
Appendix A

Vector Relations

A.1 Vector Identities

If A and B are vector fields while U and V are scalar fields, then

∇V (U + V ) = ∇U + ∇V

∇(UV ) = U∇V + V ∇U

∇
(

U

V

)
= ∇(∇U) − U(∇V )

V 2

∇V n = nV n−1∇V (n = integer)

∇(A · B) = (A · ∇)B + (B · ∇)A + A × (∇ × B) + B × (∇ × A)

∇ · (A + B) = ∇ · A + ∇ · B

∇ · (A × B) = B · (∇ × A) − A · (∇ × B)

∇ · (∇A) = V ∇ · A + A · ∇V

∇ · (∇V ) = ∇2V

∇ · (∇ × A) = 0

∇ × (A + B) = ∇ × A + ∇ × B

∇ × (A × B) = A(∇ · B) − B(∇ · A) + (B · ∇)A − (A · ∇)B

∇ × (V A) = ∇V × A + V (∇ × A)

∇ × (∇V ) = 0

∇ × (∇ × A) = ∇(∇ · A) − ∇2A

A.2 Vector Theorems

If v is the volume bounded by the closed surface S, and an is a unit normal to S,
then
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∮
S

A · dS =
∫

v

∇ · A dv (Divergence theorem)
∮

S

V dS =
∫

v

∇V dv (Gradient theorem)
∮

S

A × dS = −
∫

v

∇ × A dv

∮
S

[
(A · dS)A − 1

2
A2 dS

]
=

∫
v

[(∇ × A) × A + A∇ · A] dv

∮
S

U∇V · dS =
∫

v

[
U∇2V + ∇U · ∇V

]
dv (Green 1st identity)

∮
S

[U∇V − V ∇U ] · dS =
∫

v

[
U∇2V − V ∇2U

]
dv (Green 2nd identity)

where dS = dS an.

If S is the area bounded by the closed path L and the positive directions of elements
dS and dl are related by the right-hand rule, then

∮
L

A · dl =
∫

S

∇ × A · dS (Stokes’ theorem)
∮

L

V dl = −
∫

S

∇V × dS

A.3 Orthogonal Coordinates

Rectangular Coordinates (x, y, z)

∇V = ∂V

∂x
ax + ∂V

∂y
ay + ∂V

∂z
az

∇ · A = ∂Ax

∂x
+ ∂Ay

∂y
+ ∂Az

∂z

∇ × A =
[
∂Az

∂y
− ∂Ay

∂z

]
ax +

[
∂Ax

∂z
− ∂Az

∂x

]
ay +

[
∂Ay

∂x
− ∂Ax

∂y

]
az

∇2V = ∂2V

∂x2
+ ∂2V

∂y2
+ ∂2V

∂z2

∇2A = ∇2Axax + ∇2Ayay + ∇2Azaz
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Cylindrical Coordinates (ρ, φ, z)

∇V = ∂V

∂ρ
aρ + 1

ρ

∂V

∂φ
aφ + ∂V

∂z
az

∇ · A = 1

ρ

∂

∂ρ
(ρAρ) + 1

ρ

∂

∂φ
Aφ + ∂

∂z
Az

∇ × A =
[

1

ρ

∂

∂φ
Az − ∂

∂z
Aφ

]
aρ +

[
∂

∂z
Aρ − ∂

∂ρ
Az

]
aφ

+ 1

ρ

[
∂

∂ρ
(ρAφ) − ∂

∂φ
Aρ

]
az

∇2V = 1

ρ

∂

∂ρ

(
ρ

∂V

∂ρ

)
+ 1

ρ2

∂2V

∂φ2
+ ∂2V

∂z2

∇2A =
[
∇2Aρ − 2

ρ2

∂

∂φ
Aφ − Aρ

ρ2

]
aρ

+
[
∇2Aφ + 2

ρ2

∂

∂φ
Aρ − Aφ

ρ2

]
aφ + ∇2Azaz

Spherical Coordinates (r, θ, φ)

∇V = ∂V

∂r
ar + 1

r

∂V

∂θ
aθ + 1

r sin θ

∂V

∂φ
aφ

∇ · A = 1

r2

∂

∂r
(r2Ar) + 1

r sin θ

∂

∂θ
(sin θAθ ) + 1

r sin θ

∂Aφ

∂φ

∇ × A = 1

r sin θ

[
∂

∂θ
(sin θAφ) − ∂

∂φ
Aθ

]
ar + 1

r

[
1

sin θ

∂

∂φ
Ar − ∂

∂r
(rAφ)

]
aθ

+ 1

r

[
∂

∂r
(rAθ ) − ∂

∂θ
Ar

]
aφ

∇2V = 1

r2

∂

∂r

(
r2 ∂V

∂r

)
+ 1

r2 sin θ

∂

∂θ

(
sin θ

∂V

∂θ

)
+ 1

r2 sin2 θ

∂2V

∂φ2

∇2A =
[
∇2Ar − 2

r2 sin θ

∂

∂θ
(sin θAθ ) − 2

r2 sin θ

∂

∂φ
Aφ − 2

r2
Ar

]
ar

+
[
∇2Aθ + 2

r2

∂

∂θ
Ar − 2 cos θ

r2 sin2 θ

∂

∂φ
Aφ − 1

r2 sin2 θ
Aθ

]
aθ

+
[
∇2Aφ + 2 cos θ

r2 sin2 θ

∂

∂φ
Aθ + 2

r2 sin θ

∂

∂φ
Ar − 1

r2 sin2 θ
Aφ

]
aφ
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