR)
0UT(1,L) = DINCR
55 DINCR = DINCR + DEL
60 CONTINUE
DO L = 1, NUMPT

CEX = CMPLX(EX(1,L),EX(2,L))

CEY = CMPLI(EY(1,L),EY(2,L))

CEZ = CMPLI(EZ(1,L),EZ(2,L))

CHX = CMPLX(HX(1,L),HX(2,L))

CHY = CMPLI(HY(1,L),HY(2,L))

CHZ = CMPLX(HZ(1,L),HZ(2,L))

OUT(2,L) = CABS(CEX)

OUT(3,L) = CABS(CEY)

0UT(4,L) = CABS(CEZ)

OUT(5,L) = CABS(CHI)

O0UT(6,L) = CABS(CHY)

OUT(7,L) = CABS(CHZ)
OUT(8,L)=SQRT(SQMAG (CEX)+SQMAG (CEY) +SQMAG(CEZ))
OUT(9,L)=SQRT (SQMAG (CHX)+SQMAG (CHY)+SQMAG(CHZ))

END DO
C
C PICK THE MODES
c

DO 65 L =2, 9
DO 65 K = 1, NUMPT

IF(K .NE. 1 .AND. K .EE. NUMPT) THEN
IF(OUT(L,K) .GT. OUT(L,K-1) .AND.
¥ OUT(L,K) .GT. OUT(L,K+1)) THEN

Computer program for Example 7.5.

WRITE(6,80) L,K,(OUT(J],K),bJ=1,9)
END IF

(Continued)
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0281 EED IF

0282 65 CONTINUE

0283 c

0284 C WRITE OUT DATA FOR PLOTTING

0285 c

0286 DO 7O0L =2, 9

0287 DO 70 K = 1, NUMPT

0288 WRITE(6,75) K, OUT(1,K), OUT(L,K)

0289 70 CONTINUE

0290 75 FORMAT (I5,4F15.8)

0291 80 FORMAT(215,10F8.4)

0292 STOP

0293 END

0001 Ct“‘0t.‘t““tittllt.--UU"..ttttttli.tlt‘tt"‘.t
0002 C THIS SUBROUTINE COMPUTES THE REFLECTED PULSES

0003 c

0004 SUBROUTINE COMPUTE(AXR,AYR,AZR,SCATTER,

0005 1 W,AXI,AYI,AZI,ISIGH)
0006 IMPLICIT REAL*8(A-H,0-Z), INTEGER#2(I-N)

0007 DIMENSION AXR(2,NZE,NYE,NXE, NT),

0008 1 AYR(2,NZE ,NYE ,NXE,NT) ,SCATTER(S,5),

0009 2 AZR(2,NZE ,NYE ,NXE,NT) ,AXI(2,NZE,HYE KXE,¥T),
0010 k} AYI(2,NZE,NYE,NXE NT),AZI(2,N2E,NYE,NXE NT)
0011

0012 COMMON / PART1 /NT,NXB,NXE,NYB NYE,NZB RZE,IT
0013

0014 DO 20 K = WZB, NZE

0015 D0 20 J = NYB, NYE

0016 DO 20 T = NXB, NXE

0017 C  INSERT FEW LINES HERE FOR INHOMOGENEOUS CAVITY
0018 DO 15 L = 1, NT

0019 AXRS = 0.0

0020 AYRS = 0.0

0021 AZRS = 0.0

0022 DO 10 M = 1, NT

0023 AXRS = AXRS+2./WeSCATTER(L,M)*AXI(IT-1,K,J,I M)
0024 AYRS = AYRS+2./WeSCATTER(L ,M)*AYI(IT-1,K,J,I M)
0025 AZRS = AZRS+2./WeSCATTER(L ,M)#AZI(IT-1,K,J,I,K)
0026 10 CONTINVE

0027 AXR(IT,K,J,I,L)=AXRS+ISIGN*AXI(IT-1,K,J,I,L)
0028 AYRCIT,K,J,I,L)=AYRS+ISIGN*AYI(IT-1,K,J,I,L)
0029 AZR(IT,K,J,I,L)=AZRS+ISIGN*AZI(IT-1,K,J,I,L)
0030 15 CONTINUE

0031 20 CONTINUE

0032 RETURN

0033 END

FIGURE 7.26 (Continued)
Computer program for Example 7.5.

TABLE 7.5

Resonant Wavenumber (k) of an Empty Rectangular Cavity
Modes Exact Results TLM Results Error %
™, 5.6636 5.6400 0.42
TEy, 7.0249 6.9819 0.61
TM,y,, TEqpy 7.8540 7.8112 0.54

Where ka = 4ma/c and ) is the free-space wavelength.
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FIGURE 7.27
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FIGURE 7.28
(a) Modification in subroutine COMPUTE for the inhomogeneous cavity of Figure 7.27a.
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(Continued)
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0001 (o T T T Y Y
0002 C THIS SUBROUTINE COMPUTES THE REFLECTED PULSES
0003 o]

0004 SUBROUTINE COMPUTE(AXR,AYR,AZR,SCATTER,
0005 1 WW ,AXT ,AYI, AZI,ISIGN)

0017 Cc INSERT FEW LINES HERE FOR INHOMOGENEOUS CAVITY

0018 IF (J.GT.4) GO TO §

0019 IF ((I.GE.9) AND.(I.LE.13)
0020 1 _AND. (ISIGN.EQ.-1)) THEN
0021 §T = 6§

0022 Vo= Wi

0023 GO TO 6

0024 END IF

0025 5 CONTINUE

0026 T = 4

0027 ¥=4.0

0028 6 CONTINUE

0029 DO 15 L =1, NT

FIGURE 7.28 (Continued)
(b) Modification in subroutine COMPUTE for the inhomogeneous cavity of Figure 7.27b.

TABLE 7.6

Resonant Wavenumber (k) for TE,;; Mode of
Inhomogeneous Rectangular Cavities

Modes Exact Results TLM Results Error %
Figure 7.27a 2.589 2.5761 0.26
Figure 7.27b (none) 3.5387

Where ka = 4ma/c, and ) is the free-space wavelength.

7.7 Error Sources and Correction

As in all approximate solutions such as the TLM technique, it is important that the error
in the final result be minimal. In the TLM method, four principal sources of error can be
identified [10,28,29]:

¢ Truncation error

¢ Coarseness error

® Velocity error

* Misalignment error

Each of these sources of error and ways of minimizing it will be discussed.



498 Computational Electromagnetics with MATLAB®

7.7.1 Truncation Error

The truncation error is due to the need to truncate the impulse response in time. As a result
of the finite duration of the impulse response, its Fourier transform is not a line spectrum
but rather a superposition of sin x/x functions, which may interfere with each other and
cause a slight shift in their maxima. The maximum truncation error is given by

__AS 3\
Al/Xc  SN*m*AL

er (7.83)

where ), is the cutoff wavelength to be calculated, AS is the absolute error in A¢/A, S is
the frequency separation (expressed in terms of A¢/A, A, being the free-space wavelength)
between two neighboring peaks as shown in Figure 7.29, and N is the number of iterations.
Equation 7.83 indicates that ¢; decreases with increasing N and increasing S. It is therefore
desirable to make N large and suppress all unwanted modes close to the desired mode by
carefully selecting the input and output points in the TLM mesh. An alternative way of
reducing the truncation error is to use a Hanning window in the Fourier transform. For
further details on this, one should consult [10,30].

7.7.2 Coarseness Error

This occurs when the TLM mesh is too coarse to resolve highly nonuniform fields as can
be found at corners and edges. An obvious solution is to use a finer mesh (A¢ — 0), but
this would lead to large memory requirements and there are limits to this refinement. A
better approach is to use variable mesh size so that a higher resolution can be obtained in
the nonuniform field region [31]. This approach requires more complicated programming.

7.7.3 Velocity Error

This stems from the assumption that propagation velocity in the TLM mesh is the same in
all directions and equal to 1, = 1/~/2, where u is the propagation velocity in the medium
filling the structure. The assumption is only valid if the wavelength A, in the TLM mesh
is large compared with the mesh size AUAY/A, < 0.1). Thus, the cutoff frequency f,, in the
TLM mesh is related to the cutoff frequency f, of the real structure according to f. = f.,v/2.
If Al is comparable with A, the velocity of propagation depends on the direction and the

Fourier
transform
I :> IFI
AS
— —
|||||\‘\|\|\‘M
———
N S AE/

(@) (b)

FIGURE 7.29
Source of truncation error: (a) Truncated output-impulse, (b) resulting truncation error in the frequency domain.
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assumption of constant velocity results in a velocity error in f.. Fortunately, a measure to
reduce the coarseness error takes care of the velocity error as well.

7.7.4 Misalignment Error

This error occurs in dielectric interfaces in 3-D inhomogeneous structures such as
microstrip or fin line. It is due to the manner in which boundaries are simulated in a
3-D TLM mesh; dielectric interfaces appear halfway between nodes, while electric and
magnetic boundaries appear across such nodes. If the resulting error is not acceptable, one
must make two computations, one with recessed and one with protruding dielectric, and
take the average of the results.

7.8 Absorbing Boundary Conditions

Just like FDTD and FEM, the TLM method requires absorbing boundary conditions (ABCs)
at the limit of the solution region. Several ABCs have been proposed for TLM simulations
[32-37]. It has been recognized that the perfectly matched-layer (PML) technique, discussed
for FDTD in Section 3.9, has excellent absorbing performances that are significantly superior
to other techniques. So, only PML will be discussed here.

Consider the PML region and the governing Maxwell’s equations. Each field component
is split into two. For example, E, = E,, + E,.. In 3-D, Maxwell’s equations become 12 [38]:

Ho I;’f +oyHyy = —W (7.84a)
po 2 oy, = - B ) (7.84b)
o 28 4 o2, =~ N £ Ee) (7840
o I;; +oiH,, = W (7.84d)
po B2 4 g1 H,, = - At he) (7.84¢)
o % +oyH, = a(EWa"y”sﬂ) (784f)

€ Ii):{ +0,Ey = 8(Hz,;)—kazy) (7.84¢)

& % 0. = —W (784h)



500 Computational Electromagnetics with MATLAB®

E O(Hxy +Hy:)

€ aytz +0.E,. = o (7.84i)

& g”; + 0By = —LHZB ;F ) (7:84))

o B2 o p, = OHuTHy) (7:84K)
ot Ox

Gt oEy = _W (784])

in which (g;, o7) where i € {x, y, z} are, respectively, the electric and magnetic conductivities
of the PML region and they satisfy

"
Oi

g% (7.85)
€& fho

Using the usual Yees’s notation, the field samples are expressed as

El(i,j,k) = E[(i +1/2)6, j6,k6,(n +1/2)8t]
El(i, j,k) = E,[i6,(j +1/2)8,k6,(n+1/2)5t]
Eli,j,k) = E.[i8, j5,(k +1/2)5,(n+1/2)6t]
H (G, j,k) = HL[(5,(j +1/2)5, (k +1/2)8, nét]
HU(,j,k) = H,[(i+1/2)5, 5,k +1/2)8,n6t]
H(i,j,k) = H.[(i+1/2)8,(j +1/2)5, k8, nbt]

(7.86)

where § = Ax = Ay = Az = A{. Without loss of generality, we set 6t = §/2c. Since we want
to interface the FDTD algorithm with the TLM, we express the fields in terms of voltages.
For a cubic cell,

Vir(i,j, k) = 6E(i, j, k) withr € x,y}, s€lx,z) (7.87a)
VG, k) = F@H:(i,;’,k) with s € {2} (7.87b)
€

where the subscripts e and m denote electric and magnetic, respectively. By applying the
central-difference scheme to Equation 7.84, we obtain, after some algebraic manipulations,

4-G,
4+G,

2
4+G,

Vew (i, j, k) = Vi, ], k)

+

](V,Zz(i, j, k)= Vi (i, = 1,K) (7.88a)
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Ge.
k)= ‘/Lral(zl /k
exz(l]/) [4 G ] (1] )
[ +Gtz] Vi (i, j,6) = Vi (i, j, k= 1) (7.88b)

where G,, = 60,(i, j, k)\/ 16, With s € {y, z}. Applying this TLM FDTD-PML algorithm has
been found to yield excellent performance with reflection level below —55 dB [37].

7.9 Concluding Remarks

This chapter has described the TLM method which is a modeling process rather than
a numerical method for solving differential equations. The flexibility, versatility, and
generality of the time-domain method have been demonstrated. Our discussion in
this chapter has been introductory, and one is advised to consult [10,39-41] for a more
in-depth treatment. A generalized treatment of TLM in the curvilinear coordinate system
is presented in Reference 42, while a theoretical basis of TLM is derived in Reference 43.
Further developments in TLM can be found in References 44-50.

Although the application of the TLM method in this chapter has been limited to diffusion
and wave propagation problems, the method has a wide range of applications. The technique
has been applied to other problems including;:

e Cutoff frequencies in fin lines [29,51]

* Transient analysis of striplines [52,53]

¢ Linear and nonlinear lumped networks [54-59]

® Microstrip lines and resonators [17,60,61]

¢ Diffusion problems [62-64]

¢ Electromagnetic compatibility problems [21,65-68]
e Antenna problems [43,54,69,70]

* Induced currents in biological bodies exposed to EM fields [71]
¢ Cylindrical and spherical waves [31,54,72]

e Thin wires [73-75]

* Metamaterials [76]

¢ Bio-heat transfer [77,78], and

e Others [79-92].

A major advantage of the TLM method, as compared with other numerical techniques, is the
ease with which even the most complicated structures can be analyzed. The great flexibility
and versatility of the method reside in the fact that the TLM mesh incorporates the properties
of EM fields and their interaction with the boundaries and material media. Hence, the EM
problem need not be formulated for every new structure. Thus a general-purpose program
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TABLE 7.7

A Comparison of TLM and FDTD Methods

FDTD TLM

A mathematical model based on Maxwell’s equations A physical model based on Huygen’s principle

E and H are shifted with respect to space and time E and H are calculated at the same time and position
Requires less memory and one-half the CPU time Needs more memory and more CPU time

Provides solution at each time step Requires some iterative procedure

such as in Reference 79 can be developed such that only the parameters of the structure need
be entered for computation. Another advantage of using the TLM method is that certain
stability properties can be deduced by inspection of the circuit. There are no problems with
convergence, stability, or spurious solutions. The method is limited only by the amount of
memory storage required, which depends on the complexity of the TLM mesh. Also, being
an explicit numerical solution, the TLM method is suitable for nonlinear or inhomogeneous
problems since any variation of material properties may be updated at each time step.

Perhaps the best way to conclude this chapter is to compare the TLM method with the
finite difference method, especially FDTD [80-86]. While TLM is a physical model based on
Huygens’ principle using interconnected transmission lines, the FDTD is an approximate
mathematical model directly based on Maxwell’s equations. In the 2-D TLM, the magnetic
and electric field components are located at the same position with respect to space and
time, whereas in the corresponding 2-D FDTD cell, the magnetic field components are
shifted by half an interval in space and time with respect to the electric field components.
Due to this displacement between electric and magnetic field components in Yee’s FDTD,
Chen et al. [83] derived a new FDTD and demonstrated that the new FDTD formulation is
exactly equivalent to the symmetric condensed node model used in the TLM method. This
implies that the TLM algorithm can be formulated in FDTD form and vice versa. However,
both algorithms retain their unique advantages. For example, the FDTD model has a
simpler algorithm where constitutive parameters are directly introduced, while the TLM
has certain advantages in the modeling of boundaries and the partitioning of the solution
region. Furthermore, the FDTD requires less than one-half of the CPU time spent by the
equivalent TLM program under identical conditions. While the TLM scheme requires 22
real memory stores per node, the FDTD method requires only seven real memory stores per
3-D node in an isotropic dielectric medium [81]. Although both are time-domain schemes,
the quantities available at each time step are the solution in TLM model and there is no need
for an iterative procedure. The dispersion relations for TLM and FDTD are identical for 2-D
but are different for 3-D problems. The comparison is summarized in Table 7.7. According
to Johns, the two methods complement each other rather than compete with each other [80].
More information on TLM can be found in References 11,93.

PROBLEMS

71 A conductor has a uniform resistance R per unit length and leakage conductance
G per unit length. Show that the potential V at a point distant x from one end
satisfies the differential equation

d’v

X
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72 For the two-port network in Figure 7.30a, the relation between the input and
output variables can be written in matrix form as

.

For the lossy line in Figure 7.30b, show that the ABCD matrix (also called the
cascaded matrix) is

A B
C D

Vi
L

cosh /¢ Z,sinh~y/
S sinh ¢ cosh~/{
Zy

7.3 The circuitin Figure 7.31 is used to model diffusion processes and presents a Az
section of a lossy transmission line. Show that

% . oV i oV
=—-Ri+RCZ-—LZ=+IC
92* ot ot or?

where i = I, /Az, the current density.

74 Consider an EM wave propagation in a lossless medium in TEM mode
(E,=0=E,=H, = H,) along the z direction. Using 1-D TLM mesh, derive the
equivalencies between network and field quantities.

75 Modify the program in Figure 7.14 to calculate the cutoff frequency (expressed
in terms of A¢/)) in a square section waveguide of size 10A{. Perform the
calculation for the TM;; mode by using open-circuit symmetry boundaries to

1 Iy —
AB
dq e
(a) (b)
FIGURE 7.30
For Problem 7.2.
dl Az i dl Az
el G ? . L Azf2 Fce
dr 2 NWZYJ_" P‘i:f& vV R‘aif’l dt 2
¥ +
aV Az il i 1 aV Az
v-SL 22 Azi2 (1) 1, C Az —
== ——caz2 (), Chzi2 tem
FIGURE 7.31

For Problem 7.3.
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suppress even-order modes and by taking the excitation and output points as
in Figure 7.32 to suppress the TM,;, TM;;, and TM;; modes. Use N = 500.

Repeat Problem 7.5 of higher-order modes but take excitation and output points
as in Figure 7.33.

For the waveguide with a free space discontinuity considered in Example 7.2, plot
the variation of the magnitude of the normalized impedance of the guide with
Al/X. The plot should be for frequencies above and below the cutoff frequency,
that is, including both evanescent and propagating modes.

Rework Example 74, but take the output point at (x = 6, z = 13).

Verify Equation 7.62.

Short circuit boundary
------ Open circuit boundary
O Source point
*x  Output point

FIGURE 7.32
Square cross-section waveguide of Problem 7.5.

Short circuit boundary
O Source point

X Output point

FIGURE 7.33
Square cross-section waveguide of Problem 7.6.
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710

711
712

713

714

For transverse waves on a stub-loaded TLM, the dispersion relation is given by

W] —2(1+Y,/4)sin? [“’M]
2 2c

sin®

Plot the velocity characteristic similar to that in Figure 711 for Y, =0, 1, 2, 10,
20, 100.

Verify Equation 7.68.

The transmission equation for one cell in a stub-loaded 3-D TLM network is

Vi

Ii+1

'%]_T'\l j(2+zo)tan6’/2]. . \ 1 0

.T.
0 1 8o +j2+y,)tané/2 1]

cosf/4  jsinf/4
jsinf/4  cosf/4

0 =21 AYN y,=4(—1), z,=4(y, — 1), and g, = cAl{L/C. Assuming small
losses «,Al << 1, show that the transmission equation can be reduced to
emAe 0

0 e”/nA[/

Vi

Ii+1

V;
I;

where v, = a,, + jf, is the propagation constant and

cos(B,A0) =1—8(1+ v, /4)(1+z,/4)sin>0/2
a,Alsin(B,Al) = %(4 +2,)sinf/2cos6/2

In the y — z plane of a symmetric condensed node of the TLM mesh, the
normalized characteristic impedance of the inductive stub is

_ 2u, AyAz 4
Tu At Ax

Assuming that Ax = Ay = Az = 0.1 m, determine the stubs required to model
a medium with ¢, =4, u, = 1, u, = ¢, and the value of At for stability.

Consider the 61 x 8 rectangular matrix with boundaries at x = 0.5 and x = 8.5
as in Figure 7.34. By making one of the boundaries, say x = 8.5, an open circuit,
a waveguide of twice the width can be simulated. For the TE, , family of modes,
excite the system at all points on line z =1 with impulses corresponding to
E, and take the impulse function of the output at point x =7, z = 6. Calculate
the normalized wave impedance Z = E /H, for frequencies above cutoff, that is,
Al/X = 0.023,0.025,0.027, ..., 0.041. Take 0 =0, ¢, =2, p1, = 1.
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..‘
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100
1%
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=
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x

o

% o]

x

x

x

x

x

x

X

x=05" (¢ !
z=1 z=6 ] z=6L5

——— Short circuit boundary = Excitation point
------ Open circuit boundary O Output point

FIGURE 7.34
The 61 x 8 TLM mesh of Problem 7.14.

715 Repeat Problem 7.14 for a lossy waveguide with o =278 mhos/m, ¢, =1, 1, = 1.

716 Using the TLM method, determine the cutoff frequency (expressed in terms of
AU/ of the lowest order TE and TM modes for the square waveguide with cross
section shown in Figure 7.35. Take €, = 2.45.

717 For the dielectric ridge waveguide of Figure 7.36, use the TLM method to
calculate the cutoff wavenumber k, of the dominant mode. Express the result in
terms of ka(=wa/c) and try €, = 2 and ¢, = 8. Take a = 10A/.

4
10 A€ £,

10 A€
FIGURE 7.35
For Problem 7.16.
20 A€
A yL
x
12 AL
e, 8 AL
¥
10 A€
FIGURE 7.36

For Problem 7.17.
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718 Rework Example 7.6 for the inhomogeneous cavity of Figure 7.37. Take €, = 16,
a=12A¢ b = 3a/10, d = 4a/10, s = 7a/12, u = 3d/8.

719 Consider a single microstrip line shown in Figure 7.38. Dispersion analysis of
the line by the TLM method involves resonating a section of the transmission
line by placing shorting planes along the axis of propagation (the z-axis in this
case). Write a TLM computer program and specify the input data as

E.=0=E,alongy=0,y=9,

E.=0=E,along x =24,

E.=0=E,fory=H, -W<x<W,

H,=0=H,alongx=0
Plot the dispersion curves depicting the phase constant § as a function of
frequency f for cases when the line is air-filled and dielectric-filled. The distance
L(=m/5) between the shorting planes is the variable. Assume the dielectric

substrate and the walls of the enclosure are lossless. Take ¢, = 4.0, a = 2 mm,
H=10mm, W=10mm, b =2 mm, Al =a/8.

7.20 For the cubical cavity of Figure 7.39, use the TLM technique to calculate the
time taken for the total power in the lossy dielectric cavity to decay to 1/e of its

"p ------ 1’ —— X
b | apfmmemmmemenw I e
si J /! )

FIGURE 7.37
Inhomogeneous cavity of Problem 7.18.

:
:
b
:

L X
HI £ z

FIGURE 7.38
Microstrip line of Problem 7.19.
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2a

A

FIGURE 7.39
Lossy cavity of Problem 7.20.

original value. Consider cases when the cavity is completely filled with dielectric
material and half-filled. Take ¢, = 2.45, 0 = 0.884 mhos/m, y, =1, A¢ = 0.3 cm,
2a =7AL.
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8

Monte Carlo Methods

Written in Chinese the word CRISIS is composed of two characters: danger and opportunity.

—]J. F. Kennedy

8.1 Introduction

Unlike the deterministic numerical methods covered in the foregoing chapters, Monte Carlo
methods (MCMs) are nondeterministic (probabilistic or stochastic) numerical methods
employed in solving mathematical and physical problems. The Monte Carlo method
(MCM), also known as the method of statistical trials, is the marriage of two major branches
of theoretical physics: the probabilistic theory of random process dealing with Brownian
motion or random-walk experiments and potential theory, which studies the equilibrium
states of a homogeneous medium [1]. It is a method of approximately solving problems
using sequences of random numbers. It is a means of treating mathematical problems by
finding a probabilistic analog and then obtaining approximate answers to this analog by
some experimental sampling procedure. The solution of a problem by this method is closer
in spirit to physical experiments than to classical numerical techniques.

It is generally accepted that the development of Monte Carlo techniques as we presently
use them dates from about 1944, although there are a number of undeveloped instances on
much earlier occasions. Credit for the development of MCM goes to a group of scientists,
particularly von Neumann and Ulam, at Los Alamos during the early work on nuclear
weapons. The groundwork of the Los Alamos group stimulated a vast outpouring of
literature on the subject and encouraged the use of MCM for a variety of problems [2-4].
The name “Monte Carlo” comes from the city in Monaco, famous for its gambling casinos.

MCMs are applied in two ways: simulation and sampling. Simulation refers to methods
of providing mathematical imitation of real random phenomena. A typical example is the
simulation of a neutron’s motion into a reactor wall, its zigzag path being imitated by a
random walk. Sampling refers to methods of deducing properties of a large set of elements
by studying only a small, random subset. For example, the average value of f(x) overa < x < b
can be estimated from its average over a finite number of points selected randomly in
the interval. This amounts to a MCM of numerical integration. MCMs have been applied
successfully for solving differential and integral equations, for finding eigenvalues, for
inverting matrices, and particularly for evaluating multiple integrals.

The simulation of any process or system in which there are inherently random components
requires a method of generating or obtaining numbers that are random. Examples of such
simulation occur in random collisions of neutrons, in statistics, in queueing models, in
games of strategy, and in other competitive enterprises. Monte Carlo calculations require
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having available sequences of numbers which appear to be drawn at random from particular
probability distributions.

8.2 Generation of Random Numbers and Variables

Various techniques for generating random numbers are discussed fully in [5-12]. The
almost universally used method of generating random numbers is to select a function g(x)
that map integers into random numbers. Select x, somehow, and generate the next random
number as x;; = g(x;). The most common function g(x) takes the form

g(x)=(ax+c)mod m 8.1

where

xp = starting value or a seed (x, > 0),
a=multiplier (a > 0),
¢ =increment (¢ >0),

m = the modulus

The modulus m is usually 2! for t-digit binary integers. For a 31-bit computer machine,
for example, m may be 231-L. Here x,, 4, and c are integers in the same range as m > g,
m > ¢, m > x,. The desired sequence of random numbers {x,} is obtained from

Xpp1 = (ax, +c)mod m| 8.2

This is called a linear congruential sequence. For example, if x, =a = c =7 and m = 10, the
sequence is

7,6,9,0,7,6,9,0,... 8.3

Itis evident that congruential sequences always get into a loop; that is, there is ultimately
a cycle of numbers that is repeated endlessly. The sequence in Equation 8.3 has a period
of length 4. A useful sequence will of course have a relatively long period. The terms
multiplicative congruential method and mixed congruential method are used by many authors to
denote linear congruential methods with ¢ = 0 and ¢ = 0, respectively. Rules for selecting
X,, 4, ¢, and m can be found in References 6,10.

Here, we are interested in generating random numbers from the uniform distribution in
the interval (0,1). These numbers will be designated by the letter U and are obtained from
Equation 8.2 as

U= (8.4)
m

Thus, U can assume values from only the set {0, 1/m, 2/m, ..., (m — 1)/m}. (For random
numbers in the interval (0,1), a quick test of the randomness is that the mean is 0.5. Other
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tests can be found in References 3,6.) In MATLAB, a command rand generates a random
number in the interval (0,1). For generating random numbers X uniformly distributed in
the interval (g, b), we use

@9

Random numbers produced by a computer code (using Equations 8.2 and 8.4) are not
truly random; in fact, given the seed of the sequence, all numbers U of the sequence are
completely predictable. Some authors emphasize this point by calling such computer-
generated sequences pseudorandom numbers. However, with a good choice of 4, ¢, and m, the
sequences of U appear to be sufficiently random in that they pass a series of statistical tests
of randomness. They have the advantage over truly random numbers of being generated
in a fast way and of being reproducible, when desired, especially for program debugging.

It is usually necessary in a Monte Carlo procedure to generate random variable X from
a given probability distribution F(x). This can be accomplished using several techniques
[6,13-15] including the direct method and rejection method.

The direct method, otherwise known as inversion or transform method, entails inverting
the cumulative probability function F(x) = Prob(X < x) associated with the random
variable X. The fact that 0 < F(x) <1 intuitively suggests that by generating random
number U uniformly distributed over (0,1), we can produce a random sample X from the
distribution of F(x) by inversion. Thus to generate random X with probability distribution
F(x), we set U = F(x) and obtain

X =F'U) 8.6)

where X has the distribution function F(x). For example, if X is a random variable that is
exponentially distributed with mean y, then

F(x)=1—e¢", 0<x<oo 8.7)

Solving for X in U = F(X) gives

X=-puln(1-U) 8.9)

Since (1 — U) is itself a random number in the interval (0,1), we simply write

X =—pulnU (89)

Sometimes the inverse F-!(x) required in Equation 8.6 does not exist or is difficult to
obtain. This situation can be handled using the rejection method. Let f(x) = dF(x)/dx be the
probability density function of the random variable X. Let f(x) = 0 for a > x > b, and f(x) is
bounded by M (i.e., f(x) < M) as shown in Figure 8.1. We generate two random numbers
(U,, U,) in the interval (0,1). Then

X1 =a-+ (b — ﬂ)ul and fl = UZM (810)

are two random numbers with uniform distributions in (g, b) and (0, M), respectively. If

A< f(X) (8.11)
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ﬂx)“

FIGURE 8.1
Rejection method of generating a random variable with probability density function f(x).

then X, is accepted as a choice of X, otherwise X, is rejected and a new pair (U, U,) is tried
again. Thus in the rejection technique all points falling above f(x) are rejected, while those
points falling on or below f(x) are utilized to generate X, through X; =a + (b — a)U,.

EXAMPLE 8.1

Develop a subroutine for generating random number U uniformly distributed between
0 and 1. Using this subroutine, generate random variable © with probability distribution
given by

TO)= %(1—cos¢9), O<f<m

Solution

The subroutine for generating 6 is shown in Figure 8.2. MATLAB uses rand to produce
random numbers uniformly distributed between 0 and 1.
To generate the random variable ©, set

Uu=T©)= %(1 —c0s0),

then
O=T"(U)=cos™(1-2U)

Using this, a sequence of random numbers © with the given distribution is generated
in the main program of Figure 8.2.

for k = 1:100

r = rand;

theta(k) = acos( 1 - 2*r);
end;

FIGURE 8.2
Random number generator; for Example 8.1.
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8.3 Evaluation of Error

Monte Carlo procedures give solutions which are averages over a number of tests. For
this reason, the solutions contain fluctuations about a mean value, and it is impossible to
ascribe a 100% confidence in the results. To evaluate the statistical uncertainty in Monte
Carlo calculations, we must resort to various statistical techniques associated with random
variables. We briefly introduce the concepts of expected value and variance, and utilize the
central limit theorem to arrive at an error estimate [13,16].

Suppose that X is a random variable. The expected value or mean value x of X is defined as

[o 0]

f:fxf(x)dx 8.12)

—00

where f(x) is the probability density distribution of X. If we draw random and independent
samples, x;, X,, ..., Xy from f(x), our estimate of x would take the form of the mean of N
samples, namely,

== x, (8.13)

While x is the true mean value of X, x is the unbiased estimator of x, an unbiased
estimator being one with the correct expectation value. Although the expected value of X
is equal to X, X = x. Therefore, we need a measure of the spread in the values of x about x.

To estimate the spread of values of X, and eventually of X about X, we introduce the
variance of X defined as the expected value of the square of the deviation of X from ¥, that is,

Var(x)=o® = (x—x)? = f (x =) f(x)dx (8.14)
But (x — ¥)* = x> — 2xx + x°. Hence,
o*(x)= f x*f(x)dx — 2% f xf (x)dx + x° f fodx (8.15)
or
(1) = 7 7 (8.16)

The square root of the variance is called the standard deviation, that is,
— 1/2
o(x) = (x2 . fz) (8.17)

The standard deviation provides a measure of the spread of x about the mean value x; it
yields the order of magnitude of the error. The relationship between the variance of X and
the variance of x is

(8.18)
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This shows that if we use X constructed from N values of x, according to Equation 8.13 to
estimate X, then the spread in our results of X about ¥ is proportional to o(x) and falls off
as the number of N of samples increases.

In order to estimate the spread in %, we define the sample variance

§:>4lf§:mh—m2 (819)

Again, it can be shown that the expected value of 52is equal to o*(x). Therefore, the sample
variance is an unbiased estimator of o%(x). Multiplying out the square term in Equation 8.19,
it is readily shown that the sample standard deviation is

1 1/2 1 N
S=l——| | =) x2-3?
[N—l] N§:

n=1
For large N, the factor NAN — 1) is set equal to 1.
As away of arriving at the central limit theorem, a fundamental result in probability theory,
consider the binomial function

1/2

(8.20)

N! oy
B(M) = mpW (8.21)

which is the probability of M successes in N independent trials. In Equation 8.21, p is
the probability of success in a trial, and g =1 — p. If M and N — M are large, we may use
Stirling’s formula

nl~n"e "\ 2mn (8.22)

so that Equation 8.21 is approximated [17] as the normal distribution:

~ ey L (@E-x)7
B(M)—f(x)—a(f)mexp 207(8) (8.23)

where ¥ = Np and o(X)=,/Npq. Thus as N — oo, the central limit theorem states that
the probability density function which describes the distribution of X that results from N
Monte Carlo calculations is the normal distribution f(X) in Equation 8.23. In other words,
the sum of a large number of random variables tends to be normally distributed. Inserting
Equation 8.18 into Equation 8.23 gives

f(&)= N (8.24)

1 X\_N@—xf
27 o(x)

20%(x)

The normal (or Gaussian) distribution is very useful in various problems in engineering,
physics, and statistics. The remarkable versatility of the Gaussian model stems from the
central limit theorem. For this reason, the Gaussian model often applies to situations in
which the quantity of interest results from the summation of many irregular and fluctuating
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components. In Example 8.2, we present an algorithm based on central limit theorem for
generating Gaussian random variables.

Since the number of samples N is finite, absolute certainty in Monte Carlo calculations is
unattainable. We try to estimate some limit or interval around X such that we can predict
with some confidence that x falls within that limit. Suppose we want the probability that x
lies between ¥ —§ and X + 4. By definition,

X+06
Prob{¥ —6 < % < % + ) :ff(fc)dsc
x—6

(8.25)
By letting
J2/No(x)’
(IN/2)(8/0)
Prob{ —§ < % <%+ 8} = 2 f eV d)
T 0
= erf[\/N/Z 6] (8.26a)
o(x)

or

Prob{x—za/z(;\]<J?§x+za/2a}:1—a (8.26b)

JN

where erf(x) is the error function and z,, is the upper o/2 x 100 percentile of the standard
normal deviation. Equation 8.26 may be interpreted as follows: if the Monte Carlo procedure
of taking random and independent observations and constructing the associated random
interval x & ¢ is repeated for large N, approximately erf (VN /2 6/ o(x))x 100 percent of these
random intervals will contain £. The random interval £ &+ 6 is called a confidence interval
and erf (\JN/26/0(x)) is the confidence level. Most Monte Carlo calculations use error
6=o(x)/ JN, which implies that ¥ is within one standard deviation of ¥, the true mean.
From Equation 8.26, it means that the probability that the sample mean X lies within the
interval X +o(x)/ JN is 0.6826 or 68.3%. If higher confidence levels are desired, two or three
standard deviations may be used. For example,

0.6826, M=1
Prob E—M%<Q<E+M% —looss, M=2 (8.27)
0.997, M=3

where M is the number of standard deviations.

In Equations 8.26 and 8.27, it is assumed that the population standard deviation o is
known. Since this is rarely the case, 0 must be estimated by the sample standard deviation
S calculated from Equation 8.20 so that the normal distribution is replaced by the Student’s
t-distribution. It is well known that the t-distribution approaches the normal distribution
as N becomes large, say N > 30. Equation 8.26 is equivalent to
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Prob E—%<£§E+M =l-a (8.28)

where t, .y is the upper 100 x o/2 percentage point of the Student’s ¢-distribution with
(N — 1) degrees of freedom; and its values are listed in any standard statistics text. Thus,
the upper and lower limits of a confidence interval are given by

upper limit =x + % (8.29)
. .. — Stymn-
lower limit = x — Z-/2N"1 8.30
N (8:30)

For further discussion on error estimates in Monte Carlo computations, consult References
18,19.

EXAMPLE 8.2

A random variable X with Gaussian (or normal) distribution is generated using the
central limit theorem. According to the central limit theorem, the sum of a large number
of independent random variables about a mean value approaches a Gaussian distribution
regardless of the distribution of the individual variables. In other words, for any random
numbers, Y;,i =1, 2, ..., N with mean Y and variance Var(Y),

N p—
Z_{Z:Y"_NY (8.31)
~ JN Var(Y)

converges asymptotically with N to a normal distribution with zero mean and a standard
deviation of unity. If Y; are uniformly distributed variables (i.e., Y; = U,), then Y =1/2,
Var(Y) =1/4/12, and

Zuf —N/2 (8.32)

and the variable

X=0Z+p (8.33)

approximates the normal variable with mean p and variance o2. A value of N as low as
3 provides a close approximation to the familiar bell-shaped Gaussian distribution. To
ease computation, it is a common practice to set N = 12 since this choice eliminates the
square root term in Equation 8.32. However, this value of N truncates the distribution
at £60 limits and is unable to generate values beyond 3¢. For simulations in which the
tail of the distribution is important, other schemes for generating Gaussian distribution
must be used [20-22].
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Thus, to generate a Gaussian variable X with mean p and standard deviation o, we
follow these steps:

1. Generate 12 uniformly distributed random numbers U, U,, ..., U},.
12
2. ObtainZ =Y _U;~6.

i=1

3. Set X = oZ + p.

In MATLAB, normal variable X is generated using command randn.

8.4 Numerical Integration

For one-dimensional integration, several quadrature formulas, such as presented in
Section 3.11, exist. The numbers of such formulas are relatively few for multidimensional
integration. It is for such multidimensional integrals that a Monte Carlo technique becomes
valuable for at least two reasons. The quadrature formulas become very complex for multiple
integrals while the MCM remains almost unchanged. The convergence of Monte Carlo
integration is independent of dimensionality, which is not true for quadrature formulas.
The statistical method of integration has been found to be an efficient way to evaluate two-
or three-dimensional integrals in antenna problems, particularly those involving very large
structures [23]. Two types of Monte Carlo integration procedures, the crude MCM and the
MCM with antithetic variates, will be discussed. For other types, such as hit-or-miss and
control variates, see References 24,25. The application of MCM to improper integrals will
be covered briefly.

8.4.1 Crude Monte Carlo Integration

Suppose we wish to evaluate the integral

I= f f (8.34)

R

where R is an n-dimensional space. Let X = (X!, X?, ..., X") be a random variable that is
uniformly distributed in R. Then f(X) is a random variable whose mean value is given by
[26,27]

a1 1
0= [ F=
IR| IR| (8.35)
R
and the variance by

2

1 . |1
Var(f(X))zm f fi- R f f (8.36)
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where

IR|= f X (8.37)

If we take N independent samples of X, that is, X;, X,, ..., X, all having the same
distribution as X and form the average

SO+ FO) - +FXn) T py
S = ;f(x,) (8.38)

we might expect this average to be close to the mean of f(X). Thus, from Equations 8.35
and 8.38,

RIS
I= N;f(xo (8.39)

This Monte Carlo formula applies to any integration over a finite region R. For the
purpose of illustration, we now apply Equation 8.39 to one- and two-dimensional integrals.
For a one-dimensional integral, suppose

b
I= f flaydx (8.40)
Applying Equation 8.39 yields
b—a
I=—-= X; 8.41
N Z;f( ) (8:41)

where X;is a random number in the interval (g, b), that is,
Xi=a+(b-a)U, 0<U<1 (8.42)

For a two-dimensional integral

b d

o 1 w2 1 3v2
1_f F(X',X2)dx'dx?, 643)

the corresponding Monte Carlo formula is

(=)@ =)y 32
I= N,Z: F(X,X2) (8.44)

where

Xi=a+O0-a)U', 0<U'< 1

8.45
X =c+d-cU? 0<U’< 1 849
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The convergence behavior of the unbiased estimator I in Equation 8.39 is slow since the
variance of the estimator is of the order 1/N. Accuracy and convergence is increased by
reducing the variance of the estimator using an improved method, the method of antithetic
variates.

8.4.2 Monte Carlo Integration with Antithetic Variates

The term antithetic variates [28] is used to describe any set of estimators which mutually
compensate each other’s variations. For convenience, we assume that the integral is over
the interval (0,1). Suppose we want an estimator for the single integral

I= | gdu (8.46)
/

We expect the quantity 1/2[g(U) + g(1 — U)] to have smaller variance than g(U). If g(U)
is too small, then g(1 — U) will have a good chance of being too large and conversely.
Therefore, we define the estimator

11
I —Ngz[gmiwg(l—uo] (847)

where U, are random numbers between 0 and 1. The variance of the estimator is of the
order 1/N*, a tremendous improvement over Equation 8.39. For two-dimensional integral,

1 1
1= f f g, Urdu'dau?, (848)
0 0
and the corresponding estimator is

N
1 1 1 2 1 2
I== " lgUl, up)+ g, 1-U;
N2 [ )+8( )
+g(-UL U+ -, 1-UD) (8.49)
Following similar lines, the idea can be extended to higher-order integrals. For intervals

other than (0, 1), transformations such as in Equations 8.41 through 8.45 should be applied.
For example,

]f(x)dx = (ba)j g(U)du

b

~

a1

N zz[g«uf) +g-)] 850
where g(U) = f(X) and X =a + (b — a)Ul. It is observed from Equations 8.47 and 8.49 that
as the number of dimensions increases, the minimum number of antithetic variates per
dimension required to obtain an increase in efficiency over crude Monte Carlo also increases.
Thus, the crude MCM becomes preferable in many dimensions. Monte Carlo integration
technique has been applied in the moment method solution of integral equations [29,30].
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8.4.3 Improper Integrals
The integral

I= | g(x)dx (8.51)
/

may be evaluated using Monte Carlo simulations. For a random variable X having
probability density function f(x), where f(x) integrates to 1 on interval (0, co),

8(%) g — 8.52
f()dx fg(x)dx (8.52)

Hence, to compute I in Equation 8.51, we generate N independent random variables
distributed according to a probability density function f(x) integrating to 1 on the interval
(0, o). The sample mean

S L yg)
(x)=— i (8.53)
YN Z fx)
gives an estimate for L.

EXAMPLE 8.3

Evaluate the integral

1 27
I:ffejapcosopdpd(b
0 0

using the MCM.

Solution

This integral represents radiation from a circular aperture-antenna with a constant
amplitude and phase distribution. It is selected because it forms at least part of every
radiation integral. The solution is available in the closed form, which can be used to
assess the accuracy of the Monte Carlo results. In closed form,

I(a)= 27T];(a)

where J,(«) is Bessel’s function of the first order.

A simple program for evaluating the integral employing Equations 8.44 and 8.45, where
a=0,b=1,c=0, and d = 27, is shown in Figure 8.3. For different values of N, both the
crude and antithetic variate MCMs are used in evaluating the radiation integral, and the
results are compared with the exact value in Table 8.1 for a = 5. In applying Equation 8.49,
the following correspondences are used:

U=X, =X 1-U'=b-X'=b-a)1-U"),
—UP=d-X*=d-c)(1-U?
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000000000000000000000000000000000
Integration using crude Monte Carlo
and antithetic methods

Only few lines need be changed to use this
program for any multi-dimensional integration

of o df o o P df

the function fun.m is to be on a separate file

a =0; b= 1.0; ¢ = 0; % limits of integration

d=2*pi;
alpha = 5;
nrun = 10000;

suml = 0; sum2 = 0;
for i=l:nrun
ul = rand;
u2 = rand;
x1 = a + (b-a)*ul;
x2 = ¢ + (d-c)*ul;
x3 = (b-a)*(1l-ul);
x4 = (d-c)*(1l-u2);
suml = suml + fun(xl,x2);
sum2 = sum2 + fun(xl,x2) + fun(xl,x4) + fun(x3,x2) + fun(x3,x4);

end
areal = (b-a)*(d-c)*suml/nrun
area2 = (b-a)*(d-c)*sum2/(4*nrun)

(a)

function y=fun(rho,phi)
alpha = 5;
y=rho*exp(j*alpha*rho*cos(phi));

(b)
FIGURE 8.3

MATLAB program for Monte Carlo evaluation of a two-dimensional integral: (a) main program, (b) function
fun.m kept in a separate file.

TABLE 8.1
Results of Example 8.3 on Monte Carlo Integration
of Radiation Integral

Antithetic
N Crude MCM Variates MCM
500 —0.2892 — j0.0742 —0.2887 — j0.0585
1000 —0.5737 + j0.0808 —0.4982 — j0.0080
2000 —0.4922 — j0.0040 —0.4682 — j0.0082
4000 —0.3999 — j0.0345 —0.4216 — j0.0323
6000 —0.3608 — j0.0270 —0.3787 — j0.0440
8000 —0.4327 — j0.0378 —0.4139 — j0.0241
10,000 —0.4229 — j0.0237 —0.4121 — j0.0240

Exact: —0.4116 + jO.
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8.5 Solution of Potential Problems

The connection between potential theory and Brownian motion (or random walk) was first
shown in 1944 by Kakutani [31]. Since then the resulting so-called probabilistic potential
theory has been applied to problems in many disciplines such as heat conduction [32-37],
electrostatics [38—45], and electrical power engineering [46,47]. An underlying concept of the
probabilistic or Monte Carlo solution of differential equations is the random walk. Different
types of random walk lead to different MCMs. The most popular types are the fixed-random
walk and floating random walk. Other types that are less popular include the Exodus method,
shrinking boundary method, inscribed figure method, and the surface density method.

8.5.1 Fixed Random Walk

Suppose, for concreteness, that the MCM with fixed random walk is to be applied to solve
Laplace’s equation

V?V =0 in region R (8.54a)

subject to Dirichlet boundary condition

V =V, on boundary B (8.54b)

We begin by dividing R into mesh and replacing V2 by its finite difference equivalent.
The finite difference representation of Equation 8.54a in two-dimensional R is given by
Equation 3.31, namely,

V(x, y)=puVx+A, y)+ p V(x =4, y) (8.55a)
TP VX, y+8)+ py Vix, y—A)

where

1
Pr+ = Px— = Py+ = Py- = Z (8.55Db)

In Equation 8.55, a square grid of mesh size A, such as in Figure 84, is assumed. The
equation may be given a probabilistic interpretation. If a random walking particle is
instantaneously at the point (x, y), it has probabilities p,., p., p,., and p,_ of moving from
ytox+ Ay, (x— Ay, (x,y+ A),and (x, y — A), respectively. A means of determining
which way the particle should move is to generate a random number U, 0 < U < 1 and
instruct the particle to walk as follows:

(x,y)— (x+A4,y) if0<U<0.25
(x,y)— (x—A,y) if0.25<U<0.5
(x,y) = (x,y+4) if05<U<0.75 (8.56)
(x,y)— (x,y—A) if0.75<U<1
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y V,(2)

(s ¥0)

V(1)

»

+] :

FIGURE 8.4
Configuration for fixed random walks.

If a rectangular grid rather than a square grid is employed, then p,. =p,_and p,, =p,.,
but p, = p, Also for a three-dimensional problem in which cubical cells are used,
Prs = Px- = Py = Py~ = Po = p.- = 1/6. In both cases, the interval 0 < U < 1 is subdivided
according to the probabilities.

To calculate the potential at (x, y,), a random-walking particle is instructed to start at
that point. The particle proceeds to wander from node to node in the grid until it reaches
the boundary. When it does, the walk is terminated and the prescribed potential V, at
that boundary point is recorded. Let the value of V, at the end of the first walk be denoted
by V,(1), as illustrated in Figure 84. Then a second particle is released from (x,, y,) and
allowed to wander until it reaches a boundary point, where the walk is terminated and
the corresponding value of V, is recorded as V,(2). This procedure is repeated for the third,
fourth, ..., and Nth particle released from (x, y), and the corresponding prescribed potential
V,3), V,4), ..., V,(N) are noted. According to Kakutani [31], the expected value of V,(1),
Vp(@2), ..., V,(N) is the solution of the Dirichlet problem at (x, y), that is,

Vi yo) =1 D W) 857)

where N, the total number of walks, is large. The rate of convergence varies as \/ﬁ so that
many random walks are required to ensure accurate results.
If it is desired to solve Poisson’s equation

V?V = —g(x,y) inR (8.58a)

subject to
V=V, onB, (8.58b)
then the finite difference representation is in Equation 3.30, namely,

V(x, ) =pV(x+A, y)+ p V(x—A, y)
Azg

+p,V(x, y+A)+ p, V(x, y—A)+ (8.59)
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where the probabilities remain as stated in Equation 8.55b. The probabilistic interpretation
of Equation 8.59 is similar to that for Equation 8.55. However, the term A%g/4 in Equation
8.59 must be recorded at each step of the random walk. If m; steps are required for the ith
random walk originating at (x,, v,) to reach the boundary, then one records

2 mi—1

vp(i)+TZ g, v)) (8.60)

j=1

Thus, the Monte Carlo result for V(x,, y,) is

N | mi—1

1, A2
Vo, y0) = D Vet 0D D

i=1 | j=1

8(xj,y)) (8.61)

An interesting analogy to the MCM just described is the walking drunk problem [15,34].
We regard the random-walking particle as “drunk,” the squares of the mesh as the “blocks
in a city,” the nodes as “crossroads,” the boundary B as the “city limits,” and the terminus
on B as the “policeman.” Though the drunk is trying to walk home, he is so intoxicated that
he wanders randomly throughout the city. The job of the policeman is to seize the drunk
in his first appearance at the city limits and ask him to pay a fine V,. What is the expected
fine the drunk will receive? The answer to this problem is in Equation 8.57.

On the dielectric boundary, the boundary condition D,, = D,, is imposed. Consider the
interface along y = constant plane as shown in Figure 8.5. According to Equation 3.53, the
finite difference equivalent of the boundary condition at the interface is

Vo=pxVi+ 0 Vo +pyi Vs +p, Vi (8.62a)
where
Px+ =Px-= lr Py+ = 1, Py-= —2 (8.62b)
4 2(e + &) 2a +e)

An interface along x = constant plane can be treated in a similar manner.

vs 3
£

£z

Vi

FIGURE 8.5
Interface between media of dielectric permittivities ¢; and e,.
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g

Vy
Vo y
Vs
v,
. J_ .
x Vo Vy W x
(a) (b)

FIGURE 8.6
Satisfying symmetry conditions: (a) 9V/ox = 0, (b) 0V/0y = 0.

On a line of symmetry, the condition 0V/0n = 0 must be imposed. If the line of symmetry
is along the y-axis as in Figure 8.6a, according to Equation 3.55.

V,= px+‘/l + Py+V3 + Py_V4 (8633)
where
1 1
Pre =50 Pue =Py-=74 (8.63b)

The line of symmetry along the x-axis, shown in Figure 8.6b, is treated similarly following
Equation 3.56.

For an axisymmetric solution region such as shown in Figure 8.7, V = V(p, z). The finite
difference equivalent of Equation 8.54a for p = 0 is obtained in Section 3.10 as

Vip,2)=p, V(p+4A,2)+p, V(p—A,z)
+p=V(p, z+A) +p-_V(p, z—A) (8.64)

where Ap = Az = A and the random walk probabilities are given by

_, -1
Pz =P=-=7
1 A
=4+ 8.65
Po+ 478 (8.65)
_1. 4
Pr- 4 8p

For p = 0, the finite difference equivalent of Equation 8.54a is Equation 3.120, namely

V(0,2)=p, V(A 2)+p..V(0,z4+A)+p..V(0,z—A) (8.66)
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i
: B2
;
!
'
PN P
Ap
FIGURE 8.7
Typical axisymmetric solution region.
so that
4 1
Pre=gr Pr=00 Po=p=p= (8.67)

The random-walking particle is instructed to begin to walk at (p,, z,). It wanders through
the mesh according to the probabilities in Equations 8.65 and 8.67 until it reaches the
boundary where it is absorbed and the prescribed potential V,(1) is recorded. By sending
out N particles from (p,, z,) and recording the potential at the end of each walk, we obtain
the potential at (p,, z,) as [48]

V(g2 =1 D () (868)

This MCM is called fixed random walk type since the step size A is fixed and the steps of
the walks are constrained to lie parallel to the coordinate axes. Unlike in the finite difference
method (FDM), where the potentials at all mesh points are determined simultaneously, MCM
is able to solve for the potential at one point at a time. One disadvantage of this MCM is that
it is slow if potential at many points is required and is therefore recommended for solving
problems for which only a few potentials are required. It shares a common difficulty with
FDM in connection with irregularly shaped bodies having Neumann boundary conditions.
This drawback is fully removed by employing MCM with floating random walk.

8.5.2 Floating Random Walk

The mathematical basis of the floating random walk method is the mean value theorem
of potential theory. If S is a sphere of radius 7, centered at (x, y, z), which lies wholly within
region R, then

V(x,y,2)= 47;2 f V(r')ds' (8.69)

S
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That is, the potential at the center of any sphere within R is equal to the average value of
the potential taken over its surface. When the potential varies in two dimensions, V(x, y)
is given by

Vix,y) = ﬁ fﬁ V(ohdl (8.70)

where the integration is around a circle of radius p centered at (x, y). It can be shown that
Equations 8.69 and 8.70 follow from Laplace’s equation. Also, Equations 8.69 and 8.70 can
be written as

1 1
Vix,y,z)= V(a, 0, ¢)dFdT 8.71)
il
1
V(x,y)= | V(a, ¢)dF 8.72)
/
where
F:%, T:%(l—cosﬂ) 8.73)

and 6 and ¢ are regular spherical coordinate variables. The functions F and T may be
interpreted as the probability distributions corresponding to ¢ and 6. While dF/d¢ =
constant, dT/d0 = 1/2 sin 6; that is, all angles ¢ are equally probable, but the same is not
true for 6.

The floating random walk MCM depends on the application of Equations (8.69) and (8.70)
in a statistical sense. For a two-dimensional problem, suppose that a random-walking
particle is at some point (x; y)) after j steps in the ith walk. The next (j + 1)th step is taken
as follows. First, a circle is constructed with center at (x; y)) and radius p, which is equal
to the shortest distance between (x; y) and the boundary. The ¢ coordinate is generated
as a random variable uniformly distributed over (0, 27), that is, ¢ = 27U, where 0 < U < 1.
Thus, the location of the random-walking particle after the (j + 1)th step is illustrated in
Figure 8.8 and given as

Xji1 = Xj + pj COS @; (8.74a)
Yir1 =Y+ p;sing; (8.74b)

The next random walk is executed by constructing a circle centered at (x;;, ;1) and of radius
pi+1, which is the shortest distance between (x;.,, y,.,) and the boundary. This procedure
is repeated several times, and the walk is terminated when the walk approaches some
prescribed small distance 7 of the boundary. The potential V(i) at the end of this ith walk is
recorded as in fixed random walk MCM and the potential at (x, y) is eventually determined
after N walks using Equation 8.57.
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Yis1)

=y

FIGURE 8.8
Configuration for floating random walks.

The floating random walk MCM can be applied to a three-dimensional Laplace problem
by proceeding along lines similar to those outlined above. A random-walking particle
at (x; y; z) will step to a new location on the surface of a sphere whose radius r; is equal
to the shortest distance between point (x; y; z) and the boundary. The ¢ coordinate is
selected as a random number U between 0 and 1, multiplied by 27. The coordinate 6 is
determined by selecting another random number U between 0 and 1 and solving for
0 = cosI(1 — 2U) as in Example 8.1. Thus, the location of the particle after its (j + 1)th
step in the ith walk is

Xj41 = X +1;c0s ¢, sin0; (8.75a)
Yj41 =Y, +1;sin¢; sin; (8.75b)
Zjy1 =z + 1 COSQJ‘ (875C)

Finally, we apply Equation 8.57.

Solving Poisson’s equation (8.58) for a two-dimensional problem requires only a slight
modification. For a three-dimensional problem, V(g, 6, ¢) in Equation 8.71 is replaced by
[Vi(a, 0, ¢) + r*g/6]. This requires that the term gr]-z /6 at every jth step of the ith random walk
be recorded.
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An approach for handling a discretely inhomogeneous medium is presented in References
38,42,43,49.

It is evident that in the floating random walk MCM, neither the step sizes nor the
directions of the walk are fixed in advance. The quantities may be regarded as “tloating”
and hence the designation floating random walk. A floating random walk bypasses many
intermediate steps of a fixed random walk in favor of a long jump. Fewer steps are
needed to reach the boundary, and so computation is much more rapid than in fixed
random walk.

8.5.3 Exodus Method

The Exodus method, first suggested in Reference 50 and developed for electromagnetics
in References 51,52, does not employ random numbers and is generally faster and more
accurate than the fixed random walk. It basically consists of dispatching numerous
walkers (say 10°) simultaneously in directions controlled by the random walk probabilities
of going from one node to its neighbors. As these walkers arrive at new nodes, they are
dispatched according to the probabilities until a set number (say 99.999%) have reached
the boundaries. The advantage of the Exodus method is its independence of the random
number generator.

To implement the Exodus method, we first divide the solution region R into mesh, such
as in Figure 8.4. Suppose p; is the probability that a random walk starting from point (x, y)
ends at node k on the boundary with prescribed potential V, (k). For M boundary nodes
(excluding the corner points since a random walk never terminates at those points), the
potential at the starting point (x,, y,) of the random walks is

V(xo, 1) = Z PV, (k) (8.76)
k=1

If m is the number of different boundary potentials (m = 4 in Figure 8.4), Equation 8.76
can be simplified to

Vo, y0) =Y peVp(k) (8.77)

where p, in this case is the probability that a random walk terminates on boundary k. Since
V,(k) is specified, our problem is reduced to finding p,. We find p, using the Exodus method
in a manner similar to the iterative process applied in Section 3.5.

Let P(i, j) be the number of particles at point (i, j) in R. We begin by setting P(;, j) = 0 at
all points (both fixed and free) except at point (x,, y,), where P(i, j) assumes a large number
N (say, N = 10° or more). By a scanning process, we dispatch the particles at each free node
to its neighboring nodes according to the probabilities p, ., p._, p,,, and p,_ as illustrated in
Figure 8.9. Note that in Figure 8.9b, new P(j, j) = 0 at that node, while old P, j) is shared
among the neighboring nodes. When all the free nodes in R are scanned as illustrated in
Figure 8.9, we record the number of particles that have reached the boundary (i.e., the fixed
nodes). We keep scanning the mesh until a set number of particles (say 99.99% of N) have
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» P(i, j+1)

P(i-1, ) P, ) P(i+l,))

P(i, j-1)
(a)

p D7, j+1) + Py Pl bl

P(i, /) =0
Pi=1,)) + py P(i, j) Pli+1,j) + py Pl )

b Pi, j-1) + py Pli, j)
(b)

FIGURE 8.9
(a) Before the particles at (i, j) are dispatched, (b) after the particles at (i, j) are dispatched.

reached the boundary, where the particles are absorbed. If N, is the number of particles
that reached side k, we calculate

P =k (8.78)

Hence, Equation 8.77 can be written as

i:NkVp(k)

vmwzﬁjf—— (8.79)

Thus the problem is reduced to just finding N, using the Exodus method, given N and
V,(k). We notice that if N — oo, A — 0, and all the particles were allowed to reach the
boundary points, the values of p, and consequently V(x, y) would be exact. It is easier to
approach this exact solution using the Exodus method than any other MCMs or any other
numerical techniques such as difference and finite element methods.

We now apply the Exodus method to Poisson’s equation (see Equation 8.58a). To compute
the solution of the problem defined in Equation 8.58, for example, at a specific point (x,, y,),
we need the transition probability p, and the transient probability q,. The transition probability
py is already defined as the probability that a random walk starting at the point of interest
(*, ¥,) in R ends at a boundary point (x;, ), where potential V,(k) is prescribed, that is,

pi = Prob(x,, Yo — X, Yk ) (8.80)
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The transient probability gl is the probability that a random walk starting at point (x,, v,)
passes through point (x,, y,) on the way to the boundary, that is,

Q= Prob(xa,yo —+4— boundary B) (8.81)

If there are M, boundary (or fixed) nodes (excluding the corner points since a random
walk never terminates at those points) and Mf free nodes in the mesh, the potential at the
starting point (x,, y,) of the random walks is

My My
V(xo,yo)zg kap(ng 7G, (8.82)
k=1 (=1

where
G = Azg(x@,yf)/‘l

If m;, is the number of different boundary potentials, the first term in Equation 8.82 can
be simplified so that

m Mf
V(o y)= Y pV®+> 4G, (8.83)
k=1 (=1

where p, in this case is the probability that a random walk terminates on boundary k.
Since V,,(k) is specified and the source term G, is known, our problem is reduced to finding
the probabilities p, and g,. We notice from Equation 8.83 that the value of V (x,, y,) would
be “exact” if the transition probabilities p, and the transient probabilities g, were known
exactly. These probabilities can be obtained in one of two ways: either analytically or
numerically. The analytical approach involves using an expansion technique described in
Reference 53. But this approach is limited to homogeneous rectangular solution regions. For
inhomogeneous or non-rectangular regions, we must resort to some numerical simulation.
The Exodus method offers a numerical means of finding p, and g,. The fixed random walk
can also be used to compute the transient and transition probabilities.

To apply the Exodus method, let P(, j) be the number of particles at point (i, j) in R, while
Q(, j) is the number of particles passing through the same point. We begin the application
of the Exodus method by setting P(;, j) = 0 = Q(, ) at all nodes (both fixed and free) except
at free node (x, y,) where both P(i, j) and Q(, j) are set equal to a large number N, (say
N, = 10° or more). In other words, we inject a large number of particles at (x,, y,) to start
with. By scanning the mesh iteratively as is usually done in finite difference analysis, we
dispatch the particles at each free node to its neighboring nodes according to the random
walk probabilities p.., p,, p,., and p,_ as illustrated in Figure 8.9. Note that in Figure 8.9b,
new P(i, j) = 0 at that node, while old P(, j) is shared among the neighboring nodes. As
shown in Figure 8.10, the value of Q(i, j) does not change at that node, while Q at the
neighboring nodes is increased by the old P(j, j) that is shared by those nodes. While P(, j)
keeps records of the number of particles at point (;, j) during each iteration, Q(, j) tallies the
number of particles passing through that point.

At the end of each iteration (i.e., scanning of the free nodes in R as illustrated in Figures
8.9 and 8.10), we record the number of particles that have reached the boundary (i.e., the
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FIGURE 8.10
Number of particles passing through node (i, j) and its neighboring nodes: (a) before the particles at the node are
dispatched, (b) after the particles at the node are dispatched.

fixed nodes) where the particles are absorbed. We keep scanning the mesh in a manner
similar to the iterative process applied in finite difference solution until a set number of
particles (say 99.99% of N,) have reached the boundary. If N is the number of particles that
reached boundary k, we calculate

Ni
=k 8.84
Px Np ( )
Also, at each free node, we calculate
9= % , (8.85)

P

where Q, = Q(, j) is now the total number of particles that have passed through that node
on their way to the boundary. Hence Equation 8.83 can be written as

m M
> N, (k) Zf@cﬁ

V(%x,,Y,) = =1 N + zle (8.86)
p P

Thus the problem is reduced to just finding N, and Q, using the Exodus method, given N,,,
Vp(k), and G,. If N, — oo, A — 0, and all the particles were allowed to reach the boundary
points, the values of p, and g, and consequently V(x,, y,) would be exact. It is interesting
to note that the accuracy of the Exodus method does not really depend on the number of
particles N,. The accuracy depends on the step size A and the number of iteration or the
tolerance, the number of particles (say 0.001% of N,), which are yet to reach the boundary
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before the iteration is terminated. However, a large value of N, reduces the truncation error
in the computation.

EXAMPLE 8.4
Give a probabilistic interpretation using the finite difference form of the energy equation

oT oT o°T 0T
Max+vay—(y[axz+ayz]

Assume a square grid of size A.

Solution

Applying a backward difference to the left-hand side and a central difference to the
right-hand side, we obtain

WLy -T—Ay) Ty -Ty—4)

A A
_ o L+ Ay) = 2T(x,y) + T~ A y)
= A2
‘e T(x,y+A)— 2T(x2, Y+T(x,y—A) 8.87)
A
Rearranging terms leads to
T(x, Y)=pTx+A, y)+ pT(x—-A, y)
+pT(x, y+A)+ p,T(x, y—A) (8.88)
where
1
Pee =Pve =R oA (8.89a)
—+—+4
« o
s
o
Pro=—r——rt— (8.89b)
uA VA,
e o
)
o
Pr-=7A oA (8.89¢0)
—+—+4
o o

Equation 8.88 is given probabilistic interpretation as follows: a walker at point (x, v)
has probabilities p,., p.., p,., and p,. of moving to point (x + A, y), (x — A, y), (v, y + A),
and (x, y — A), respectively. With this interpretation, Equation 8.88 can be used to solve
the differential equation with fixed random MCM.

EXAMPLE 8.5

Consider a conducting trough of infinite length with square cross section shown in
Figure 8.11. The trough wall at ¥y = 1 is connected to 100 V, while the other walls are
grounded as shown. We intend to find the potential within the trough using the fixed
random walk MCM.
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4 100V

oV — -« OV
0 1 I
oV
FIGURE 8.11
For Example 8.5.
Solution

The problem is solving Laplace’s equation subject to

VO, y)=V(Q1, y)=V(x, 0)=0, V(x, 1)=100 (8.90)
The exact solution obtained by the method of separation of variables is given in
Equation 2.31, namely,
400 o~ sin kr xsinhkry
Vv =——) =) k=2n+1 891
=", Z ksinhkr T &0

To apply the fixed random MCM, the flowchart in Figure 8.12 was developed. Based on
the flowchart, the program of Figure 8.13 was developed. A built-in command rand was

Read prescribed
potential V,

!

Set initial point
of random walk

!

Generate a
random no.

'

Perform next step
in the random walk

—

Record potential
at the boundary

Calculate the
mean potential

boundary
reached?

No

FIGURE 8.12
Flowchart for random walk of Example 8.5.
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% Using fixed random walk MCM to solve a potential
% problem inveolving Laplace's equation; for Example 8.5

nrun = 2000; % no. of runs, N
delta 0.05; % step size
A=1.0; B=1.0;

vl=0; v2=0; v3=100;
xo=0.5;
yo=0.5;
io=xo/delta;
jo=yo/delta;
imax=A/delta;
jmax=B/delta;

v4=0;

sum=0;
ms = 0; % no. of steps
ml = 0;: % no. of walks
m2 = 0; % no. of walks
m3 = 0; % no. of walks
mé = 0;: % no. of walks
for k=l:nrun

i=io;

j=jo;

while i<=imax & j<=jmax

ms = ms + 1;

% location at which U is to be determined

before reaching the boundary

terminating
terminating
terminating
terminating

r=rand; %random number between 0 and 1

if (r >= 0.0 & r <= 0.25)
i=i+l1;
end
if (r >= 0.25 & r <= 0.5)
i=i-1;
end
if (r >= 0.5 & r <= 0.75)
3=i+1;
end
if (r >= 0.75 & r <= 1.0)
i=i-1;
end
% check if (i,3) is
if(i == 0)
sum=sum+ vd;
mé méd +1;
break;

end

if(i == imax)
sum=sum+ v2;
m2 m2 +1;
break:;

end
if(j == 0)
sum=sum+ vl;
ml ml + 1;
break;
end
== jmax)
sum=sum+ v3;
m3 m3 + 1;
break:
end
end % while
end
v=sum/nrun
m=ms/nrun

if(j

MATLAB code for Example 8.5.

on the boundary

at
at
at
at

vl
v2
v
vé
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TABLE 8.2
Results of Example 8.5
Monte Carlo Exact
x y N m Solution Solution
0.25 0.75 250 66.20 42.80 43.20
500 69.65 41.80
750 73.19 41.60
1000 73.95 41.10
1250 73.67 4248
1500 73.39 4248
1750 74.08 42.67
2000 74.54 43.35
0.5 0.5 250 118.62 21.60 25.00
500 120.00 23.60
750 120.27 25.89
1000 120.92 25.80
1250 120.92 25.92
1500 120.78 25.27
1750 121.50 25.26
2000 121.74 25.10
0.75 0.25 250 64.82 7.60 6.797
500 68.52 6.60
750 68.56 6.93
1000 70.17 7.50
1250 72.12 8.00
1500 71.78 7.60
1750 72.40 7.43
2000 72.40 7.30

used to generate random numbers U uniformly distributed between 0 and 1. The step
size A was selected as 0.05. The results of the potential computation are listed in Table
8.2 for three different locations. The average number of random steps 7 taken to reach
the boundary is also shown. It is observed from Table 8.2 that it takes a large number of
random steps for a small step size and that the error in MCM results can be less than 1%.

Rather than using Equation 8.57, an alternative approach of determining V(x,, v,)
is to calculate the probability of a random walk terminating at a grid point located on
the boundary. The information is easily extracted from the program used for obtaining the
results in Table 8.2. To illustrate the validity of this approach, the potential at (0.25, 0.75)
was calculated. For N = 1000 random walks, the number of walks terminating at x = 0,
x=1y=0and y =1is 461, 62, 66, and 411, respectively. Hence, according to Equation 8.79

461 62 66 411
Vi(x,10) = 0)+ 0)+ 0)+ 100) = 41.1 8.92
®0:%0)= 1000 @ F 1000 @+ 1000 @+ 1000 1 ®.92)

The statistical error in the simulation can be found. In this case, the potential on the
boundary takes values 0 or V, = 100 so that V(x,, y,) has a binomial distribution with mean
V(xo, o) and variance
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o2 V(x,y)[VOI\—] V(x0,40)] (8.93)

At point (0.5, 0.5), for example, N = 1000 gives o = 1.384 so that at 68% confidence interval,
the erroris § = J/\/ﬁ =0.04375.

EXAMPLE 8.6

Use the floating random walk MCM to determine the potential at points (1.5, 0.5), (1.0, 1.5),
and (1.5, 2.0) in the two-dimensional potential system in Figure 8.14.

Solution

To apply the floating random walk, we use the flowchart in Figure 8.12 except that
we apply Equation 8.74 instead of Equation 8.57 at every step in the random walk. A
program based on the modified flowchart was developed. The shortest distance p from
(x, y) to the boundary was found by dividing the solution region in Figure 8.14 into three
rectangles and checking

iffry):1<x<20<y<1, p=minimum{x—-12—xy}
iffr, y):0<x<1L1<y<2b}, p=minimumx,y—12.5—y}
iffry):l<x<21l<y<2b),

p =minimum {2 —x, 25—y, J(x—1)* +(y - 1)’ }

A prescribed tolerance T = 0.05 was selected so that if the distance between a new point
in the random walk and the boundary is less than 7, it is assumed that the boundary is
reached and the potential at the closest boundary point is recorded.

Table 8.3 presents the Monte Carlo result with the average number of random steps 1.
It should be observed that it takes fewer walks to reach the boundary in floating random
walk than in fixed random walk. Since no analytic solution exists, we compare Monte
Carlo results with those obtained using finite difference with A = 0.05 and 500 iterations.

- 20 V
2.5 'L
o0V —>
30V
1.0
0OV —>
0 1.0 20 %

FIGURE 8.14
For Example 8.6.
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TABLE 8.3
Results of Example 8.6
Monte Carlo Finite Difference
x y N m Solution (V £ 4) Solution (V)
1.5 0.5 250 6.738 11.52 + 0.8973 11.44
500 6.668 11.80 £+ 0.9378
750 6.535 11.83 + 0.4092
1000 6.476 11.82 + 0.6205
1250 6.483 11.85 + 0.6683
1500 6.465 11.72 + 0.7973
1750 6.468 11.70 + 0.6894
2000 6.460 11.55 + 0.5956
1.0 1.5 250 8.902 10.74 + 0.8365 10.44
500 8.984 10.82 + 0.3709
750 8.937 10.75 + 0.5032
1000 8.928 10.90 + 0.7231
1250 8.836 10.84 + 0.7255
1500 8.791 10.93 + 0.5983
1750 8.788 10.87 + 0.4803
2000 8.811 10.84 + 0.3646
15 2.0 250 7.242 21.66 + 0.7509 21.07
500 7.293 21.57 £ 0.5162
750 7.278 21.53 £+ 0.3505
1000 7.316 21.53 + 0.2601
1250 7.322 21.53 £ 0.3298
1500 7.348 21.51 + 0.3083
1750 7.372 21.55 + 0.2592
2000 7.371 21.45 £ 0.2521

As evidenced in Table 8.3, the Monte Carlo results agree well with the finite difference
results even with 1000 walks. Also, by dividing the solution region into 32 elements,
the finite element results at points (1.5, 0.5), (1.0, 1.5), and (1.5, 2.0) are 11.265, 9.788, and
21.05 'V, respectively.

Unlike the program in Figure 8.13, where the error estimates are not provided for the
sake of simplicity, the program in Figure 8.15 incorporates evaluation of error estimates
in the Monte Carlo calculations. Using Equation 8.29, the error is calculated as

8= Sta/z;n—l

- An

In the program in Figure 8.15, the number of trials n (the same of N in Section 8.3)
is taken as 5so thatt ., = 2.776. The sample variance S is calculated using Equation
8.19. The values of § are also listed in Table 8.3. Notice that unlike in Table 8.2, where
m and V are the mean values after N walks, 1 and V in Table 8.3 are the mean values
of n trials, each of which involves N walks, that is, the “mean of the mean” values.
Hence, the results in Table 8.3 should be regarded as more accurate than those in
Table 8.2.
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% Using floating random walk MCM
% to solve Laplace's equation; for Example 8.6

nrun = 500;
ntrials = 5; % no. of trials

tol=0.005; % tolerance
xo = 1.5; % location at which potential
yo = 0.5; % is to be determined

for n=l:ntrials
sum = 0.0;
m=0; % no. of steps before reaching the boundary
for k=l:nrun
X=X0;
Y=Yo;
while x >=0 & x <=2 & y >=0 & y<=2.5
u=rand; % generate a random no. and move to the next point
phi=2.0*pi*u;
% find the shortest distance r;
rc = sqrt( (x-1)"2 + (y-1)"2 );
if (x>1 8 X <2 &y >0 &y <1)
r¥ = min(x-1,2-x);
r = min(rx,vy);
end
if (x>0 & x<1&y>1&y<2.5)
r¥x = min(x,y-1);
r = min(rx,2.5-y);
end
if (x>l &x<2&y>1&y<2.5)
r¥ = min(2-x,2.5-y);
r = min(rx,rc);
end
x=x+r*cos(phi);
y=y+r*sin(phi);

m=m+1;

% check if (x,y) is on the boundary

if ( x < (1+tol) & y < (l+tol) ) % corner
sum=sum +0;
break;

end

if ( x >= (2-tol) )
sum=sum +30;
break;
end
if ( y >= (2.5-tol) )
sum=sum +20;
break;
end
if (x < tol &y >1 & y < 2.5)
sum=sum +0;
break;
end
if ( % > tol & X < (l-tol) & y <= (1l+tol) )
sum=sum +0;
break;
end

FIGURE 8.15
MATLAB code for Example 8.6. (Continued)



544 Computational Electromagnetics with MATLAB®

if ( x < (l+tol) & v >= tol & y <= 1 )
sum=sum +0;
break;
end
if ( x »>= (1l+tol) & x <= (2.5-tol) & y < tol )
sum=sum +0;
break;
end
end %while
end % nrun
vv(n)=sum/nrun;
steps(n)=m/nrun;
end % ntrials
% find the mean value of V and mean no. of steps
suml = 0.0;
sum2 = 0.0;
for n=l:ntrials
suml = suml + vv(n);
sum2 = sumZ + steps(n);
end
vmean=suml/ntrials
stepm=sum2/ntrials
% calculate error

sum3=0.0;
for n=l:ntrials

sum3 = sum3 + ( vv(n) - vmean )"2;
end

std=sqgrt( sum3/(ntrials-1) );
error = std*2.776/sqrt(ntrials)

FIGURE 8.15 (Continued)
MATLAB code for Example 8.6.

EXAMPLE 8.7

Apply the Exodus method to solve the potential problem shown in Figure 8.16. The
potentials at x = 0, x = 4, and y = 0 sides are zero while the potential at y = b sides is V.
Typically, let

V,=100, ¢=¢, =225, a=3.0, b=20, c=1.0

Solution

The analytic solution to this problem using series expansion technique discussed in
Section 2.7 is

Zsinﬂx[a,, sinh 8y +b,coshfBy], 0<y<c

_ =
V=1 s 24)

ch sin Bxsinh By, c<y<b

k=1

where
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\V= Va

£y

£

V/U

U [ X
Ly

FIGURE 8.16

Potential system for Example 8.7.
TABLE 8.4
Results of Example 8.7

Exodus Fixed Random Finite Exact

x y Method V Walk (V £ 6) Difference V Solution V
0.5 1.0 13.41 13.40 + 1.113 13.16 13.41
1.0 1.0 21.13 20.85 4+ 1.612 20.74 21.13
1.5 1.0 23.43 23.58 +1.2129 22.99 23.43
1.5 0.5 10.52 10.13 + 0.8789 10.21 10.52
1.5 1.5 59.36 58.89 4 2.1382 59.06 59.34

a, =4V, [eltanhﬂc — ezcothﬁc] /d,,
b, =4V,(e, — &)/ d,,
c, =4V, [qtanhﬁc —ecothfBe+ (6 — ¢ )cothﬁc] /d,,
d, = nﬂsinhﬁb[eltanhﬂc —gcothfe+ (6, — ¢ )cothﬁb}

(25)

The potentials were calculated at five typical points using the Exodus method, the fixed
random walk MCM, and the analytic solution. The number of particles, N, was taken as
107 for the Exodus method and the step size A = 0.05 was used. For the fixed random
walk method, A = 0.05 and 2000 walks were used. It was noted that 2000 walks were
sufficient for the random walk solutions to converge. The results are displayed in Table
8.4.In the table, 6 is the error estimate, which is obtained by repeating each computation
five times and using statistical formulas provided in Reference 13. It should be noted
from the table that the results of the Exodus method agree to four significant places with
the exact solution. Thus, the Exodus method is more accurate than the random walk
technique. It should also be noted that the Exodus method does not require the use of a
random number routine and also the need of calculating the error estimate. The Exodus
method, therefore, takes less computation time than the random walk method.

545

8.6 Markov Chain Regional MCM

A major limitation inherent with the standard MCMs discussed above is that they only
permit single-point calculations. In view of this limitation, several techniques have been
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proposed for using Monte Carlo for whole-field computation. The popular ones are the
shrinking boundary method [36] and inscribed figure method [37].

The shrinking boundary method is similar to the regular fixed random walk except that
once the potential at an interior point is calculated, that point is treated as a boundary or
absorbing point. This way, the random walking particles will have more points to terminate
their walks and the walking time is reduced.

The inscribed figure method is based on the concept of subregion calculation. It involves
dividing the solution region into standard shapes or inscribing standard shapes into the
region. (By standard shapes is meant circles, squares, triangles, rectangles, etc. for which
Green’s function can be obtained analytically or numerically:) Then, an MCM is used in
computing potential along the dividing lines between the shapes and the regions that have
nonstandard shapes. Standard analytical methods are used to compute the potential in the
subregions.

Both the shrinking boundary method and the inscribed figure method do not make
MCMs efficient for whole-field calculation. They still require point-by-point calculations
and a number of large tests as standard Monte Carlo techniques. Therefore, they offer
no significant advantage over the standard MCMs. Using Markov chains for whole-field
computations has been found to be more efficient than the shrinking boundary method and
the inscribed figure method. Markov chains are named after Andrey Markov, a Russian
mathematician, who invented them. The technique basically calculates the transition
probabilities using absorbing Markov chains [54,55].

A Markov chain is a sequence of random variables X©, X®, ..., where the probability
distribution for X is determined entirely by the probability distribution of X®). A Markov
process is a type of random process that is characterized by the memoryless property
[56-59]. It is a process evolving in time that remembers only the most recent past and whose
conditional distributions are time invariant. Markov chains are mathematical models of
this kind of process. The Markov chains of interest to us are discrete-state and discrete-time.
In our case, the Markov chain is the random walk and the states are the grid nodes. The
transition probability P; is the probability that a random-walking particle at node i moves
tonode j. It is expressed by the Markov property

Bj = P(xp41 = J| X0, X1,.0.s X0)
=P(x,1=j|x) jEX,n=0,1,2,.. (8.94)

The Markov chain is characterized by its transition probability matrix P, defined by

Po Pn P
Py P, P, -
p_|Po Pn P (8.95)

PZO P21 P22

P is a stochastic matrix, meaning that the sum of the elements in each row is unity, that is,
E Pi=1 ieX (8.96)
jex

We may also use the state transition diagram as a way of representing the evolution of a
Markov chain. An example for a three-state Markov chain is shown in Figure 8.17.
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P{JZ

Py

FIGURE 8.17
State transition diagram for a three-state Markov chain.

If we assume that there are 7, free (or nonabsorbing) nodes and 7, fixed (prescribed or
absorbing) nodes, the size of the transition matrix P is #, where

n:nf -|-np (897)

If the absorbing nodes are numbered first and the nonabsorbing states are numbered last,
the n x n transition matrix becomes

P:\I "] (8.98)
R Q

where the 71; x 1, matrix R represents the probabilities of moving from nonabsorbing nodes
to absorbing ones; the 7, x 1, matrix Q represents the probabilities of moving from one
nonabsorbing node to another; I is the identity matrix representing transitions between
the absorbing nodes (P; = 1 and P; = 0); and 0 is the null matrix showing that there are no
transitions from absorbing to nonabsorbing nodes. For the solution of Laplace’s equation,
we obtain the elements of Q from Equation 8.55b as

if i is directly connected to j,

1
Qj=14" (8.99)
0,

if i = j or i is not directly connected to j

The same applies to R; except that j is an absorbing node.
For any absorbing Markov chain, I-Q has an inverse. This is usually referred to as the
fundamental matrix

N=1-Q)"' (8.100)

where N;; is the average number of times the random-walking particle starting from node i
passes through node j before being absorbed. The absorption probability matrix B is

B=NR (8.101)
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where B; is the probability that a random-walking particle originating from a non-absorbing
node i will end up at the absorbing node j. B is an 7, x 1, matrix and is stochastic like the
transition probability matrix, that is,

ZBFL i=1,2,...,n; (8.102)

If Viand V, contain potentials at the free and fixed nodes, respectively, then

109

In terms of the prescribed potentials V,, V,, ..., V,» Equation 8.103 becomes

Hp

WZZB,,-V,., i=1,2,..n (8.104)
j=1

where V; is the potential at any free node i. Unlike Equation 8.57, Equation 8.103 or Equation
8.104 provides the solution at all the free nodes at once.

An alternative way to obtain the solution in Equation 8.103 is to exploit a property of the
transition probability matrix P. When P is multiplied by itself repeatedly for a large number
of times, we obtain

limp' —| 1 0 (8.105)
n—o0 B 0
Thus,
Vol _po| Vr|Z|T OV (8106)
\' vi| B 0|V

Either Equation 8.103 or Equation 8.106 can be used to find V;but it is evident that Equation
8.103 will be more efficient and accurate. From Equation 8.103 or Equation 8.104, it should
be noticed that if N is calculated accurately, the solution is “exact.”

There are several other procedures for whole-field computation [36,37,60-63]. One
technique involves using Green’s function in the floating random walk [41].

The random walk MCMs and the MCM method applied to elliptic PDEs in this chapter
can be applied to parabolic PDEs as well [64-70].

The following two examples will corroborate Markov chain MCM. The first example
requires no computer programming and can be done by hand, while the second one needs
computer programming.

EXAMPLE 8.8

Rework Example 8.5 using Markov chain. The problem is shown in Figure 8.18. We
wish to determine the potential at points (a/3, a/3), (a/3, 2a/3), (2a/3, a/3), and (2a/3, 2a/3).
Although we may assume that a = 1, that is not necessary.
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FIGURE 8.18
For Example 8.8.
Solution

In this case, there are four free nodes (17, = 4) and eight fixed nodes (11, = 8) as shown in
Figure 8.18. The transition probability matrix is obtained by inspection as

1 2 3 4 5 6 7 8 9 10 11 12

1
1
1
1
2
1
3
1
4
1
5
1
6
P= 1
7 1 1 1 1
8 |- 20— — 0
9 4 4 4 4
1 1 1 1
0o - = 20 0 -
10 4 4 4 4
ul o 111 1
12 4 4 4 4
0 l l 0 0 0 l l 0
4 4 4 4
Other entries in P shown vacant are zeros.
From P, we obtain
1 2 3 4 5 6 7 8
l 0 0 0 0 0 0 l
9 4 4
100 % i 0 0 0 0 0
R=n 11
0 0 0 0 0 - =0
12 4 4
0 0 0 l l 0 0 0
4 4
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9 10 11 12
o L 1

9 4 4
1 45 o 1
Q*104 4
IERP
12]4 4
[

4 4

The fundamental matrix N is obtained as

I

4 4
T
N=1-0Q'=| } .
_= 0 1 —=
4 4
o -1 Lo

4 4

or
7 2 2 1
112 7 1 2
N=—
612 1 7 2
1 2 2 7

The absorption probability matrix B is obtained as
1 2 3 4 5 6 7 8

7z 1 1 1
24 12 12 2

=

911 7 7 1 1 1 1
1075 214 22 12 4 94 1
BoNr_10]12 24 24 1 24 24 12
mtr 1 1 1 7 7 1
12012 24 24 12 24 24 12

117
24 12 12 2

SRS
“
“
-

=

Notice that Equation 8.102 is satisfied. We now use Equation 8.104 to obtain the
potentials at the free nodes. For example,

7 1 1 1 1 1 1 7
Vom= Vit Vod Vot Vit Vet Vet Vo + 2V,
ST T T g g T e Ty

Since V, =V, =100 while V, =V, = ... =V, =0,

7 1
Vo=|-—+—|100=375
’ [24+12]

By symmetry, V,, = V, = 37.5. Similarly,

1
—|100=125
* 12]

1
‘/11:‘/12:[ﬂ

Table 8.5 compares these results with the finite difference solution (with 10 iterations)
and the exact solution using Equation 2.31b or Equation 8.91. It is evident that the Markov
chain solution compares well.
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TABLE 8.5
Results of Example 8.8

Finite Difference Markov Chain Exact
Node Solution Solution Solution
9 37.499 37.5 38.074
10 37.499 37.5 38.074
11 12.499 12.5 11.926
12 12.499 12.5 11.926

EXAMPLE 8.9

Consider the potential problem shown in Figure 8.19. Let
Vo=100, a=¢, &=3¢

a=b=05, h=w=1.0

Solution

The Markov chain solution was implemented using MATLAB. The approach involved
writing code that generated the transition probability matrices using the random walk
probabilities, computing the appropriate inverse, and manipulating the solution matrix.
The use of MATLAB significantly reduced the programming complexity by the way
the software internally handles matrices. The Q-matrix was selected as a timing index
since the absorbing Markov chain algorithm involves inverting it. In this example, the
Q-matrix is 361 x 361 and the running time was 90 and 34 seconds on 486DX2 and
Pentium, respectively. A = 0.05 was assumed. At the corner point (x, y) = (4, b), the
random walk probabilities are

a+e

pee =Pr= 200 ta)

€ _
3a+6 Pre =P

The plot of the potential distribution is portrayed in Figure 8.20. Since the problem
has no exact solution, the results at five typical points are compared with those from the

71 -
i XV Vo

£
V=0 V=0
b /

]

FIGURE 8.19
Potential system for Example 8.9.
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Potential (V)

x-axis (m)

y-axis (m) 0 0

FIGURE 8.20
Potential distribution obtained by Markov chains; for Example 8.9.

TABLE 8.6
Results of Example 8.9

Nod
_ vode Markov Exodus Finite
X y Chain Method Difference
0.25 0.5 10.2688 10.269 10.166
0.5 0.5 16.6667 16.667 16.576
0.75 0.5 15.9311 15.931 15.887
0.5 0.75 51.0987 51.931 50.928
0.5 0.25 6.2163 6.2163 6.1772

Exodus method and finite difference in Table 8.6. It should be observed that the Markov
chain approach provides a solution that is close to that obtained by the Exodus method.

8.7 MCMC for Poisson’s Equation

The Monte Carlo Markov chain (MCMC) was applied in the previous section to
solve Laplace’s equation. This means of calculating the potentials at all grid points

simultaneously (or whole-field computation) can be extended to problems involving
Poisson’s equation.

Suppose the MCMC method is to be applied in solving Poisson’s equation

VV=—¢(xy) = — Ps i region R (8.107)
€
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subject to Dirichlet boundary condition

V =V, onboundary B (8.108)

We begin by dividing the solution region R into a mesh and derive the finite difference
equivalent of Equation 8.107. For V = V(x, y), the problem is reduced to a two-dimensional
one and Equation 8.107 becomes

R% N o’V
ox*  Oy?

_g(xry)

Going through the derivation we had in the previous section, we arrive at the solution as

V; =BV, + NG; (8.109)

where V; and V, contain potentials at the free and fixed nodes, respectively, G, is the
evaluation of the term (A2/4)g(x, y), and A is the step size. Unlike the classical random walk
solution in Equation 8.61, the Markov chain solution in Equation 8.109 provides the solution
at all the free nodes at once. Two simple examples will be used to illustrate the solution to
Poisson’s equation in Equation 8.109. The examples are done with hand calculation so that
no computer programming is needed.

EXAMPLE 8.10

Consider an infinitely long conducting trough with square cross-section with the sides
grounded, as shown in Figure 8.21. Let p,= x(y—1)nC/m? and € = ¢, Then,

pe _Xy-1)x10"°

gxy) = = == ,——=36mx(y—1)
10
© Aé?r

In this case [65],

Q=0, N=(I-Q)'=1

. oV
i
ov
N
4 5 2
ov
4
s 3
ov

FIGURE 8.21
For Example 8.10.
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Since V,= 0, and there is only one free node (node 5), Equation 8.109 becomes
V; = NGy

AZ
N=1, Gf:Gsf—g(x Y)

But

(1/ 2)

Gs =1L 367(1/2)(-1/2) = 7—6 =-1.7671

Vs =Gy =—1.7671

We can compare this with the finite difference solution. From Equation 3.30,

1

2

T 17671 22)
16

Vs = i(o) | Agtuy) _ 072y 3@[%]

4 4

The exact solution, based on series expansion in Chapter 2 is —2.086. The error is due
to the fact that the step size A is large in this example.

EXAMPLE 8.11

This is the same problem as in Example 8.10 except that we now select A=1/3. We have
four free nodes as shown in Figure 8.22. The fundamental matrix is obtained as [65]

7 2 2 1
yolp 712 G111
Tel2 1 7 2 (811.1)
1 2 2 7
1[_1]
30 3
8(x9,Y9) g[,l]
(1/3)* |g(x10, ¥10) 30 3 T2
G - (36T =—Z 8.11.2
f= 4 | g(x11,yn) 36( )1[_2] 9|2 ( )
8(x12,Y12) 31 3
3[,3]
31 3
Since V, =0,
7 2 2 1|1] [-1.1054
1 =2 7 1 2|2 |-15126
=NG;=—|— = 8113
vy =Ny 6[ 9] 2 1 7 22| |-15126 ®.11.3)
1 2 2 7|4 |-21526
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FIGURE 8.22
For Example 8.11.

We may compare this solution with the finite difference solution. Applying Equation
8.59 to node 9 in Figure 8.22, we obtain

Vio , Vu | (1/3)° [ 1 ][ 1
Vo=0+0+—+— 36| —|—= 8.11.4
5 =0+0+ "2+ =+ T30l 3 ( )
or
Vo =0.25V;y +0.25V;; —g (8.11.5)
Similarly, at node 10,
2w
Vig =025V +0.25V;, — " (8.11.6)
Atnode 11,
2
Vi =025V5 + 025V, - (8.11.7)
Ar node 12,
47
Via =025y +025Vy (8.11.8)

Putting Equations 8.11.5 through 8.11.8 in matrix form yields

-1 025 025 0]V 1
025 -1 0 025|Vig| |2 (8.119)
025 0 -1 025|Viy|” 9|2 o

0 025 025 —1|W, 4
A

555
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Matrix A can easily be obtained by inspection using the band matrix method. By
inverting the matrix A, we obtain

Vo —1.1054
Vio| |—1.5126

= 8.11.10
Vii| |—-1.5126 ( )
Via| |—2.1526

It is not surprising that the finite difference solution is exactly the same as the Markov
chain. Itis easy to see that the inverse of matrix A in Equation 8.11.9 produces matrix N in
Equaiton 8.11.1. The two solutions may be compared with the exact solution in Chapter 2:

Vol [~1.1924
Vio| |-1.6347
Vi|  |-1.6347 (33)
V| |—2.373

The Markov chain solution agrees exactly with the finite difference solution. The two
solutions differ slightly from the exact solution due to the large step size. By reducing
the step size and using a computer, the Markov chain solution can be made accurate.

8.8 Time-Dependent Problems

MCM is well known for solving static problems such as Laplace’s or Poisson’s equation
[1-4]. In this section, we extend the applicability of the conventional MCM to solve time-
dependent (heat) problems [65-67]. We present results in 1-D and 2-D that agree with the
exact solutions.

We may derive the diffusion equation from Maxwell’s equations in Example 2.3. The
result is

VY = o % (8.110)

which is the diffusion equation. We will solve this in 1-D and 2-D both in Cartesian and
polar cylindrical coordinates.

A. One-Dimensional Diffusion Equation

There are five concepts, consider the one-dimensional diffusion’s equation:

U, =U;, 0<x<1t>0 (8.111a)
Boundary conditions:

uo,t)y=0=Uu(,t), t>0 (8.111b)
Initial condition:

U(x, 0)=100, 0<x<1 (8.111¢)

In Equation (8.111a), U,, indicates second partial derivative with respect to x, while U,
indicates partial derivative with respect to t. The problem models temperature distribution
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in a rod or eddy current in a conducting medium. In order to solve this problem using the
MCM, we first need to obtain the finite difference equivalent of the partial differential
equation in Equation 8.111a. Using the central-space and backward-time scheme, we obtain

U(i+1,n)—2U(i,n)+ UG —1,7) Ui, n)—U(i,n—1) (8112)
(Ax)? N At

where x = iAx and t = n/At. If we let

2

(A

At

Equation 8.112 becomes
U(i,m) = pr UG +1,m)+ po UG —1,m)+ p, Ui, n—1) 8.113)
where
= = = a
px+ px— 2+OZ, pt— 2—|—O[

Notice that p,, + p,_ + p.. = 1. Equation 8.113 can be given a probabilistic interpretation.
If a random-walking particle is instantaneously at the point (x, y), it has probabilities p., p_,
and p,_ of moving from (x, ) to (x + Ax, t), (x=Ax, t), and (x, f~At) respectively. The particle
can only move toward the past, never toward the future. A means of determining which
way the particle should move is to generate a random number r, 0 < r < 1, and instruct the
particle to walk as follows:

(x,f)— (x+ Ax,t) if(0<r<0.25)
(x,t)— (x—Ax,t) if (0.25<r <0.5) (8.114)
(x,t)—(x,t—At) if(05<r<1)

where it is assumed that oo = 2. Most modern software such as MATLAB have a random
number generator to obtain r.
To calculate U at point (x,, t,), we follow the following random walk algorithm:

1. Begin a random walk at (x, f) = (x,, t,).
2. Generate arandom number 0 < r < 1, and move to the next point using Equation 8.114.
3. (a) If the next point is not on the boundary, repeat step 2.

(b) If the random walk hits the boundary, terminate the random walk. Record U,
at the boundary, go to step 1, and begin another random walk.

4. After N random walks, determine
1 &
Uxo t) = Z U, (k) (8.115)
=1

where N, the number of random walks, is assumed large. A typical random walk is
illustrated in Figure 8.23.
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uo,t) =0

ua, =0

x=0  Ux0)=100 x=1

FIGURE 8.23
A typical random walk.

As anumerical example, consider the solution of the problem in Equation (8.111a). We select
a=2,Ax=01,sothat At=0005and p,, =p,_=1/4,p,_=1/2.

We calculate U at x =04, t = 0.01, 0.02, 0.03, .... As shown in Table 8.7, we compare the
results with the finite different solution and exact solution:

00

U(x,t)= 4—20Z%sin(mrx)exp(—nz7r21‘), (8.116)
pay
n=2k+1

B. Two-Dimensional Diffusion Equation
Suppose we are interested in the solution of the two-dimensional heat equation in
cylindrical coordinates:

up,,+li”+uzzzut, 0<p<l 0<z<, t>0 (8.117)
Boundary conditions:
U, 0,)=0=U(p 1,8, 0<p<lt>0 (8.118a)
U@,z =0 0<z<1t>0 (8.118b)
Initial condition:
Up z0=T, 0<p<l0<z<l1 (8.118¢)
TABLE 8.7

Comparing Monte Carlo (MCM) Solution
with FD and Exact Solution (x,= 0.4)

t Exact MCM FD
0.01 99.53 98.44 100
0.02 95.18 93.96 96.87
0.03 88.32 87.62 89.84
0.04 80.88 81.54 82.03

0.10 45.13 46.36 45.18
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This models the temperature distribution in a solid cylinder of unit height and unit
radius.

Using the central-space and backward-time scheme, we obtain the finite difference
equivalent as

U@+1,j,n)—2U(, j,n)+U(GI—-1,j,n) + U@i+1,j,n)—-U@GE-1,j,n)
(Apy p2A0p
+ UgG,j+1,n)—2U(, j,n)+ UG, j—1,n)
(Az)*
_ ug,jn)—-Ug,jn-1) (8.119)
At

Let Ax = Az =hand p =ih, z = jh, t = n/AAt

h2
o= (8.120)

Equation 8.119 becomes

ug,jn)=p, u@i+1,j,n)+p, U@i-1,j,n)

+p UG, j+1L,n)+p. UG j-1,n)+p UG, j,n—-1) (8.121)
where
_1+1/2i _1-1/2i (8.122a)
Pet 44+ T 4+qa
__1 _ 1 __a (8.122b)
Pt = 4+a’ Pe = 4+a’ Pr- 44+

Note thatp,, +p, + p., + p.- + p.. = 1 so that a probabilistic interpretation can be given
to Equation 8.121. A random walking particle at point (p, z, {) moves to (p + h,z,t), (0 — h, z, ),
(0,2 +ht),(p,z—ht),(pzt — At) with probabilitiesp,,, p,, p.,, p. and p,, respectively. By
generating a random number 0 < r < 1, we instruct the particle to move as follows:

(pzt)—(p+hzt) if(Q<r<prho)

(pz,t) = (p—h,zt) if (prho <r < 04)

(pz,t)—(pz+ht) if(04<r<06)

(pz,t)—(p,z=ht) if0.6<r<0.8)

(pz,0) = (pz, t=AH if (08<r<1) (8.123)

assuming that « =1 and prho = 0.2* (1 + 1/2 * i)).
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Equations 8.119 through 8.123 apply only for p = 0. For p = 0, we apply L'Hopital’s rule
in Equation 8.117 and obtain

2U

op

+u,=U, (8.124)

We now apply central-space and backward-time scheme to Equation 8.124 and noting
that U(h, z, t) = U(-h, z, ), we obtain
uQ, j,n)=p,.Ud, j,n)+p.-UQ, j+1,n)+p,_U, j—1,n)
+p. U@, j,n—-1) (8.125)

where

(67

- 8.126
6+« ( )

p/1+ = 7 pz+ = pzf = Pf—

6+« 6+a’

A random walking particle that finds itself at p = 0 determines the next location by
generating a random number 7, 0 < r < 1, and walking as follows:

0,zt)—= "zt fO<r<4*pp)

©0,zt) =0 z+ht) f@ pp<r<5*pp)
(8.127)
0,2zt —=0z—ht) fG*pp<r<6*pp)

0,z —0zt—-At) ifE*pp<r<l

where pp = 1/(6 + «) and it is assumed that oo = 1.
Therefore, we take the following steps to calculate U at point (p,, z, t,):

1. Begin a random walk at (p, z, t) = (p,, 2, t,)-

2. Generate a random number 0 < r < 1, and move the next point according to
Equation 8.123 if p = 0 or Equation 8.127 if p = 0.

3. (a) If the next point is not on the boundary, repeat step 2.
(b) If the random walk hits the boundary, terminate the random walk. Record U,
at the boundary, go to step 1, and begin another random walk.

4. After N random walks, determine

N
1
U(po,zu,tn):ﬁ E Uy (k) (8.128)
k=1

A typical random walk is shown in Figure 8.24. The only difference between 1-D and 2-D
is that there are three kinds of displacement in 1-D while there are five displacements (four
spatial ones and one temporal one) in 2-D.

As anumerical example, consider the solution of the problem in Equations 8.117 and 8.118.
We select « =1, T, =10, h = 0.1, so that At = 0.01, and we calculate U at p = 0.5, z = 0.5,
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I uitn=0

FIGURE 8.24
A typical random walk.

t =0.05,0.1,0.15,0.2,0.25, 0.3. As shown in Table 8.8, we compare the results from the MCM
with the finite difference (FD) solution and exact solution [67-69]:

8T\ N Lolkup) 2
Upzn="0 Jolkwp) N8, 8.129
(p,z,1) " 2 n:msnkmh(km)sm(mrz)exp( ) (8.129)

where \2, = k2 + (nm)* and k,, is the mth root of Bessel’s function J,(k,,).

Due to the randomness of the Monte Carlo solution, each MCM result in Tables 8.7 and 8.8
was obtained by running the simulation five times and taking the average.

In this section, the conventional MCM has been shown to be effectively applicable to time-
dependent problems such as the heat equation in Cartesian and cylindrical coordinates.
For 1-D and 2-D cases, we notice that the Monte Carlo solutions agree well with the finite
difference solution and the exact analytical solutions and it is easier to understand and
program than the finite difference method. The MCM does not require the need for solving
large matrices and is trivially easy to program. The idea can be extended to wave equations.

TABLE 8.8

Comparing Monte Carlo Solution with FD
and Exact Solution

t Exact MCM FD
0.05 6.2475 6.614 6.3848
0.10 2.8564 3.182 2.9123
0.15 1.3059 1.582 1.2975
0.20 0.5971 0.7760 0.5913
0.25 0.2730 0.4140 0.270

0.30 0.1248 0.156 0.1233
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8.9 Concluding Remarks

The Monte Carlo technique is essentially a means of estimating expected values and hence
is a form of numerical quadrature. It recasts deterministic problems in probabilistic terms.
Although the technique can be applied to simple processes and estimating multidimensional
integrals, the power of the technique rests in the fact that [77]

¢ It is often more efficient than other quadrature formulas for estimating
multidimensional integrals,

e It is adaptable in the sense that variance reduction techniques can be tailored to
the specific problem, and

¢ It can be applied to highly complex problems for which the definite integral
formulation is not obvious and standard analytic techniques are ineffective.

MCMs are widely used in engineering, statistical physics, medicine, finance, economics,
and other disciplines. For rigorous mathematical justification for the methods employed
in Monte Carlo simulations, one is urged to read [31,71]. As is typical with current MCMs,
other numerical methods of solutions appear to be preferable when they may be used.
Monte Carlo techniques often yield numerical answers of limited accuracy and are therefore
employed as a last resort. However, there are problems for which the solution is not feasible
using other methods. Problems that are probabilistic and continuous in nature (e.g., neutron
absorption, charge transport in semiconductors, and scattering of waves by random media)
are ideally suited to these methods and represent the most logical and efficient use of the
stochastic methods. Since the recent appearance of vector machines, the importance of the
MCMs is growing.

It should be emphasized that in any Monte Carlo simulation, it is important to indicate the
degree of confidence of the estimates or insert error bars in graphs illustrating Monte Carlo
estimates. Without such information, Monte Carlo results are of questionable significance.

Applications of MCMs to other branches of science and engineering are summarized in
References 14,15,25,72. EM-related problems, besides those covered in this chapter, to which
Monte Carlo procedures have been applied include the following:

¢ Diffusion problems [61,63,73],

¢ Transmission lines [39,74-76],

¢ Random periodic arrays [77],

* Waveguide structures [78-83],

¢ Scattering of waves by random media [84-91],
¢ Noise in magnetic recording [92,93],

® Induced currents in biological bodies [94,95].

We conclude this chapter by referring to two new MCMs. One new MCM, known as the
equilateral triangular mesh fixed random walk, has been proposed to handle Neumann
problems [96,97]. Another new MCM, known as Neuro-Monte Carlo solution, is an attempt
at whole-field computation [98]. It combines an artificial neural network and a MCM as a
training data source. For further exposition on Monte Carlo techniques, one should consult
[25,60,99,100,101].
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PROBLEMS

8.1

8.2

8.3

84

8.5

8.6

8.7
8.8

8.9

Write a program to generate 1000 pseudorandom numbers U uniformly
distributed between 0 and 1. Calculate their mean and compare the calculated
mean with the expected mean (0.5) as a test of randomness.

Generate 10,000 random numbers uniformly distributed between 0 and 1. Find the
percentage of numbers between 0 and 0.1, between 0.1 and 0.2, etc., and compare
your results with the expected distribution of 10% in each interval.

a. Using the linear congruential scheme, generate 10 pseudorandom numbers
with a = 1573, ¢ = 19, m = 10%, and seed value X, = 89.

b. Repeat the generation with ¢ = 0.

Fora=13, m=2°=64, and X, =1, 2, 3, and 4, find the period of the random
number generator using the multiplicative congruential method.

Develop a program that uses the inverse transformation method to generate a
random number from a distribution with the probability density function
025, 0<x<1

F®=1075 1<x<1

It is not easy to apply the inverse transform method to generate normal
distribution. However, by making use of the approximation

—kx
_x2p ., 2e

~— x>0
(1+e ™)

where k = /8/, the inverse transform method can be applied. Develop a program
to generate normal deviates using inverse transform method.

Using the rejection method, generate a random variable from f(x) = 5x%,0 < x < 1.

Use the rejection method to generate Gaussian (or normal) deviates in the
truncated region —a < X <a.

Use sample mean Monte Carlo integration to evaluate the following:
1

a. f4\/1 —x%dx,

0
1
b. fsinxdx,
0
1
C. fexdx,

0
1 1

d. ——=dx
L[\/;

8.10 Evaluate the following four-dimensional integrals:

1 1 1 1
a. ffffexp(x1x2x3x4 —1)dx'dx’dx’dx*,
0o 0 0 O

563
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1 1 1 1
b. j‘ji‘fj‘sin(x1 +x2 4+ 27+ x)dxldxPdxddxt
o 0 0 o0

8.11 The radiation from a rectangular aperture with constant amplitude and phase
distribution may be represented by the integral

1/2 1/2
(o, B) = f f e/ MW dx dy
-1/2-1/2
Evaluate this integral using a Monte Carlo procedure and compare your result
for a = 8 = 7 with the exact solution
sin(a/2)sin(3/2)

Ko, B) = B/

8.12 Consider the differential equation

W W KOW _
ox*  oy* y oy

where k = constant. By finding its finite difference form, give a probabilistic
interpretation to the equation.

8.13 Given the one-dimensional differential equation

y"=0, 0<x<1

subject to y(0) = 0, y(1) = 10, use an MCM to find y(0.25) assuming Ax = 0.25 and
the following 20 random numbers:

0.1306, 0.0422, 0.6597, 0.7905, 0.7695, 0.5106, 0.2961, 0.1428, 0.3666,
0.6543, 0.9975, 0.4866, 0.8239, 0.8722, 0.1330, 0.2296, 0.3582, 0.5872,
0.1134, 0.1403.

8.14 Consider N equal resistors connected in series as in Figure 8.25. By making V(0) =
0and V(N) =10V, find V(k) using the fixed random walk for the following cases:
@N=5k=2(b)N=10,k=7 () N=20,k=11

8.15 Consider a parallel-plate geometry with dielectric interface half-way in between
as shown in Figure 8.26. Fringing effects may be neglected since the lengths of

10V

I
LM—/M-.—/"\—.—/V\—.-—M—MJ
0 1 2 k-1 k k+1 N-1 N

FIGURE 8.25
For Problem 8.14.
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10V

100 units

A
v

FIGURE 8.26
For Problem 8.15.

565

the plates are chosen large. The upper electrode is fixed at 10 V, while the lower
electrode is fixed at 0 V. Take ¢; = ¢, and ¢, = 3.9¢,. Calculate the potential at nine

different points (y =1, 2, ..., 9) using fixed or floating random walk.

8.16 Use a Monte Carlo procedure to determine the potential at points (2, 2),
(3, 3), and (4, 4) in the problem shown in Figure 8.27a. By virtue of double
symmetry, it is sufficient to consider a quarter of the solution region as shown

in Figure 8.27b.

1 V=100

«— V=0

FIGURE 8.27
For Problem 8.16.
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A 20V
i !
—10 V —» l— 10 V'
0 4 N
ov
FIGURE 8.28
For Problem 8.17.
* 10V
2.0 !
£ =g
1.0
£) = EgE,
0 - 30 =x
FIGURE 8.29
For Problem 8.18.

8.17 In the solution region of Figure 8.28, p, = x(y — 1)nC/m?®. Find the potential at the
center of the region using an MCM.

8.18 Consider the potential system shown in Figure 8.29. Determine the potential at
the center of the solution region. Take ¢, = 2.25.

8.19 Apply an MCM to solve Laplace’s equation in the three-dimensional region
x| <1, |y] <05, |z] <05
subject to the boundary condition
Vix,y,z22=x+y+2z+05

Find the solution at (0.5, 0.1, 0.1).
8.20 Consider the interface separating two homogeneous media in Figure 8.30. By

applying Gauss’s law
§ ea—vdS =0
on

S
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Vip, z+A4)
L ]
P
g Vip-Az) Vip, 2)[V(p+A, z)
£
k
L]
Vip, z-4)

FIGURE 8.30
For Problem 8.20.
show that
Vip,2) =p, Vip+ A2 +p,Vip— Az
+ pz+V(pl zZ+ A) + pz—V(pr zZ—= A)
where
___ & __ &
P are) P 2 ra)
1
Po+r =Pp- = Z

8.21 Consider the finite cylindrical conductor held at V = 100 enclosed in a larger
grounded cylinder. The axial symmetric problem is portrayed in Figure 8.31 for
your convenience. Using a Monte Carlo technique, write a program to determine
the potential at points (p, z) = (2,10), (5,10), (8,10), (5,2), and (5,18).

: /U Vv

100 Vv
/

=y

10

FIGURE 8.31
For Problem 8.21.
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8.22 Figure 8.32 shows a prototype of an electrostatic particle focusing system
employed in a recoil-mass time-of-flight spectrometer. It is essentially a finite
cylindrical conductor that abruptly expands radius by a factor of 2. Write a
program based on an MCM to calculate the potential at points (p, z) = (5,18), (5,10),
(5,2), (10,2), and (15,2).

8.23 Consider the square region shown in Figure 8.33. The transition probability
p(Q, S) is defined as the probability that a randomly walking particle leaving
point Q will arrive at side S; of the square boundary. Using the Exodus method,
write a program to determine

a. p(Qll Si)l Z = 1/ 2/ 3/ 4/
b. p(QyS)i=123 4

o
20/

18:—
. e 0oV
i | 100V
21—
0 1 10 20 p
FIGURE 8.32
For Problem 8.22.
5
Q,
Q,
Sy S2
S3
FIGURE 8.33

For Problem 8.23.
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8.24 Given the one-dimensional differential equation

2
Pe_

F_ , 0<x<1
X

subject to ¢(0) = 0, &(1) = 10, use the Exodus method to find $(0.25) by injecting
256 particles at x = 0.25. You can solve this problem by hand calculation.

8.25 Use the Exodus method to find the potential at node 4 in Figure 8.34. Inject 256
particles at node 4 and scan nodes in the order 1, 2, 3, 4. You can solve this problem
by hand calculation.

8.26 Using the Exodus method, write a program to calculate V/(0.25, 0.75) in Example 8.5.

8.27 Write a program to calculate V(1.0, 1.5) in Example 8.6 using the Exodus method.

8.28 Consider the cross section of an infinitely long trough whose sides are maintained
as shown in Figure 8.35. Write a MATLAB code using the Exodus method to
calculate the potential at (0.5, 0.5), (0.8, 0.8), (1.0, 0.5), and (0.8, 0.2). Compare your
results with exact results in Equations 2.44, 2.53-2.56.

. 100 V
1 2
3 4
[) x
[V
FIGURE 8.34
For Problem 8.25
5| V3=40 V
1.0\
Vy=0—— V,=100
L L
-4 x
V=10 V
FIGURE 8.35

For Problem 8.28.
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8.29 Write a program that will apply the Exodus method to determine the potential at
point (0.2, 0.4) in the system shown in Figure 8.36.

8.30 Use Markov chain MCM to determine the potential at node 5 in Figure 8.37.
8.31 Rework Problem 8.19 using Markov chain.

8.32 Rework Problem 8.23 using Markov chain.

8.33 Consider the two-dimensional heat equation

U,+U,=U, 0<x<L0<y<1t>0
with boundary conditions

UQO,y,)=0=U, 15, 0<y<Lt>0
U(x, 0, =0=Ux, 1,5, 0<x<1,t>0

100 vV
oV = /
0 4 1.0 x
oV
FIGURE 8.36
For Problem 8.29.
100V
! ¥
OV— e— 0V
4 5 2
3 *
[1\Y
FIGURE 8.37

For Problem 8.30.
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and initial condition
Uk, y,00=10xy, 0<x<1,0<y<1

Select A = Ax = Ay = 0.1, At =0.01 and calculate U at x =0.5=1y, t =0.05, 0.1,

0.15,0.2,0.25, 0.3.
8.34 Consider the one-dimension heat equation in cylindrical coordinates

Vzu:aaltl_)upp_;_;up:ut, O0<p<l,t>0

with boundary conditions

UL t)=0,t <0

and initial condition

U(p,0) =T, (constant)

Use fixed random walk MCM to obtain the solution U(p, f).
Select T, = 10, Ap = 0.1, and At = 0.005. Calculate U at p =0.5,t =0.1,0.2,0.3, ..

8.35 Rework Problem 8.35 using the Exodus method.
8.36 Use the Exodus method to solve the one-dimensional heat equation

., 1.0.

U.,=U,, 0<x<1,t>0

subject to
uo,H=0=Ut),t>0
Uk, 00=100, 0<x<1

Let Ax=0.1, At=0.005, x = x, = 0.4, t = 0.01,0.02, 0.03, ...

8.37 Using the Exodus method, find the solution of the 2D heat equation
U, +U, =U, 0<x<1,0<y<Lt>0

subject to
uo,v,)=0=U1,y 1, 0<y<1lt>0
Uk, 0,) =0=U(x, L,t), 0<x<1t>0

Uk, y,00=10xy, 0<x<1,0<y<1

Let Ax=Ay=A=0.1,At=0.01,x=y=0.5,t=0.1,0.15,0.2,0.25,0.3, ...
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8.38 Apply the Exodus method to determine the solution of the two-dimensional heat

equation:
u,
U,+—"+U.=U, 0<p<l,0<z<Lt>0
p
Boundary conditions:
U(p,0,t)=0=U(p,1,t), 0<p<1t>0
u@i,ztH)=0, 0<z<1,t>0
Initial condition:

U(p,z,00=T,, 0<p<1l,0<z<l1

Let T,=10,Ap=Az=h=0.05 At=0.0025, p=2z=0.5,t=0.05,0.1,0.15, 0.2, 0.25, 0.3.
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9

Method of Lines

The difficulties of life are intended to make us better, not bitter.

— Unknown

9.1 Introduction

The method of lines (MOL) is a well-established numerical technique (or rather a
semianalytical method) for the analysis of transmission lines, waveguide structures, and
scattering problems. The method was originally developed by mathematicians and used
for boundary value problems in physics and mathematics (e.g., [1-5]). A review of these
earlier uses (1930-1965) of MOL is found in Liskovets [6]. The method was introduced into
the EM community around 1980 and further developed by Pregla et al. [7-15] and other
researchers. Although the formulation of this modern application is different from the
earlier approach, the basic principles are the same.

The MOL is regarded as a special finite difference method (FDM) but more effective with
respect to accuracy and computational time than the regular FDM. It basically involves
discretizing a given differential equation in one or two dimensions while using analytical
solution in the remaining dimension. MOL has the merits of both the finite difference
method and analytical method; it does not yield spurious modes nor does it have the
problem of “relative convergence.”

Besides, the MOL has the following properties that justify its use:

a. Computational efficiency: the semianalytical character of the formulation leads
to a simple and compact algorithm, which yields accurate results with less
computational effort than other techniques.

b. Numerical stability: by separating discretization of space and time, it is easy to
establish stability and convergence for a wide range of problems.

c. Reduced programming effort: by making use of the state-of-the-art, well-
documented, and reliable ordinary differential equations (ODE) solvers,
programming effort can be substantially reduced.

d. Reduced computational time: since only a small amount of discretization lines is
necessary in the computation, there is no need to solve a large system of equations;
hence computing time is small.

To apply MOL usually involves the following five basic steps [18]:

1. Partitioning the solution region into layers
2. Discretization of the differential equation in one coordinate direction
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3. Transformation to obtain decoupled ordinary differential equations
4. Inverse transformation and introduction of the boundary conditions

5. Solution of the equations

We begin to apply these steps to the problem of solving Laplace’s equation. Since MOL
involves many matrix manipulations, it is expedient that all computer codes in chapters
are written in MATLAB.

9.2 Solution of Laplace’s Equation

Although the MOL is commonly used in the EM community for solving hyperbolic (wave
equation), it can be used to solve parabolic and elliptic equations [1,15-18]. In this section,
we consider the application of MOL to solve Laplace’s equation (elliptic problem) involving
two-dimensional rectangular and cylindrical regions.

9.2.1 Rectangular Coordinates

Laplace’s equation in Cartesian system is

A4
o + o 0 ©.1)

Consider a two-dimensional solution shown in Figure 9.1. The first step is discretization
of the x-variable. The region is divided into strips by N dividing straight lines (hence the
name method of lines) parallel to the y-axis. Since we are discretizing along x, we replace
the second derivative with respect to x with its finite difference equivalent. We apply the
three-point central difference scheme,

PR Vi =2Vi+ Vi,

9.2
ox* /s 62
where & is the spacing between discretized lines, that is,
h=Ax=_" ©.3)
N+1

Replacing the derivative with respect to x by its finite difference equivalent, Equation 9.1
becomes

W, 1 _
2 + ﬁ[vm(y) =2Vi(y)+Via(y)]=0 ©4)

Thus the potential V in Equation 9.1 can be replaced by a vector of size N, namely,

V] =1[V,, Vy ..., Vil (9.5a)
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Y

FIGURE 9.1
Illustration of discretization in the x-direction.
where t denotes the transpose,
Viy) =Vx,y,i=12,..,N (9.5b)
and x; = iAx. Substituting Equations 9.4 and 9.5 into Equation 9.1 yields

VO pvir=1o] 06
oy h

where [0] is a zero column vector and [P] is an N x N tridiagonal matrix representing the
discretized form of the second derivative with respect to x.

pe -1 0 0
-1 2 -1 .. 0
[P]= 9.7)
0 -1 2 -1
0 0o -1 p

All the elements of matrix [P] are zeros except the tridiagonal terms; the elements of the
first and the last row of [P] depend on the boundary conditions at x =0 and x =a. p, =2
for Dirichlet boundary condition and p, = 1 for Neumann boundary condition. The same
is true of p,.

The next step is to analytically solve the resulting equations along the y coordinate.
To solve Equation 9.6 analytically, we need to obtain a system of uncoupled ordinary
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differential equations from the coupled Equation 9.6. To achieve this, we define the
transformed potential [V,] by letting

[VI=I[T][V] 9.8)
and requiring that
[T) [PI[T] = [¥] 99)

where [X] is a diagonal matrix and [T is the transpose of [T]. [\)] and [T] are eigenvalue
and eigenvector matrices belonging to [P]. The transformation matrix [T] and the eigenvalue
matrix [\] depend on the boundary conditions and are given in Table 9.1 for various
combinations of boundaries. It should be noted that the eigenvector matrix [T] has the
following properties:

[T]" =[TT
(910)
[TIT] =TT [T] = [1]
where [I] is an identity matrix. Substituting Equation 9.8 into Equation 9.6 gives
I’[TIV] 1 =
ot PITIVI= 0]
Multiplying through by [T]™ = [T]' yields
2 1 ) o
= I\ 1IV1=]0 9.11
o hz[][][] ©11)
This is an ordinary differential equation with solution
Vi = A, cosh a y + B;jsinh oy v 912
where o; = \/h.
TABLE 9.1
Elements of Transformation Matrix [T] and Eigenvalues
Left Boundary Right Boundary T; Ai
Dirichlet Dirichlet 1 sin o [Top] 2sin 5y
Dirichlet Neumann [52s sin L2 170 2sin L2
Neumann Dirichlet s COSWI[TND] 2sin (09
Neumann Neumann \/% cos 0D i~ [Tan] 2sin "
N
w ]

Note: Wherei,j=1,2,..., N and subscripts D and N are for Dirichlet and Neumann condi-
tions, respectively.



Method of Lines 581

Thus, Laplace’s equation is solved numerically using a finite difference scheme in the
x-direction and analytically in the y-direction. However, we have only demonstrated three
out of the five basic steps for applying MOL. There remain two more steps to complete the
solution: imposing the boundary conditions and solving the resulting equations. Imposing
the boundary conditions is problem dependent and will be illustrated in Example 9.1. The
resulting equations can be solved using the existing packages for solving ODE or developing
our own codes in FORTRAN, MATLAB, C, or any other programming language. We will
take the latter approach in Example 9.1.

EXAMPLE 9.1
For the rectangular region in Figure 9.1, let

VO, y) =V, y)=V(x,0)=0, V(x,b) =100
and a = b = 1. Find the potential at (0.25, 0.75), (0.5, 0.5), (0.75, 0.25).
Solution

In this case, we have Dirichlet boundaries at x = 0 and 1, which are already indirectly
taken care of in the solution in Equation 9.12. Hence, from Table 9.1,

im
A =2sin——— 9.13
2N +1) ©.13)

and

2 ijn
VN1 N+ (14)

Let N = 15 so that 1 = Ax = 1/16 and x = 0.25, 0.5, 0.75 will correspond to i = 4, §, 12,
respectively.

By combining Equations 9.8 and 9.12, we obtain the required solution. To get constants
A; and B, we apply boundary conditions at y =0 and y = b to V and perform inverse
transformation. Imposing V(x, y = 0) = 0 to the combination of Equations 9.8 and 9.12,
we obtain

14 Tw T ... Tn| |4
‘{2 _ [O] _ TZI TZZ oo TZN 14:2
Vn Tvi Tne oo Tww| |Awn
which implies that
[A]=0 or A,=0 9.15)

Imposing V(x, y = b) = 100 yields
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100 B1 sinh Oé]b
100 Bz sinh Oézb

100 BN sinh OéNb

If we let

B;sinhoyb 100

B, sinh a,b 100
[c1=| 7 )

BN sinh aNb 100

then
B,=C,/sinh o; b 9.16)

With A; and B, found in Equations 9.15 and 9.16, the potential V(x, y) is determined as

N
Vily) = ZT,-,-B]- sinh(a;y) 917)

j=1

By applying Equations 9.13 through 9.17, the MATLAB code in Figure 9.2 was developed
to obtain

AA=1;
BB=1;
N=15;
% DETERMINE VECTOR ALPHA
H= AA/(N+1);
LAM = 2*sin ((1:N)*pi*0.5/(N+1) );
ALPHA =LAM/H;
% CALCULATE THE TRANSFORMATION MATRIX AND COEFFICIENT B
K = sqrt (2/(N+1));
T = zeros(N,N);
for I=1:N

for J=1:N

T(1LJ) = K*sin (I*J*pi/(N+1));

end
end
V = 100*ones(N,1);
C=inv(T)*V;
A=ALPHA",
B = C./sinh(BB*A);
% CALCULATE V AT THE GIVEN POINTS
Vi=0; V2=0; Vi=0(,
for K=1:N
V1= VI + T(4,K)*B(K)*sinh(ALPHA(K)*0.75);
V2 = V2 + T(8,K)*B(K)*sinh(ALPHA(K)*0.5);
V3 = V3 + T(12,K)*B(K)*sinh(ALPHA(K)*0.25);
end
diary
VI, V2,V3
diary off

FIGURE 9.2
MATLAB code for Example 9.1.
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V(0.25,0.75) = 431, V(0.5,0.5) = 2496, V(0.75,0.25) = 6.798
The result compares well with the exact solution:
V(0.25,0.75) = 43.2, V(0.5,0.5) = 25.0, V(0.75,0.25) = 6.797

Notice that it is not necessary to invert the transformation matrix [T] in view of
Equation 9.10.

EXAMPLE 9.2

For Dirichlet-Neumann conditions, derive the transformation matrix [Tpy] and the
corresponding eigenvalues [\’].

Solution

Let /\;? be the elements of eigenvalue matrix [\]] and [#] be the column vectors of the
transformation matrix [Ty] corresponding to matrix [P]. Then, by definition,

([P1= A1) [t] = [0] (9.18)

Substituting [P] for Dirichlet-Neumann (DN) condition in Equation 9.7 into Equation
9.18 gives a second-order difference equation

—t® 2= M)P -8 =0 (9.19)
except the first and last equations in Equation 9.18. If we let
t = A + Be 1 (9.20)
and substitute this into Equation 9.19, we obtain
0= (Are™ + Bee ) (—2cos ¢ +2 — N?)
from which we obtain the characteristic equation

N = 2(1—cos¢y) = 4sin? (b—zk 9.21)

or

o= ZSin% 9.22)

This is valid for all types of boundary combinations but ¢; will depend on the
boundary conditions. To determine ¢,, A, and B,, we use the first and the last equations
in Equation 9.18. For DN conditions,

=0 (9.23a)
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~t{ + 1} =0 (9.23b)

Substituting this into Equation 9.20, we obtain

! ! A [0] 24
ejNok(ejcﬁk ~1) e—jNok(e—jmk ~1) B - (9.24)
For nontrivial solutions,
k—0.5
= , k=1,2,...,.N .
= NT0s" (©.25)
Also from Equations 9.23a and 9.20, A; = —B; so that
t9) = Ay sinigy) (9.26)
Thus, for Dirichlet-Neumann conditions, we obtain
A= ZSin[O.57r k=05 ] (9.27a)
N+0.5

2 i(k—0.5)
T, — | 0.5 k=0 ,
I =\N+05 Sm[ "N+05 ] (©.275)

9.2.2 Cylindrical Coordinates

Although MOL is not applicable to problems with complex geometry, the method
can be used to analyze homogeneous and inhomogeneous cylindrical problems. The
principal steps in applying MOL in cylindrical coordinates are the same as in Cartesian
coordinates.

Here, we illustrate with the use of MOL to solve Laplace’s equation in cylindrical
coordinates [18]. We apply discretization procedure in the angular direction. The resulting
coupled ordinary differential equations are decoupled by matrix transformation and solved
analytically.

Assume that we are interested in finding the potential distribution in a cylindrical
transmission line with a uniform but arbitrary cross section. We assume that the inner
conductor is grounded while the outer conductor is maintained at constant potential
V,, as shown in Figure 9.3. In cylindrical coordinates (p, ¢), Laplace’s equation can be
expressed as

oV v oV
2

A A,
P o Pap T 0g

9.29)
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yll

FIGURE 9.3
Discretization along ¢-direction.

subject to
Vip)=0, pel} (9.29a)
V)=V, pel, (9.29b)

We discretize in the ¢-direction by using N radial lines, as shown in Figure 9.3, such that

Vi) =V(ip, ¢), i=12,..,N (9.30)
where
. 271 2w
—ih=""! h=pAp="" 9.31
oi=ih="g =N 631

and & is the angular spacing between the lines. We have subdivided the solution region
into N subregions with boundaries at I'; and I';. In each subregion, V(p, ¢) is approximated
by V; = V(p, ¢), with ¢, being constant.

Applying the three-point central finite difference scheme yields

oVl _ [Pl
bt = V] 9.32)

where

V1=V, Vy ..., Vil 9.33)
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and
2 -1 0 0 0 0 -1
-1 2 -1 0 0 0 0
0 -1 2 -1 .. 0 0 0
[P]= : : : : : : : ©.34)
0 0 0 0 -1 2 -1
-1 0 0 0 0 -1 2

Notice that [P] contains an element —1 in the lower left and upper right corners due to its
angular periodicity. Also, notice that [P] is a quasi-three-band symmetric matrix which is
independent of the arbitrariness of the cross section as a result of the discretization over a
finite interval [0, 27].

Introducing Equation 9.32 into Equation 9.28 leads to the following set of coupled
differential equations

2 0°[V], oVl _[P]
07 oy W

[V]l=0 (9.35)
To decouple Equation 9.35, we must diagonalize [P] by an orthogonal matrix [T] such that
[X*] = [T] [PI[T] (9.36)

with
[T = [T] = [T]" 9.37)

where [\’] is a diagonal matrix of the eigenvalues A, of [P]. The diagonalization is achieved
using [19]

cosq;; + sina;;
Ti=— " ——"", A\ =21-cosa, 9.38
JN ( ) 9.38)

where
a=h-i-j, a=h-n ijn=12.,N (9.39)
If we introduce the transformed potential U that satisfies
[uj =[T1[v] (9.40)
Equation 9.35 becomes

2 0°[U] | a[U]

5y TPy, ~LEIUI=0 941)

where

[ul=[u, U, .., Uyl (942)
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is a vector containing the transformed potential function and

M2
= W sin(a, /2) (943)

Equation 941 is the Euler-type and has the analytical solution (see Section 2.4.1)

A"+Bnlnpr ,un:O
A" +Bup™, =0

9.44)

This is applied to each subregion. By taking the inverse transform using Equation 9.40,
we obtain the potential Vi(p) as

Vilp)=> Tyl (9.45)
=1

where T are the elements of matrix [T].
We now impose the boundary conditions in Equation 9.29, which can be rewritten as
Vip=r)=0 rel] (946a)
Vip=R)=V, Rel, (946b)

Applying these to Equations 9.44 and 9.45,

o iﬂj A" + B

=1

Ti]’ [A] +B] 11'17',]

O:O, i=12,..,N (947a)
=

T,‘j [A] + B/' 11'11’1]

=V, i=12,..,N (9.47b)

uj=0

o + i T; [Alef‘f + B]-Rl_*uf}
=

Equation 947 is solved to determine the unknown coefficients A; and B;. The potential
distribution is finally obtained from Equations 9.44 and 9.45.

EXAMPLE 9.3

Consider a coaxial cable with inner radius a2 and outer radius b. Let b = 22 = 2 cm and
V, =100 V. This simple example is selected to be able to compare MOL solution with the
exact solution.

Solution
From Equation 9.43, it is evident that 1, = 0 only when n = N. Hence, we may write U as
Ap" +Bp ™, n=12,...,N-1

u,= (9.48)
An +Bnlnp/ n:N
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Equation 9.47 can be written as
N-1
> TjA@l +Ba |+ TulAx +Bylnal =0, i=12,.,N (9492)
j=1

for p =4, and

N-1
S Ty AR+ B+ Tl Ay + By bl =V,, i=12,..,N (949b)

=1

for p = b. These 2N equations will enable us to find the 2N unknown coefficients A; and
B;. They can be cast into a matrix form as

A 0
Tu[lm e TlN Tnﬁim e Ina AZ 0
Tyvia" ... Tw Twa®™ ... Ina| |Ay| |0 (9.50)
Tyb ... T Tub™ ... Inb| |B/| [100
: : B, 100
T‘Nlbu1 e TNN TNlb*M e Inb
By 100
This can be written as
[DIIC] = [F] (9.51)
from which we obtain
[C] = [D]'[F] 9.52)

where Cj corresponds to Aj when j=1, 2,...,, N and Cj corresponds to B; when
j=N+1,..,2N.

Once A, and B; are known, we substitute them into Equation 948 to find U, We finally
apply Equation 945 to find V. The exact analytical solution of the problem is

Vip)=Vo—p ©.53)

Fora < p < b, we obtain V for both exact and MOL solutions using the MATLAB codes
in Figure 9.4. The results of the two solutions are shown in Figure 9.5. The two solutions
agree perfectly.

9.3 Solution of Wave Equation

The MOL is particularly suitable for modeling a wide range of transmission lines and
planar waveguide structures with multiple layers [8,11,19-29]. This involves discretizing
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EXAMPLE 9.3 SOLVED USING METHOD OF LINES

% OUR OBJECTIVE IS TO DETERMINE THE POTENTIAL
% DISTRIBUTION IN A COAXIAL CABLE OF INNER RADIUS a
% AND OUTER RADIUS b ASSUMING A POTENTIAL DIFFERENCE OF Vo

a=0.01; b= 0.02; Vo = 100;
N=15;
h =2*pi/N;
K = 1/sqrt (N);
% COMPUTE THE TRANSFORMATION MATRIX T AND MIU
T = zeros(N,N);
miu = zeros(N,1);
for I=1:N
miu(I) = 2*sin (I*h*0.5 )/h;
for J=1:N
alpha = [*J*h;
T(1,J) = K*( cos(alpha) + sin(alpha) );
end
end
% CALCULATE THE MATRIX D IN EQ. (9.50)
D = zeros(2*N,2*N),
for i=1:2*N
for j=1:2*N
%Do the upper part of the matrix
if(i<=N&j<N)
D(ij) = T(ij)*a"miu();
end
ifi<=N&j=N)
D(ij) = T(ij)
end
ifi<=N&j>N&j<2*N)
D(i,j) = T(ij-N)*a"-miuG-N));
end
if(i<=N & j==2*N)
D(ij) = T(i,j-N)*log(a);
end
%Now do the lower part of the matrix
if(i>N&i<=2*N&j<N)
D(i) = T(-N,j)*bmiu);
end
if(i>N&i<=2*N&j=N)
D(ij) = T(-N,j);
end

if(i>N&i<=2*N&j>N&j<2*N)
dD(iJ) = T(i-N,j-N)*b"(-miu(j-N));
en
if (i>N & i<=2*N & j = 2*N)
D(i,) = T(-Nj-N)*log(b);

end
end
end
FIGURE 9.4
MATLAB code for Example 9.3. (Continued)

the Helmholtz’s wave equation in one direction while the other direction is treated
analytically. Here, we consider the general problem of two-layer structures covered
on the top and bottom with perfectly conducting planes. The conducting strips are
assumed to be thin. We will illustrate with two-layer planar and cylindrical microstrip
structures.
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% DETERMINE THE BOUNDARY POTENTIAL MATRIX
% AND THE COEFFICIENT MATRIX
F = zeros(2*N,1);
for i=1:2*N

ifi>N

F(i) = Vo,

end
end
C =inv(D)*F;
% WITH THE COEFFICIENTS DETERMINED,
% NOW FIND TRANSFORMED POTENTIAL U
% AND FINALLY DETERMINE THE POTENTIAL V USING EQ. (9.45)
% WE MAY SELECT ANY VALUE OF phi, say, phi = 0", i.e. i=1
rho =0.01:0.001:0.02;
M = 10; % no. of divisions along rho
Vmol = zeros(M+1,1);
for k=1:M+1

Vmol(k) =0.0;

for j=1:N

if (j <N)
U(@) = C(j)*(rho(k))Y*miu(j) + C(j+N)*(rho(k))(-miu(j));
end
if j=N)
dU(i) =C(j) + C(j+N)*log(rho(k)),
en

Vmol(k) = Vmol(k) + T(10,j)*U();

% Vmol(k) = Vmol(k) + T(1,j)*U();

end
end
% ALSO, CALCULATE THE EXACT VALUE OF V
Vex = Vo* (log(rho/a))/log(b/a);
diary
Vmol, Vex'
diary off
hold off
plot (rho,Vmol);
title( 'Fig. 9.5 Comparison of exact and method of lines solutions.")
xlabel('rho"), ylabel("V")
hold on
plot (rho,Vex);
hold off

FIGURE 9.4 (Continued)
MATLAB code for Example 9.3.
9.3.1 Planar Microstrip Structures

Typical planar structures are shown in Figure 9.6. The two independent field components
E. and H, in each separate layer must satisfy the Helmholtz’s equation. Assuming the factor
/¥~ and that wave propagates along z,

O O g
oy gy T =PI =0 9549

where 1) represents either E, or H, and
k> =ek2, k,=w e, =21/ (9.55)

Applying the MOL, we discretize the fields along the x direction by laying a family of
straight lines parallel to the y axis and evaluating on the e-lines for E, and h-lines for H,,
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FIGURE 9.5
Comparison of exact and MOL solutions.

SN
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FIGURE 9.6
Typical planar structures.

as shown in Figure 9.7. The lines are evenly spaced although this is not necessary. If 1 is
the spacing between adjacent lines, it is expedient to shift the e-lines and the h-lines by //2
in order to guarantee a simple fitting of the literal boundary conditions. The potential in
Equation 9.54 can now be replaced by a set [y, 1, ..., ¢] at lines

x;=xo+1ih, i=12, .., N (9.56)

and 0v,/0x can be replaced by their finite difference equivalents. Thus, Equation 9.54
becomes
%Y 1
1@ to3
oy® h

(i1 () = 29(y) + Vi ()] + k() =0. i=1,2,...,N 9.57)
where
k2=k*— 3 (9.58)

This is a system of N coupled ordinary differential equations. We cannot solve them in
their present form because the equations are coupled due to the tridiagonal nature of [P].
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FIGURE 9.7
Cross-section of planar microstrip structure with discretization lines; — — for E, and - - - - for H...

We can decouple the equations by several suitable mathematical transformations and then
analytically solve along the y direction.
If we let

(W] = [y, o - 0 (9.59)

where t denotes the transpose and

[Pl=|". . (9.60)

which is the same as Equation 9.7, where p, and p, are defined. Introducing the column
vector [¢] and the matrix [P] into Equation 9.57 leads to

w L (- e - o ©6)
¥

where [I] is the identity matrix and [0] is a zero column vector. Since [P] is a real symmetric
matrix, we can find an orthogonal matrix [T] such that

[T]' [PIT] = [¥] 9.62)

where the elements )\’ of the diagonal matrix [\ are the eigenvalues of [P]. With the
orthogonal matrix [T], we now introduce a transformed vector [U] such that

[TTTy] = [U] (9.63)
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We can rewrite Equation 9.61 in terms of [U] and obtain
2 .
hza—gl—()\f—hzkf)uizo, i=12,..,N (9.64)
Ay

Since Equation 9.64 is uncoupled, it can be solved analytically for each homogeneous
region. The solution is similar in form to the telegraph equation. It may be expressed as a

relation between U, and its normal derivative in a homogeneous dielectric layer fromy = y,
toy =y, thatis,

Uiy) | [ coshai(yi—y2)  Esinhai(yi—ya)| | Uily2) (9.65)
R ksinhai(yi—y2)  coshau(yi—y2) | B2 |
where
ki _ ()\12 _ h2kc2>1/2
; 9.66)
ai:i, i:1,2,...,N

Equation 9.65 can be applied repeatedly to find the transformed potential [U] from one
homogeneous layer i, < v < y, to another. Keep in mind that each iteration will require that
we recalculate the transformation matrix [T] and its eigenvalues ), which are given in Table
9.1. The field components E, and H, are derivable from the scalar potentials ¢/ and 1" as

kC e
E. = e P 9.67a)
H o= ke o
=Y 9.67b)

To be concrete, consider the shielded microstrip line shown in Figure 9.8. Because of the

symmetry, only half of the solution region needs to be considered. At the interface y =d,
the continuity conditions with Equation 9.67 require that

b+d

Magnetic E
wall

b | =
ba | =

| _ Electric
wall

v
NER
Lot

N
N\
\\\\\ e

|
|
|
|
%
ml‘2 -
FIGURE 9.8

Half-cross-section of a shielded microstrip line.



594 Computational Electromagnetics with MATLAB®

ﬂ a (e) (e) 31/)(}1) 31/1(;1)

we, Ox v 7/’ } dy dy ©.68)
(K2 = 32) 9 = (k2 — 32y 9.69)

3¢I(h) a¢(}1) 5 0 () )\ _

o oy~ ox —(u" =)~ . 9.70)

(k7 = 8)ui" = (ks — B2 )i’ — jwon] ©.71)

where the subscripts I and II refer to dielectric regions 1 and 2 and J, and J, are the current
densities at the interface y = d.
We replace the partial derivative operator 0/0x with the difference operator [D], where

1 -1 0 0
0 1 -1 .. 0
[Dl=. . . . . 9.72)
0 0 1 -1
so that
(e)
1 U
X 9.73)
WT . Lippwe)
Ox h

We replace the normal derivatives of di/On at the interface y = d with the following
matrix operators.

W Lic@] o] k-
Nt ’;[Gth} [wkh]' k_I'H 07
- E[Gk [[o], k=111
We can transform this into the diagonal form
ha[;q,ﬁ”] =Nuf], k=11
ha[u;“)]_[ Olu®], k=11 -
on R BT

With the aid of Equation 9.65 and the boundary conditions at y =0 and y = b + d, the
diagonal matrices [1,] are determined analytically as
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]
[7{"] = diag [x: tanh (xb/h)]
(9.76)
77| = diag [1: coth (n:d/h)]
[7{1"] = diag [; tanh (nd/h)]
where
1/2
21205 ) aoa
Yi = |4sin [2N+17r]—h (k2 -5 )‘ 9.77)
and
i—05 V2
_ s 2 — Y. 2 2 2
ni = 4sin [Wﬂ—]h (Erko 7ﬂ )] (978)

We can discretize Equations 9.68 through 9.71 and eliminate 1’ and ¥{" using [T“] and
[T"] matrices. Equations 9.68 and 9.70 become

U= (o e [ [ ©79)
(149 + &7 [ [ut?] = ia — ) [U| - [TY )] 9.80)
where
T= % (9.81)
ot = kj 9.82)
[6]1=[T"T[DI[T"] 9.83)

and [TY] = [Typ] and [T"] = [Tp,] as given in Table 9.1. Notice that [6] is a diagonal matrix
and is analytically determined as

5 = diag Zsin[ =05 7r] (9.84)
2N +1

Since J, is negligibly small compared with J,, we solve Equations 9.79 and 9.80 to obtain

] = [pITT1).] (9.85)
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where
[pl = [[%(e)] +6T [%f)] —es(1—=7)?[6] ([%h)] +7 [%I’O])J [6]] (9.86)

which is a diagonal matrix. Using Equation 9.63, we now take the inverse transform of
Equation 9.85 to obtain

49 = [TONPNTTI]] 9.87)
We finally impose the boundary condition on the strip, namely,

[1/}1(“] =[0] on the strip (9.88)

which leads to a reduced matrix equation

[]z ]red on the strip

U:1= 0 elsewhere ©89)
and the corresponding characteristic equation
(IT2AUTT)  Uelrea = 10] (9.90)

It is known from mathematics that a homogeneous linear matrix equation shows
nontrivial solutions only when the determinant of the matrix is equal to zero. Thus, the
propagation constant is determined by solving the determinant equation

det([T1[p(3,DITT) , =10] 991)

The effective dielectric constant e is obtained from Equation 9.82. Notice that only the
number of points on the strip determines the size of the matrix and that Equation 9.91
applies to a microstrip with more than one strip. We solve Equation 9.91 using a root-
finding algorithm [28] in FORTRAN, Maple, or MATLAB. Although a microstrip example
is considered here, the formulation is generally valid for any two-layer structures.

Once we solve Equation 991 to determine the effective dielectric constant, the current
distribution on the strip, the potential functions v, and 1), the electric field E,, and magnetic
field H, can be computed. Finally, the characteristic impedance is obtained from

2P

Z,="7

(9.92)

where P is the average power transport along the line

P:%j‘(ExH*)-abcdyaZ 9.93)
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and I is the total current flowing on the strip
I= f J.dxdy 994)

Since the above analysis applies to multiple strips, the characteristic impedance to the
mth strip is

(9.95)

EXAMPLE 9.4

Consider the shielded microstrip line shown in Figure 9.8. Using the MOL, find the
effective dielectric constant of the line whene, =9, w/d = 2,a/d = 7,b/d = 3and d = 1 mm.

Solution
The number of lines along the x-axis is selected as N = 18 and the number of lines
crossing the strip is M = 6. These numbers are for only one potential, say [¢.]. Since
only one half of the structure is considered due to symmetry, only three points on the
strip are necessary. Hence, the size of the matrix associated with Equation 991 is 3 x 3.
Figure 9.9 shows the three MATLAB codes for solving Equation 9.91. The main program
varies the values of d from 0.01 to 0.15, assuming that A, = 1, the wavelength in free space,
since (3 or € are frequency-dependent. (Alternatively, we could keep d fixed and vary
frequency, from, say, 1-50 GHz.) The program plots €., with d/), as shown in Figure 9.10.
The second M-file fun.m does the actual computation of the matrices involved using
Equations 9.76 through 9.91. It eventually finds the determinant of matrix [F], where

[F]=(IT.1le(8, LY (996)

The third M-file root.m is a root-finding algorithm based on the secant method [28§]
and is used to determine the value of ¢ that will satisfy

det[F] =0 9.97)

9.3.2 Cylindrical Microstrip Structures

The MOL canbe used to analyze homogeneous and inhomogeneous cylindrical transmission
structures [19,29-36] and circular and elliptic waveguides [37]. The principal steps involved
in applying MOL in cylindrical coordinates are the same as in Cartesian coordinates. Here,
we illustrate with the use of MOL to analyze the dispersion characteristics of the cylindrical
microstrip transmission line using full-wave analysis.

We introduce the scalar potentials & and ®" to represent the electric and magnetic field
components. In cylindrical coordinates (p, ¢), the two scalar functions can be expressed as

e = ey, g)eF (9.98)

where 3 is the phase constant and the time-harmonic dependence has been suppressed.
Substituting Equation 9.98 into the Helmholtz equation for the scalar potential functions
yields

,0°0 0D 0%

ot
P o P op T 04?

+ (kK> = )P =0 (9.99)
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% EXAMPLE 9.4 SOLVED USING METHOD OF LINES

% THIS M-FILES REQUIRES TWO OTHER M-FILES

% "FUN.M" AND "ROOT.M" TO WORK

% FUN.M DETERMINES THE DETERMINANT OF MATRIX [F]
% ROOT.M FINDS THE ROOT(S) OF THE det(F)

global d

Nmax = 50; tol = 1E-5;
ceffl = 5; eeff2 = 10;% initial/guessed values
fori=1:15

d=0.01%i;

x(i)=d;

|cefl] = root('fun', eeff], eeff2, tol, Nmax)

y(i) = eefTl:
Yediary atest.out
end
diary

plot(x.y)
diary off
(a)

function determinant = fun(eeff)

% THIS FUNCTION IS NEEDED FOR EXAMPLE 9.4

% IT DETERMINES THE DETERMINANT OF MATRIX [F]

% FOR A GIVEN EFFECTIVE DIELECTRIC CONSTANT EEFF
global d

N=09,
Y% = 0.001;
a=T*; b=3*d; w=2%d;
er=9 h=a/N; M= w/h;
lambdao = 1; %assumed
ko = 2*pi/lambdao;
% First calculate the transformation matrices
% Te(="i_ND)and Th (=T_DN)
cons=sqri(2/(N+0.5));
for i=1:N
for j=1:N
alj=(j - 0.5)*pi/(N + 0.5);
if (j==1)
te(i,j) = Usqri(N);
clse
te(ij) = cons*cos( (i-0.5)*alj);
end
end

end
% Calculate matrices: chi, eta, delta, and gamma
beta = ko*sqri(eefT);
tau = (1 - eefD)/(er - ceff);
chi = zeros(N.1);
eta = zeros(N,1);
Yogammae| = zeros(N.N)
for i=1:N
x = ((i -0.5*pi)/(2*N + 1)
chi(iy = sqrt( 4*sin(x)*sin(x) -h"2*(ko"2 - beta”2) );
eta(i) = sqrt( 4*sin(x)*sin(x) -h"2*(er*ko”2 - beta"2) );
end

For Example 9.4: (a) Main MATLAB code, (b) fun M-file for calculating F and its determinant, (c) root M-file for
finding the roots of fun (x) =0.

(Continued)
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for i=1'N
for j=1:N
ifli==j)
del(i,i) = 2*sin (((i - 0.5)*pi)/(2*N + 1));
gammac 1(i,i) = chi(i)*coth(b*chi(i)/h);
gammah1(i,i) = chi(i)*tanh(b*chi(i)/h):
gammae2(i.i) = eta(i)*coth(d*eta(i)/h);
gammah2(i,i) = eta(i)*tanh(d*eta(i)/h):
else
del(ij)=0;
gammael(i,j) = 0; gammae2(i,j) = 0;
gammah1(ij) = 0, gammah2(i j)=0;
end
end
end

% calculate rho matrix

rho = inv(gammael + er*tau*gammae2 - ceff*(1 - tau)"2*del'*(inv(gammah| +
tau*gammah2))*del);

F=[te(1:3,1:3)*rho(1:3,1:3)*te(1:3,1:3)'];

determinant = det(F);

% Next, solve for the root det(X) = 0 using 'root.m’

(b)

function [x2] = root(F, x0, x1, tol, Nmax)

% THIS FUNCTION FINDS THE ROOTS OF fun(x) USING

% THE SECANT METHOD

% fun(x) - EXTERNAL FUNCTION THAT COMPUTES THE VALUES OF f(x)
% x0, x1 - LIMITS OF THE INITIAL RANGE

% x2 - ROOT RETURNED TO THE CALLING ROUTINE

% tol - TOLERANCE VALUE USED IN DETERMINING CONVERGENCE
% Nmax - MAXIMUM NO. OF ITERATIONS

%

%F0 = eval( [F, '(x0)]);
FO = fun(x0);

dx = x1 - x0;
for I=1:Nmax
F1=fun(xl);

%F1 = eval( [F,"(x1)])
dx = F1*dx/(F1 - FO);
x2=x1-dx;
% CHECK IF TOLERANCE HAS BEEN MET
if (abs(dx) <= tol)
fprintf{’root at x = %5.g\n’, x2);
fprintf{'root found after this no. of iterations %5.g\n',1);
break
end
dx=x2-xl;
x0=x1:
x] =x2;
FO=FI;
end

(c)

FIGURE 9.9 (Continued)
For Example 9.4: (a) Main MATLAB code, (b) fun M-file for calculating F and its determinant, (c) root M-file for

finding the roots of fun (x) =0.
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FIGURE 9.10
For Example 9.4: Effective dielectric constant of the microstrip line.

where k* = wuie. Discretizing in the ¢-direction by using N radial lines, as shown in
Figure 9.11, such that

¢,-:¢D+(i—1)h:%, i=12,...,N (9.100)

where i = A¢ = 27/N is the angular spacing between the lines. The discretization lines for
the electric potential function ®“ are shifted from the magnetic potential function ®" by
h/2. Applying the central finite difference scheme yields

¢ =y

FIGURE 9.11
Discretization in the ¢-direction.
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32[‘I>] [ |
962 > [®] (9.101)
where
[®] = [®, Dy, ..., By (9.102)

and [P] is given in Equation 9.34. Introducing Equation 9.101 into Equation 9.99 leads to N
coupled differential equations:

282[?]+p@+ ) - L ][@] (9.103)
op ap

where k? = k> — 3 and [P] is the same as in Equation 9.34 if ¢ goes from 0 to 27, otherwise
[P] is as in Equation 9.7. Here we will assume [P] in Equation 9.7. To decouple Equation 9.103,
we must diagonalize [P] by an orthogonal matrix [T] given in Equation 9.38 and introduce
the transformed potential U that satisfies

[u] = [T][®] (9.104)

Thus, Equation 9.103 becomes

o ﬂg] +po o] +[k2p* — U] =0 (9.105)
op op
where
U =[u, u, .., Uyl (9.106)

is a vector containing the transformed potential function and

= 9.107
m= (9.107)

We notice that Equation 9.105 is essentially a Bessel equation and can be solved for every
homogeneous region to produce Bessel function of order ,. The solution is

Uz(p) = /u(kcp) + BZY/IZ(ka)’ i= 1/ 2/ ter N (9108)

where ] and Y are Bessel functions of the first and second kind, respectively.

To be concrete, consider the cross section of a cylindrical microstrip line shown in Figure
9.12. Due to the symmetry of the structure, we need only consider half the cross section as
in Figure 9.13. We have regions I and Il and we apply Equation 9.108 to each region. On the
boundaries p = d and p = b (electric walls), we have the boundary conditions

i (p = d) =

(9.109)
U (p="b)=
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FIGURE 9.12
The cross section of a shielded cylindrical microstrip line.

FIGURE 9.13
Half the cross section of the microstrip in Figure 9.12 (— electric wall; - - - magnetic wall).

Enforcing Equation 9.109 on Equation 9.108, we obtain

0= A, (kd)+BY, (kd),
J i (ked) + BiY,, (ked) 9.110)
0 = Ci]/l,,‘ (kéb) + DiYu,‘ (kzb)

where k. = \[k; — 3 and k! = \Jek; — 3, k, = 27/),, and ), is the wavelength in free space.
From Equation 9.110,
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B Julkd)
A Y, (kd)
D Jul(kib)
i Y, (kib)

For ®", the boundary conditions are

ouy
“op =0
ougy
op 0

Enforcing this on Equation 9.108 yields

0= Ei];/ti (kcd) + FlYliz (kcd)r

which leads to

E_ Ji(kd)
E; Y, (k.d)
H ] (kb)

603

(9.111)

9.112)

9.113)

9.114)

At the interface p =t, both ®© and @ are related by the continuity conditions of the

tangential components of the electric and magnetic fields. Since

g0 _Jus g
kDZE, - 62

M — jwuf H,
k?e, - 62

the continuity conditions are

1 O (0 1.0 00 oy
6[@%)_6 (I)%I)]: o Uy

t we, D¢ o ap ap

(1 = )10 = (e — )y

T

09 o0 _ B &

dp  Op  wntdo

(o~ aff) .

(k5 = 3) (" = (eki — B )it — jeome],

(9.115)

9.116)

9.117)

(9.118)

9.119)
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As we did in Section 9.3.1, we replace the derivative operator 9/0¢ with the difference
operator [D] and transform the resulting equations into the diagonal matrices. We obtain
the elements of the diagonal matrices as [30]

R TAs) o1200
¢-ofpoicne
= e ) oy
== ) o0

where 1 = A¢ and
S, =tJk2— 3, S =tfkie— 3 (9.121)

By ignoring |, and reducing J, to what we have in Equation 9.89, we finally obtain the
characteristic equation

(ITNNTY)  Uelea = [0] 9.122)
where
[ol= [W] [ | =7 I8T (2] [P ]) [6]] (9123)
N IR tray vacs 9.124)
€ — Ceff ko

With a root-finding algorithm, Equation 9.122 can be solved to obtain ( or .. Notice that
Equation 9.122 is of the same form as Equation 9.90 and only the number of pomts on the strip
determines the size of the matrix. However, the expressions for [v{”],[v{], [} M1, and [y
are given in Equation 9.120.

9.4 Time-Domain Solution

The frequency-domain version of the MOL covered in Section 9.3 can be extended to the
time domain [38-43]. In fact, MOL can also be used to solve parabolic equations [1,44,45].
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However, in this section, we will use MOL to solve hyperbolic Maxwell’s equations in the
time domain. Essentially, the MOL proceeds by leaving the derivatives along one selected
axis untouched (usually in time), while all other partial derivatives (usually in space) are
discretized using well-known techniques such as finite difference and finite element. The
partial differential equation is reduced to a system of ordinary differential equations that
can be solved numerically using standard methods.

Consider an empty rectangular waveguide which is infinite in the z-direction [38] and
with cross-section 0 < x <a, 0 <y < b. We assume that the waveguide is excited by a
uniform electric field E,. The problem becomes a two-dimensional one. It corresponds
to calculating the cutoff frequencies of various modes in the frequency domain. Such
information can be obtained from the time-domain data.

Due to the excitation, only E., H,, and H, exist and 0/0z = 0. Maxwell’s equations become

_ O _ OF
ot oy
OH, _OF.
= (9.125)
€8EZ _0OH, OH,
ot ox Oy
which can be manipulated to yield the wave equation
O°E. | OE OE
= z— ==0 9.126
ox oy o 0126)
Discretizing in the x-direction only leads to
_ OlH.] _ 9[E.]
o ay (9.127a)
JOH] [DY]IE:] (9127b)
ot Ax
D" |[H
JOLE:] _ |D][H, ] _ O[H,] 9.127c)
ot Ax oy
D 2 2
DNIE] o’(E] | OB ©01274)

(Ax)? oy* ot?

where [E,], [H,], and [H,] are column vectors representing the fields along each line and
are functions of y and t. As given in Section 9.3.1, matrices [D],[D{], and [DY] represent
difference operators in which the boundary conditions at the side walls are incorporated.

Due to the fact that [Dﬁ?] is a real symmetric matrix, there exists a real orthogonal matrix
[T{”] that transforms [D] into a diagonal matrix [\?]. We can transform [E.] into a transform

[E:|=|T|E-] 9.128)
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(and similarly [H,] and [H,]) so that Equation 9.127d becomes

[AZ [E.] 0’[E] 0’[E.]
A o Mo

—0 9.129)

This is a set of uncoupled partial differential equations. The solution for the ith line is

Ezi(]// t) = Z (Am' COS Wn,‘t + Bm‘ sin wm-t) sin ayy (9130)
where
u
Wi =
Jm /) — N /(Ax)? (9.131)
a, =nm/b

andu = 1/\/E is the wave velocity. Given the initial conditions for E, and its time derivative,
we can find A,;and B,;. The solution at any point at any time can be extracted from Equations
9130, 9.127a, 9.127b, and 9.127c and the subsequent inverse transforms such as

[E-(y, )] =T [E.] ©132)

This completes the solution process.

9.5 Concluding Remarks

MOL is a differential-difference approach of solving elliptic, parabolic, and hyperbolic
PDEs. It involves a judicious combination of analysis and computation. Given a partial
differential equation, all but one of the independent variables are discretized to obtain a
system of ordinary differential equations.

MOL requires that the structures be at least piecewise uniform in one dimension. Also,
the eigenmatrices and eigenvalues depend on the boundaries of the solution region.
These requirements have limited the applications of the method. Although not applicable
to problems with complex geometries, the MOL has been efficient for the analysis of
compatible planar structures. Several approaches have been taken to make MOL more
efficient [46]. Applications of the method include but are not limited to the following
EM-related problems:

¢ Waveguides including optical types [47-65],

® Planar and cylindrical microstrip transmission lines [19-27,66,67],
e Scattering from discontinuities in planar structures [39,40,68],

e Antennas [32],

¢ Electro-optic modulator structures [17,69,70], and

e Other areas [71-75]
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Originally, MOL was developed for problems with closed-solution domain. Recently,
absorbing boundary conditions appropriate for MOL have been introduced [51,76-78]. With
these conditions, it is now possible to simulate and model unbounded electromagnetic
structures. The equivalence between the MOL and variational method is given in

Reference 79.

PROBLEMS

9.1

9.2

9.3

94

In Equation 9.7, show that p, = 2 for Dirichlet condition and p, = 1 for Neumann
condition.

If the first-order finite difference scheme can be written as

oVI L oy
hﬁ— [D.]V]

where the equidistance difference matrix [D,] is an (N—1) x N matrix given by

1 -1
[Dx]:
1 -1

show that the central finite difference scheme for second-order partial differential
operator yields

2 O°[V]
h 9 ~[Dx]lV]

where [D,,] = -[D,J'[D,] = -[D,][D,]". Assume Neumann conditions at both side
walls and obtain D,,.

Obtain the transformation matrix [T] and its corresponding eigenvalue matrix

[V*] for Neumann-Dirichlet boundary conditions. Assume that £t — 0 =0 and

t$), = 0 on the boundaries.

Using MOL, solve Laplace’s equation
Vo =0

in a rectangular domain 0 <x <1, -1 <y <1 with the following Dirichlet
boundary conditions:

0, ) =21, y) =0
d(x, 1) = d(x, -1) = sin 7x
Obtain @ at (0, 0.5), (0.5, 0.25), (0.5, 0.5), (0.5, 0.75). Compare your solution with the

exact solution

cosh(my)sin(mx)

P y)= cosh(rwb)

607
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9.5 Obtain the solution of Problem 2.4(a) using MOL.

9.6 Consider the coaxial cable of elliptical cylindrical cross section shown in Figure 9.14.
Take A=2cm,B=4cm,a=1cm,and b = 2 cm. For the inner ellipse, for example,

a a
= 2 2 7
\/sm o+v°cos” @

< |

By modifying the MOL codes used in Example 9.3, plot the potential for ¢ =0,
a<p<hbh.
9.7 Solve Problem 2.10 using MOL and compare your result with the exact solution

_ Vo N Do(nmp/L) (72
Vio2)= T ;nlo(ma/L)sm[ L ]

TakeL=2a=1mand V,=10 V.

9.8 Rework Example 94 for a pair of coupled microstrips shown in Figure 9.15. Let
e,=10.2, w =15, s/d = 1.5, a/d = 20, h/d =19, and d = 1 cm. Plot the effective
dielectric constant versus d/\,.

N
N

FIGURE 9.14
For Problem 9.6.
g — T
b
—>‘ w | 5 ‘ W r7 l
// i A
£ d
v ¥
3 , |
FIGURE 9.15

For Problem 9.8.
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99 Given the difference operator

2 -7 —s°
—s° 2 =57
[Pl= '
_S*Z
e -5 2

which is Hermitian, that is, [P] = [P*]. Show that [P] has the following eigenvalues

M\ = 4sin® d”‘ﬂh, b = 2ik,k =12,...,N
2 N
and the eigenvector matrices
T — 1 e — 1 05

——c
N

where s = "2, s* is the complex conjugate of s, 3is the propagation constant, and
h is the step size.

910 Show that for

2 —1/s —s
—s 2 —1/s
[Pl= ' -
—1/s
—-1/s - 2

the eigenvalue matrices remain the same as in the previous problem.
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