Chapter 5

Moment Methods

“He who will not reason is a bigot; he who cannot is a fool; he who dares not is
a slave” William Drummond

5.1 Introduction

In Section 1.3.2, it was mentioned that most EM problems can be stated in terms
of an inhomogeneous equation

Ld =g (5.1)

where L is an operator which may be differential, integral or integro-differential,
g is the known excitation or source function, and @ is the unknown function to be
determined. So far, we have limited our discussion to cases for which L is differential.
In this chapter, we will treat L as an integral or integro-differential operator.

The method of moments (MOM) is a general procedure for solving Eq. (5.1).
The method owes its name to the process of taking moments by multiplying with
appropriate weighing functions and integrating, as discussed in Section 4.6. The
name “method of moments” has its origin in Russian literature [1, 2]. In western
literature, the first use of the name is usually attributed to Harrington [3]. The origin
and development of the moment method are fully documented by Harrington [4, 5].

The method of moments is essentially the method of weighted residuals discussed
in Section 4.6. Therefore, the method is applicable for solving both differential and
integral equations.

The use of MOM in EM has become popular since the work of Richmond in
1965 and Harrington [7] in 1967. The method has been successfully applied to a
wide variety of EM problems of practical interest such as radiation due to thin-wire
elements and arrays, scattering problems, analysis of microstrips and lossy structures,
propagation over an inhomogeneous earth, and antenna beam pattern, to mention a
few. An updated review of the method is found in a paper by Ney [8]. The literature
on MOM is already so large as to prohibit a comprehensive bibliography. A partial
bibliography is provided by Adams [9].
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The procedure for applying MOM to solve Eq. (5.1) usually involves four steps:

(1) derivation of the appropriate integral equation (IE),

(2) conversion (discretization) of the IE into a matrix equation using basis (or
expansions) functions and weighting (or testing) functions,

(3) evaluation of the matrix elements, and

(4) solving the matrix equation and obtaining the parameters of interest.

The basic tools for step (2) have already been mastered in Section 4.6; in this chapter
we will apply them to IEs rather than PDEs. Just as we studied PDEs themselves in
Section 1.3.2, we will first study IEs.

5.2 Integral Equations

An integral equation is any equation involving unknown function ® under the
integral sign. Simple examples of integral equations are Fourier, Laplace, and Hankel
transforms.

5.2.1 Classification of Integral Equations

Linear integral equations that are most frequently studied fall into two categories
named after Fredholm and Volterra. One class is the Fredholm equations of the first,
second, and third kind, namely,

b
f(x):/ K (x, )®(1) dt | (5.2)
b
f(x) = cb(x)—,\/ K(x, ) (1) dt , (5.3)
b
f(x) =a(x)c1>(x)—)\f K(x,)®(r)dt , (5.4)

where X is a scalar (or possibly complex) parameter. Functions K (x, ¢) and f(x) and
the limits a and b are known, while ® (x) is unknown. The function K (x, ) is known
as the kernel of the integral equation. The parameter A is sometimes equal to unity.

The second class of integral equations are the Volterra equations of the first, second,
and third kind, namely,
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Fo) = / Ko dr 5.5)
fx) = 2(x) —A/x K(x,)®(r)dt, (5.6)

fx)=ax)d(x) —A /x Kx,t)yo@)dr , 5.7

with a variable upper limit of integration. If f(x) = 0, the integral equations (5.2)
to (5.7) become homogeneous. Note that Egs. (5.2) to (5.7) are all linear equations
in that @ enters the equations in a linear manner. An integral equation is nonlinear if
® appears in the power of n > 1 under the integral sign. For example, the integral
equation

b
f(x):CD(x)—/ K(x,H)®%(t) dt (5.8)

is nonlinear. Also, if limit a or b or the kernel K (x, ) becomes infinite, an integral
equation is said to be singular. Finally, a kernel K (x, t) is said to be symmetric if
Kx,t) = K(t, x).

5.2.2 Connection Between Differential and Integral Equations

The above classification of one-dimensional integral equations arises naturally from
the theory of differential equations, thereby showing a close connection between the
integral and differential formulation of a given problem. Most ordinary differential
equations can be expressed as integral equations, but the reverse is not true. While
boundary conditions are imposed externally in differential equations, they are incor-
porated within an integral equation.

For example, consider the first order ordinary differential equation

do
—=Fx,®), a<x<b 5.9
dx
subject to ®(a) = constant. This can be written as the Volterra integral of the second
kind. Integrating Eq. (5.9) gives

d(x) = fx F@, &) dt +
a
where ¢; = ®(a). Hence Eq. (5.9) is the same as
P(x) = d>(a)+/x F(t, ®)dt (5.10)
a
Any solution of Eq. (5.10) satisfies both Eq. (5.9) and the boundary conditions. Thus

an integral equation formulation includes both the differential equation and the bound-
ary conditions.
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Similarly, consider the second order ordinary differential equation

d*®
—=F(x,®), a<x=<b (5.11)
dx?

Integrating once yields
do *
— = F(x,®@))dt + c (5.12)
dx a

where ¢; = ®'(a). Integrating Eq. (5.12) by parts,
X
O(x)=cr+cix + / x—=0F(x,®@))dt
a
where ¢ = ®(a) — ®'(a)a. Hence
X
d(x) = d>(a)+(x—a)<l>/(a)+/ (x—t)F(x, d)dt (5.13)
a
Again, we notice that the integral equation (5.13) represents both the differential equa-
tion (5.11) and the boundary conditions. We have only considered one-dimensional

integral equations. Integral equations involving unknown functions in two or more
space dimensions will be discussed later.

Example 5.1
Solve the Volterra integral equation

<I>(x):l+/x<l>(t)dt I
0

Solution

This can be solved directly or indirectly by finding the solution of the corresponding
differential equation. To solve it directly, we differentiate both sides of the given
integral equation. In general, given an integral

B(x)
g(x) =/ fx,t)de (5.14)
a(x)
with variable limits, we differentiate this using the Leibnitz rule, namely,
PO 3f (x, 1)
gw= [ di+ fx. HB — f(x. @’ (5.15)
a(x) 3)(

Differentiating the given integral equation, we obtain

do
— =d(>x) (5.16a)
dx
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or

do

— =d 5.16b
o x ( )
Integrating gives
In® =x+1Inc,
or
D =cye”

where In ¢, is the integration constant. From the given integral equation
P0)=1=¢,
Hence
d(x) =e" (5.17)

is the required solution. This can be checked by substituting it into the given integral
equation.

An indirect way of solving the integral equation is by comparing it with Eq. (5.10)
and noting that

a=0, o> =d0) =1
and that F(x, ®) = ®(x). Hence the corresponding first order differential equation
is
dod

I 0)

which is the same as Eq. (5.16), and the solution in Eq. (5.17) follows. |

Example 5.2
Find the integral equation corresponding to the differential equation

P — 39" — 60"+ 80 =0
subject to ®”(0) = ®'(0) = () =1.  []

Solution
Let ®” = F(®, @, ¢, x) = 30" + 6@’ — 8P. Integrating both sides,

X

CD”=3<I>/+6CI>—8/ O(t)dt + 1 (5.18)
0

where c¢; is determined from the initial values, i.e.,

1=34+64+c¢1 — ¢ =-8
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Integrating both sides of Eq. (5.18) gives

X

@’ =3<I>+6/x<1>(t)dt—8/ (x —)®@t)dt — 8x + 2 (5.19)
o 0

where
1=34¢c - o=-2

Finally, we integrate both sides of Eq. (5.19) to get
X X X
D= 3/ (1) dt —1—6/ (x — )@ (1) dt —4/ (x —1)2®(1)dt — 4x* —2x +¢3
o o o

where 1 = c3. Thus the integral equation equivalent to the given differential equation
is

d)(x)=1—2x—4x2+/x [3+6(x—t)—4(x—t)2]d>(t)dt |

5.3 Green’s Functions

A more systematic means of obtaining an IE from a PDE is by constructing an
auxiliary function known as the Green’s function1 for that problem [10]-[13]. The
Green’s function, also known as the source function or influence function, is the kernel
function obtained from a linear boundary value problem and forms the essential link
between the differential and integral formulations. Green’s function also provides a
method of dealing with the source term (g in L® = g) in a PDE. In other words, it
provides an alternative approach to the series expansion method of Section 2.7 for
solving inhomogeneous boundary-value problems by reducing the inhomogeneous
problem to a homogeneous one.

To obtain the field caused by a distributed source by the Green’s function technique,
we find the effects of each elementary portion of source and sum them up. If G(r, r’)
is the field at the observation point (or field point) r caused by a unit point source
at the source point r’, then the field at r by a source distribution g(r’) is the integral
of g(r')G(r,r’) over the range of r’ occupied by the source. The function G is
the Green’s function. Thus, physically, the Green’s function G(r, r’) represents the
potential at r due to a unit point charge at r’. For example, the solution to the Dirichlet
problem

VZp =g in R
®=f on B (5.20)

INamed after George Green (1793-1841), an English mathematician.
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is given by
/ / / 8G
@:/g(r)G(r,r)dv +?§f—ds (5.21)
R B on

where n denotes the outward normal to the boundary B of the solution region R. It is
obvious from Eq. (5.21) that the solution ® can be determined provided the Green’s
function G is known. So the real problem is not that of finding the solution but that
of constructing the Green’s function for the problem.

Consider the linear second order PDE

Ld=g (5.22)

We define the Green’s function corresponding to the differential operator L as a
solution of the point source inhomogeneous equation

LG (r, r/) =34 (r, r’) (5.23)

where r and r’ are the position vectors of the field point (x, y, z) and source point
(x',y', 7)), respectively, and 8(r, r’) is the Dirac delta function, which vanishes for
r # r’ and satisfies

/ S(r.r)g(r) dv' =g(r) (5.24)

From Eq. (5.23), we notice that the Green function G(r, r’) can be interpreted as the
solution to the given boundary value problem with the source term g replaced by the
unit impulse function. Thus G(r, r’) physically represents the response of the linear
system to a unit impulse applied at the point r = r’.

The Green'’s function has the following properties [13]:

(a) G satisfies the equation LG = 0 except at the source point r’, i.e.,

LG (r,r') =6 (r,r) (5.23)
(b) G is symmetric in the sense that
G (r, r’) =G (r’, r) (5.25)
(c) G satisfies that prescribed boundary value f on B, i.e.,
G=f on B (5.26)

(d) The directional derivative dG/dn has a discontinuity at r’ which is specified
by the equation

. G
lim @ —dS =1 5.27)
e—0Jg on
where n is the outward normal to the sphere of radius € as shown in Fig. 5.1, i.e.,
Ir—r| =€

Property (b) expresses the principle of reciprocity; it implies that an exchange of
source and observer does not affect G. The property is proved by Myint-U [13] by
applying Green’s second identity in conjunction with Eq. (5.23) while property (d) is
proved by applying divergence theorem along with Eq. (5.23).
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A Field point (x,y,z)

Source point (x",y’,z")

Figure 5.1
Illustration of the field point (x, y, z) and source point (x', y', 7).

5.3.1 For Free Space

We now illustrate how to construct the free space Green’s function G corresponding
to a PDE. It is usually convenient to let G be the sum of a particular integral of the
inhomogeneous equation LG = g and the solution of the associated homogeneous
equation LG = 0. In other words, we let

G(r,t')=F(r,r)+ U (r,r) (5.28)
where F, known as the free-space Green’s function or fundamental solution, satisfies
LF=5§ (r, r’) in R (5.29)

and U satisfies
LU=0in R (5.30)

so that by superposition G = F + U satisfies Eq. (5.23). Also G = f onthe boundary
B requires that

U=—-F+ f on B (5.31)

Notice that F' need not satisfy the boundary condition.
We apply this to two specific examples. First, consider the two-dimensional prob-
lem for which

2 9? )
L=W+W=V (5.32)

The corresponding Green’s function G (x, y; x’, y’) satisfies

V2G (x, y; x5/, y) =8 (x —x) 8 (y =) (5.33)
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Hence, F must satisfy
VIF =68 (x —x)8(y—»")

Forp =[(x —x)2 4+ (y = y)?1V? > 0,i.e., forx #x',y # ¥/,

which is integrated twice to give
F=Alnp+B
Applying the property in Eq. (5.27)
2

. dF ) A
lim d—dl = lim —pdp =21A =1
0

e—0 19 e—0Jo

1
or A = 5 Since B is arbitrary, we may choose B = 0. Thus
b4

1
F=—1
21 e

and
1
G=F+U=—Ihp+U
2

We choose U so that G satisfies prescribed boundary conditions.
For the three-dimensional problem,

3 9 @2

=ty tiz

and the corresponding Green’s function G(x, y, z; x’, ¥/, 7’) satisfies
LG (x,y,z:x',y. ) =8(x—x")8(y—y)8(z—2)

Hence, F must satisfy

VIZF=8(x—x)8(y—»)8(z—2)

Forr #71/,
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Applying Eq. (5.27),

e—0 e—0

dF T A
I = lim f —dS = lim / —2r2 singdfdp =4 A
dr 0 o r

1
or A = —. Choosing B = 0 leads to
4

and

G=F+U=—L+U (5.41)
4mr
where U is chosen so that G satisfies prescribed boundary conditions.

Table 5.1 lists some Green functions that are commonly used in the solution of
EM-related problems. It should be observed from Table 5.1 that the form of the
three-dimensional Green’s function for the steady-state wave equation tends to the
Green’s function for Laplace’s equation as the wave number k approaches zero. It is
also worthy of remark that each of the Green’s functions in closed form as in Table 5.1
can be expressed in series form. For example, the Green’s function

_ _Jgm
F= _ZHO (klo—r'l)
i 1/2
= —ﬁ 0(1) (k [,02 + 0% —2pp’ cos (¢ — ¢’)] ) (5.42)
can be written in series form as
i < :
=1 2o HD (ko) dukp)e MO0 p < pf
F = ; n=—00 (5.43)
- > H ko) (kp') e "7 p > pf
n=—0oo

This is obtained from addition theorem for Hankel functions [14]. It should be
noted that Green’s functions are very difficult to construct in an explicit form except
for the simplest shapes of domain.

With the aid of the Green’s function, we can construct the integral equation corre-
sponding to Poisson’s equation in three dimensions

Pv

vy =2 (5.44)
€

as

V:/&G (r,r))dv

€
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Table 5.1 Free-Space Green’s Functions

Operator Laplace’s Steady-state Modified
equation equation Helmholtz’s steady-state

(or wave) Helmbholtz’s

equation1 (or wave)

equation

Solution V2G=6(r,r) VIG+k2G=6(r.r) VIG-k*G=6(r1)
Region
1- dimensional  no solution — exp (jk |x — x']) —ﬁ exp (—k |x —x|)

for (—o0, 00)
2-dimensional  5-1In|p—p/|  —LHKlo - oD — =Ko (ko = #'))

_exp(jklr—r']) _exp(=klr—r'])

. . 1
3-dimensional —m 4n|r—r’| 471|r—r’|

1 The wave equation has the time factor e/®! so that k = w./Jt€.

or

p dv’
v=/p v (5.45)

dmer

Similarly, the integral equation corresponding to Helmholtz’s equation in three di-
mensions

V2O + k2D =g (5.46)
as
® = /gG (r.r) av’
or
gejkr dv’
o = f - 5.47)
drr

where an outgoing wave is assumed.

5.3.2 For Domain with Conducting Boundaries

The Green’s functions derived so far are useful if the domain is free space. When
the domain is bounded by one or more grounded planes, there are two ways to obtain
Green’s function:

(a) the method of images [12], [15]-[22] and

(b) the eigenfunction expansion [12, 16, 17], [22]-[30].
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(a) Method of Images

The method of images is a powerful technique for obtaining the field due to one
or more sources with conducting boundary planes. If a point charge ¢ is at some
distance & from a grounded conducting plane, the boundary condition imposed by
the plane on the resulting potential field may be satisfied by replacing the plane with
an “image charge” —g located at a position which is the mirror location of g. Using
this idea to obtain the Green’s function is perhaps best illustrated with an example.

Consider the region between the ground planes at y = 0 and y = & as shown
in Fig. 5.2. The Green’s function G(x, y; x’, y’) is the potential at the point (x, y),
which results when a unit line charge of 1 C/m is placed at the point (x’, y'). If no
ground planes were present, the potential at distance p from a unit line charge would
be

Vp) = ——Inp? (5.48)
4me
In order to satisfy the boundary conditions on the ground planes, an infinite set of
images is derived as shown in Fig. 5.2. The potential due to such a sequence of line
charges (including the original) within the strip is the superposition of an infinite
series of images:

G (e yid'y) = o ([ =) + ()] = (= )2+ (5 +9)]

00 N2 ’ 2
:L Z ln|:(x—x) +(y+y 2nh) :| (5.49)

(x — x4 (y — ¥ — 2nh)?

This series converges slowly and is awkward for numerical computation. It can be
summed to give [15]

1 sinh? (—n();;xl)) + sin? (_”(y;}:.v’)>
G(x,y;x',y)=-—In , , (5.50)
4re sinh2 (n(xzzx )) + sin? (ﬂ(yzzy ))

This expression can be shown to satisfy the appropriate boundary conditions along
the ground plane, i.e., G(x, y; x’, y') = 0at y = 0 or y = h. Note that G has exactly
one singularity at x = x’, y = y’ in the region 0 < y < h.
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y’I
y= X
® g
® +q
®

Figure 5.2

A single charge placed between two conducting planes produces the same poten-
tial as does the system of image charges when no conducting planes are present.

In order to evaluate an integral involving G (x, y; x’, ¥) in Eq. (5.50), it is conve-
nient to take out the singular portion of the unit source function. We rewrite Eq. (5.50)
as

1
G (x, y; x” y’) = —m In [(x — x’)2 + (y + y/)Z] tg (x’ y; x/’ y/) (5.51)
where
g(x, y;x,y) =
1 [(x - x,)z (y - y/)Z] [sinh2 (%) + sin? (_”Q;Zy’))]
Zrem , , (5.52)
4me sinh? (%) + sin? (_ﬂ(yzzy ))

Note that g(x, y; x’, y') is finite everywhere in 0 < y < h. The integral involving
g is evaluated numerically, while the one involving the singular logarithmic term is
evaluated analytically with the aid of integral tables.
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The method of images has been applied in derivating the Green’s functions for
multiconductor transmission lines [18]—[20] and planar microwave circuits [16, 17,
21]. The method is restricted to the shapes enclosed by boundaries that are straight
conductors.

(b) Eigenfunction Expansion

This method is suitable for deriving the Green’s function for differential equations
whose homogeneous solution is known. The Green’s function is represented in terms
of a series of orthonormal functions that satisfy the boundary conditions associated
with the differential equation. To illustrate the eigenfunction expansion procedure,
suppose we are interested in the Green’s function for the wave equation

PV PV ey g (5.53)
axz  9y? N '
subject to
av
— =0 or ¥=0 (5.54)
on

Let the eigenfunctions and eigenvalues of Eq. (5.53) that satisfy Eq. (5.54) be ¥; and
kj, respectively, i.e.,

2 2
VAW + K20 =0 (5.55)

Assuming that W; form a complete set of orthonormal functions,
1, j=i
Ui, dxdy = { 5.56
/s gy {o, j#i (50

where the asterisk (*) denotes complex conjugation. G(x, y; x’, y") can be expanded
in terms of W}, i.e.,

o
G(x,y;x',y) = Zaj\IJj(x, y) (5.57)
j=1

Since the Green’s function must satisfy
(V2 + kz) G (x, y; x', y’) =34 (x — x/) ) (y — y/) , (5.58)

substituting Egs. (5.55) and (5.57) into Eq. (5.58), we obtain

Zaj (kz—k]2->\llj=8(x—x/) s(y—>") (5.59)
j=1
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Multiplying both sides by W} and integrating over the region S gives

o0
>oa; (k=) / W dxdy = W (x',y')
j=1 s

Imposing the orthonormal property in Eq. (5.56) leads to

a; (k2 — klz) =) (x/, y’)

or
v (', y)
a4 = ————>
(k2 — k7)
Thus
© W (x, V)W (x, Y
G(x,y;x/,y’)z i y) J (x y)

5 )

(5.60)

(5.61)

(5.62)

The eigenfunction expansion approach has been applied to derive the Green’s
functions for plane conducting boundaries such as rectangular box and prism [22],
planar microwave circuits [16, 17, 25], multilayered dielectric structures [23, 24],
waveguides [28], and surfaces of revolution [27]. The approach is limited to separable
coordinate systems since the requisite eigenfunctions can be determined for only these

cases.
Example 5.3
Construct a Green’s function for
ViV =0
subject to V(a, ¢) = f(¢) within a circular disk p < a. I

Solution
Since g = 0, the solution is obtained from Eq. (5.21) as

G
1% :yg f—di
C on

where the circle C is the boundary of the disk as shown in Fig. 5.3. Let

G=F+U,

where F is already found to be

F:L1n|p—,o’
2

’
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R
a C
Figure 5.3
A disk of radius a.
i.e.,
Fo.d:06) = 2=t [02 407 ~20p'cos (6 9)] G0
The major problem is finding U. But
VZU=0 in R (5.65a)
with
U=—-F on C
or
Ula,¢; 0, ¢") = —% In [a2 +p'? = 2ap’ cos (0 — ¢/)] (5.65b)

Thus U can be found by solving the PDE in Eq. (5.65a) subject to the condition in
Eq. (5.65b). Applying the separation of variables method,

A .
U= 70 Y p" [Aycosng + B, sinng] (5.66)

n=1

The term p~" is not included since U must be bounded at p = 0. To impose
the boundary condition in Eq. (5.65b) on the solution in Eq. (5.66), we first express
Eq. (5.65b) in Fourier series using the identity

o~ 2" : 60— 1
Zz—cosw:/ A dk:——ln[1+z2—2zcos9] (5.67)
n 0o 1+A2—2xcosh 2

n=1
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Hence Eq. (5.65b) becomes

1 20/
Ula,¢;0'.¢') = —Elnaz |:1 + (,0//a)2 — 7/0005 (¢ — ¢/):|

1 1 A[p' 7" cosn(p—¢)
__ElnaJrEnX_;[E] - on

1 1 S 71"
=——1 — L I
2 na+27r Z[a]
n=1
(cos n¢ cosng’ + sinng sin n¢’)

n

(5.68)

Comparing Eq. (5.66) with Eq. (5.68) at p = a, we obtain the coefficients A, and B,
as

Ao
— = ——1Ina
2 b4

1 [p'7"

a'A, = — L cosng’
2rtn [ a |
1 [

a'B, = — L sinng’
2rn | a

Thus Eq. (5.66) becomes

Up,¢: 0 ¢’):—ilna+ii —
AR 2w

a2k {p}n cosn (¢ —¢')

2 a a n
n=1L
1 1 oo’ 1> 200’
= —E Ina — E In [1 + |:a_2:| - a2 Ccos (d) — ¢/) (569)

From Egs. (5.64) and Eq. (5.69), we obtain the Green’s function as

— 1 2 12 4 Y

G—Eln[p + p'% —2pp’ cos (¢ ¢)]
1 ) p/2p2

- In |:a T - 2pp’ cos (¢ — d/)] (5.70)

An alternative means of constructing the Green’s function is the method of images.
Let us obtain Eq. (5.70) using the method of images. Let

G(P.P)= %lnr—i-U

The problem reduces to finding the induced field U, which is harmonic within the

1
disk and is equal to — 5 Inr on C. Let P’ be the singular point of Green’s function
i
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Figure 5.4

The image point P, of P’ with respect to circle C so that OP'.OP, = 0Q = a>
and O Q P’ and O P, Q are similar triangles.

and let P, be the image of P’ with respect to the circle C as shown in Fig. 5.4. The
triangles O Q P’ and O Q Py are similar because the angle at O is common and the
sides adjacent to it are proportional. Thus
/
a
L2 5 ppy=d (5.71)
a  po

That is, the product of O P’ and O P, is equal to the square of the radius 0 Q. At a
point Q on C, it is evident from Fig. 5.4 that

I
ropr = —rgp
0 aQo

Therefore,
1 p'rpp
U=——1In e (5.72)
2 a
and
IO/
G:—lnrpp/——ln—rppo (573)
21 2 a

Since rp pr is the distance between P (p, ¢) and P’(p’, ¢) while rp p, is the distance
between P (p, ¢) and Py(p,. ) = Po(a®/p’, §),

rpp = p>+p'* —2pp cos (¢ — ')
4 2
a a

he, =0 =20 eos (90— 6)

© 2001 by CRCPRESSLLC



Substituting these in Eq. (5.73), we obtain

1
G = Eln [p2 + 0’2 = 2pp’ cos (0 — (;5/)]

1 p/2p2
~ -l |:a2 + 20p' cos (¢ — ¢/)] (5.74)

which is the same as Eq. (5.70). From Eq. (5.70) or (5.74), the directional derivative
dG/on = (VG - a,) on C is given by

_ 2a —2pcos (¢ — ¢')
p=a 47 [a® + p? —2apcos(p — ¢)]

2 2
B 2L —2pcos(¢p—¢)
47 [a® + p? —2apcos (¢ — ¢")]
aZ _ ,02

~ 27a [a% + p? — 2ap cos (¢ — ¢")]

Hence the solution in Eq. (5.63) becomes (with dI = ad¢’)

G
ap’

L7 (@®=p?) f(¢)de’
v =o [ e —p) 1 1d)dd (575)
27 Jo a2+ p? —2apcos (§ — 9]
which is known as Poisson’s integral formula. |
Example 5.4

Obtain the solution for the Laplace operator on unbounded half-space, z < 0 with
the condition V(z = 0) = f.

Solution
Again the solution is
G
V= ?g f—dS
S on
where S is the plane z = 0. We let
= ! +U
T dnwr—r) ’

so that the major problem is reduced to finding U. Using the method of images, it is
easy to see that the image point of P’(x’, y', z') is P, (x’, ¥, —z’) as shown in Fig. 5.5.
Hence
_ 1
4 |r — 1y

and
1 1

T 4nr—r| 4dmwir—r,|’
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A P(x,y,z)

Py(xy'2)
Figure 5.5
Half-space problem of Example 5.4.

where
v == o)+ 2]
r=rol = [(r =)+ =)+ + z’)z]l/2

Notice that G reduces to zero at z = 0 and has the required singularity at P'(x’, y’, z').
The directional derivative dG/dn on plane z = 0 is

dG 1 [ (z=2) (z+72)
£ = 4n 3T 3
8Z =l |r_r/| |r_r0| /=0
_ z
- 32
7=+ = )2+ 2]
Hence
of (¢.y') dx'dy’
Vix,y,2) = / / ) I |
—x)+ =y +z ]
Example 5.5
Using Green’s function, construct the solution for Poisson’s equation
v v Foy)
—_ _ = x’
axZ ' ay? Y
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subject to the boundary conditions

V(©0,y)=V(@,y)=Vx 0 =Vxb =0 [

Solution
According to Eq. (5.21), the solution is

b ra
Vix,y) = /0 fo F (X Y)G(x, y;x', ) dx'dy’ (5.76)

so that our problem is essentially that of obtaining the Green’s function G(x, y;
x’, ¥). The Green’s function satisfies
3°G 3G , ,
7 +_8y2 =8(x—x")8(y—)) (5.77)
To apply the series expansion method of finding G, we must first determine eigen-
functions W (x, y) of Laplace’s equation, i.e.,

ViU = 2w

where W satisfies the boundary conditions. It is evident that the normalized eigen-

functions are
2 . mmx . nmwy
sin sin

mn = Jab a 7

with the corresponding eigenvalues

v

Thus,

G (x.y: x, 2 iiA ', y') sin T sin 222 (5.78)
i y) = 7= 1 - p :

m=1n

The expansion coefficients, A,,, are determined by substituting Eq. (5.78) into
nw

Eq. (5.77), multiplying both sides by sin mrx sin—y and integrating over

0 < x <a, 0 <y < b. Using the orthonormality property of the eigenfunctions
and the shifting property of the delta function results in

S Sim

- ab a b

Obtaining A,,, from this and substituting in Eq. (5.78) gives

m?n?  nln? 2 . mmx’ | nmy
- - A5 T Amn

/
mmax .3 hry

4 & sin sin 222’ gin =5 sin 22
G (x4 ~ T ab Z Z m 7r2/a +n2r2/b? 5.79)
m=1 n=1
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Another way of obtaining Green’s function is by means of a single series rather
than a double summation in Eq. (5.79). It can be shown that [28, 29]

G (x, y; x/, y/) =

. . nw(a—x") . ). )
o sin 27 sinh 2(a=x) Gn Y Ginh =L

2 b b /
_2 z 4 , X <X
T n sinh %
no:o1 . vongx’ ioqonm(a—x) .onwy . 1 nwy (5.80)
sinh 2ZZ* sinh =—>— sin —= sinh —*
2 b b b b /
-2 X >Xx

s nmwa ?
1 n sinh 5

n

By Fourier series expansion, it can be verified that the expressions in Egs. (5.79)
1
and (5.80) are identical. Besides the factor —, the Green’s function in Eq. (5.79)

€
or Eq. (5.80) gives the potential V due to a unit line source at (x’, ') in the region
0 <x <a, 0 <y < basshown in Fig. 5.6. |

o(x"y")

Figure 5.6
Line source in a rectangular region.

Example 5.6
An infinite line source I, is located at (o', ¢) in a wedge waveguide shown in Fig. 5.7.
Derive the electric field due to the line.

Solution
Assuming the time factor ¢/®’, the z-component of E for the TE mode satisfies the
wave equation

V2E. + K*E; = joul. (5.81)

with
IE,
on

=0
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Figure 5.7
Line source in a waveguide.

where k = w,/pi€ and n is the outward unit normal at any point on the periphery of
the cross section. The Green’s function for this problem satisfies

V3G 4+ k*G = jous (p — p') (5.82)
with ac
=0
on

so that the solution to Eq. (5.81) is
E; = jou fs L0, ¢")G(p.¢; 0. ¢") dS (5.83)

To determine the Green’s function G(p, ¢; p’, ¢'), we find ¥; so that Eq. (5.62)

can be applied. The boundary condition = 0 implies that
n

190G 10G G
X P T A AN o
The set of functions which satisfy the boundary conditions are
Vv (p, @) = Jy (kv p) cos vép (5.85)
where
v=nnw/a, n=0,1,2,..., (5.86a)
ki are chosen to satisfy
iJU (kmvp) =0, (5.86b)

ap p=a

and the subscript m is used to denote the mth root of Eq. (5.86b); m can take the
value zero for n = 0. The functions ¥, are orthogonal if and only if v is an integer
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which implies that v is an integral multiple of @. Let o = 7 /¢, where £ is a positive
integer, so that ®,,, are mutually orthogonal. To obtain the Green’s function using
Eq. (5.62), these eigenfunctions must be normalized over the region, i.e.,

a a/2, m=v
J (k dp =11 5.87
/0 v (kmvp) dp 5 [az — (ﬂ/k}%ﬂ))] J2 (kmya) , otherwise 870
i
w 7 v=20
/ cos’ vpdp =1 (5.87b)
0 —, otherwise
2¢
where v = n{. Using the normalized eigenfunctions, we obtain
G V4 / — — I
(0. 930", 9) = —— —4jlon >0
oo I (kg cos vpcosvd! o
€, ( 2 kUT) -]v2 (kmva) (k2 - krznv)
where
2, =0
¢, = v (5.89)
1, v#0

1
We have employed the fact that wjt/ k? = — to obtain the first term on the right-hand
we
side of Eq. (5.88). |

5.4 Applications I — Quasi-Static Problems

The method of moments has been applied to so many EM problems that covering
all of them is practically impossible. We will only consider the relatively easy ones
to illustrate the techniques involved. Once the basic approach has been mastered, it
will be easy for the reader to extend the idea to attack more complicated problems.

We will apply MOM to a static problem in this section; more involved applica-
tion will be considered in the sections to follow. We will consider the problem of
determining the characteristic impedance Z, of a strip transmission line [31].

Consider the strip transmission of Fig. 5.8(a). If the line is assumed to be infinitely
long, the problem is reduced to a two-dimensional TEM problem of line sources in
a plane as in Fig. 5.8(b). Let the potential difference of the strips be V; = 2V so
that strip 1 is maintained at +1V while strip 2 is at —1V. Our objective is to find the
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(2)

(b)

Figure 5.8
(a) The strip transmission line. (b) The two-dimensional view.

surface charge density p(x, y) on the strips so that the total charge per unit length on
one strip can be found as

00 = fpdl (5.90)

(Q¢ is charge per unit length as distinct from the total charge on the strip because
we are treating a three-dimensional problem as a two-dimensional one.) Once Q is
known, the capacitance per unit length C, can be found from

_o

Co= 591
= (5.91)
Finally, the line characteristic impedance is obtained:
(ne)'/? 1
= = — 5.92
0 c, uC, (5.92)

where u = 1/./ue€ is the speed of the wave in the (lossless) dielectric medium
between the strips. Everything is straightforward once the charge density p(x, y) in
Eq. (5.90) is known. To find p using MOM, we divide each strip into n subareas of

© 2001 by CRCPRESSLLC



equal width A so that subareas in strip 1 are numbered 1, 2, ..., n, while those in
strip 2 are numbered n 4+ 1,n +2,n + 3, ..., 2n. The potential at an arbitrary field
point is

1 R
Vix,y) = e / p(x'.y)In = dx'dy’ (5.93)
o

where R is the distance between source and field points, i.e.,

12
R=[(x=x)+ ()] (5.94)

Since the integral in Eq. (5.93) may be regarded as rectangular subareas in a nu-
merical sense, the potential at the center of a typical subarea S; is

l—d/
27‘[62'0// nr

j=1 Si o

or
n
Vi=)_ Aijp; (5.95)

where

1 Rij Y
2me Js, 1o
R;; is the distance between ith and jth subareas, and A;; p; represents the potential
at point i due to subarea j. In Eq. (5.95), we have assumed that the charge density p

is constant within each subarea. For all the subareas S;,i = 1,2, ..., 2n we have
2n
Vi= ZPjAlj =1
j=1
2n
Vo = ijAZj =1
j=1

2n
Vat1 = ZP] n+l,j = —1

2n

Von = Z)OjAZrl,j =—1
Jj=1
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Thus we obtain a set of 2n simultaneous equations with 2n unknown charge densities
p;i. In matrix form,

Ayp A - Ao 01
Agl Ap - Aoy o) ‘
’ —1
Ani An2 -+ Anon P2n )
or simply
[Alle] = [B] (5.97)

It can be shown that [32] the elements of matrix [A] expressed in Eq. (5.96) can be
reduced to

A R;ij .
2—ln—, i#]j
TE T
Aij=1"4 OA (5.98)
—[ln——l.S}, i=j
2me o

where r, is a constant scale factor (commonly taken as unity). From Eq. (5.97), we
obtain [p] either by solving the simultaneous equation or by matrix inversion, i.e.,

[p] = [A]"'[B] (5.99)

Once [p] is known, we determine C, from Egs. (5.90) and (5.91) as
n
Co=) pjA/Va (5.100)
j=1
where V; = 2V. Obtaining Z, follows from Eqgs. (5.92) and (5.100).

Example 5.7
Write a program to find the characteristic impedance Z, of a strip line with H =
2m, W =5m, € = €,, tp = Mo, and V; =2V,

Solution

The FORTRAN program is shown in Fig. 5.9. With the given data, the program
calculates the elements of matrices [A] and [B] and determines [ o] by matrix inversion.
With the computed charge densities the capacitance per unit length is calculated using
Eq. (5.100) and the characteristic impedance from Eq. (5.92). Table 5.2 presents the
computed values of Z, for a different number of segments per strip, n. The results
agree well with Z, = 50 2 from Wheeler’s curve [33].
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0001
0002

Figure 5.9

D L T T
USING MOMENTS METHOD,
THIS PROGRAM DETERMINES THE CHARACTERISTIC IMPEDANCE
OF A STRIP TRANSMISSION LINE
WITH CROSS-SECTIONR W X H
THE STRIPS MAINTAINED AT 1 VOLT AED - 1 VOLT.

ONE STRIP IS LOCATED ON THE Y= H/2 PLAKE WHILE THE OTHER
IS LOCATED OF THE Y= -H/2 PLANE.

ALL DIMEBSIONS ARE IN S.I. UNITS

aacaooaoaoaoaaaaoan

§ IS THBE NUMBER OF SUBSECTIONS IETO WHICH
EACH STRIP IS DIVIDED
[ e T T P e T L]

DIMENSIOE A(100,100), B(100), X(100), Y(100), R0(100)
DATA PIE/3.14159/

C FIRST, SPECIFY THE PARAMETERS

CL=3.E+8 ! SPEED OF LIGHT IN FREE SPACE
ER=1.0

E0=8.8541E-12

B=2.0

W=5.0

§=10

NT=28

DELTA = W/FLOAT(N)

SECOND, CALCULATE THE MATCH POINTS
AND THE COEFFICIENT MATRIX [A]

[eNo N Ne!

DO 10 K=1,¥
X(K) = DELTA#( FLOAT(K) -0.5 ) ! FOR LOWER STRIP
Y(K) = -H/2.0
X(K+K) = X(K) ! FOR UPPER STRIP
Y(K+X) H/2.0

10 CONTINUE

FACTOR = DELTA/(2.0sPIE*E0)

DO 20 I=1,ET
DO 20 J=1,WT
IF(I-J) 12,11,12

11 A(I,J)= -( ALOG(DELTA) - 1.5)*FACTOR
GO TO 13

12 R=SQRT( (X(I) - X(J))**2 + (Y(I) - Y(J))**2 )
A(I,J)= - ALOG(R)*FACTOR

13 CONTINUE

20 CONTIRUE

C
[ NOV DETERMINE THE MATRIX OF CONSTANT VECTOR [B]
C
DO 30 K=1,¥
B(X)=1.0
[ B(K+K)= -1.0
30 CONTINUE
[

FORTRAN program for Example 5.7 (Continued).
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0060 C INVERT MATRIX A(I,J) AND CALCULATE MATRIX RO(N)
0061 c CONSISTING OF THE UNKNOWE ELEMENTS

0062 c ALSO CALCULATE THE TOTAL CHARGE Q,

0063 c THE CAPACITANCE C, AND THE CHARACTERISTIC IMPEDANCE Zo.
0064

0065 BIV=ET

0066 EMAX=100

0067 CALL INVERSE(A,NIV,NMAX) ' APPENDIX D

0068 DO 50 I=1,NT

0069 RO(I)=0.0

0070 DO 40 M=1,ET

0071 ROCI)=RO(I) + A(I,M)*B(M)

0072 40 CONTINUE
0073 50 COBTINUE

0074 SUM=0.0
0075 DO 60 I=1,N
0076 SUM= SUM + RO(I)
0077 60  CONTINUE
0078 Q=SUM*DELTA
0079 VD=2.0
0080 C=ABS(Q)/VD
0081 Z0 = SQRT(ER)/CL*C
0082 PRINT *,Z0
0083 WRITE(6,70) 20
0084 70  FORMAT(2X,’20=',E14.6,/)
0085 STOP
0086 END
Figure 5.9

(Cont.) FORTRAN program for Example 5.7.

Table 5.2 Characteristic
Impedance of a Strip
Transmission Line

n Z,(in Q)
3 53.02
7 51.07
11 50.49
18 50.39
39 49.71
59 49.61

5.5 Applications II — Scattering Problems

The purpose of this section is to illustrate, with two examples, how the method
of moments can be applied to solve electromagnetic scattering problems. The first
example is on scattering of a plane wave by a perfectly conducting cylinder [3], while
the second is on scattering of a plane wave by an arbitrary array of parallel wires [34].
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5.5.1 Scattering by Conducting Cylinder

Consider an infinitely long, perfectly conducting cylinder located at a far distance
from a radiating source. Assuming a time-harmonic field with time factor e/®',
Maxwell’s equations can be written in phasor form as

V-E;=0 (5.101a)
V-H;=0 (5.101b)
V x Es; = —jouH; (5.101¢)
V x Hy = J5 + joweEg (5.101d)

where the subscript s denotes phasor or complex quantities. Henceforth, we will
drop subscript s for simplicity and use the same symbols for the frequency-domain
quantities and time-domain quantities. It is assumed that the reader can differentiate
between the two quantities. Taking the curl of Eq. (5.101¢) and applying Eq. (5.101d),
we obtain

VXVXE=—jouV xH=—jouJ + jweE) (5.102)
Introducing the vector identity
VxVxA=V(V-A) - VA
into Eq. (5.102) gives
V(V-E) - V’E = —jouJ + joeE)
In view of Eq. (5.101a), V(V - E) = 0 so that
VZE + k’E = joul (5.103)

where k = w(ue)'/? = 27 /X is the wave number and X is the wavelength. Equa-
tion (5.103) is the vector form of the Helmholtz wave equation. If we assume a TM
wave (H; = 0) with E = E, (x, y)a_, the vector equation (5.103) becomes a scalar

equation, namely,
V2E, +K’E, = joul, (5.104)
where J = J;a; is the source current density. The integral solution to Eq. (5.104) is

k
E:(r.y) = Ex(p) = ==°

T (o) H? (ko= p']) dS’ (5.105)
s
where p = xa, + ya, is the field point, p’ = x’a, + y’a, is the source point,
Mo = (o/€)'/? ~ 377K is the intrinsic impedance of free space, and Héz) =
Hankel function of the second kind of zero order since an outward-traveling wave
is assumed and there is no ¢ dependence. The integration in Eq. (5.105) is over the
cross section of the cylinder shown in Fig. 5.10.
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Figure 5.10
Cross section of the cylinder.

If field E ; is incident on a perfectly conducting cylinder, it induces surface current
J;, on the conducting cylinder, which in turn produces a scattered field E7. The
scattered field E due to J; is expressed by Eq. (5.105). On the boundary C, the
tangential component of the total field must vanish. Thus

Ei+Ei=0onC (5.106)
Substitution of Eq. (5.105) into Eq. (5.106) yields

: k
Ei(p) = % /C I (o) B (ko = o']) ar (5.107)

In the integral equation (5.107), the induced surface current density J; is the only
unknown. We determine J, using the moment method.

We divide the boundary C into N segments and apply the point matching technique.
On a segment AC,,, Eq. (5.107) becomes

k

N
1957 T (ow) B Gk low — pul) AC (5.108)

EL (pn) = 1

m=1

where the integration in Eq. (5.107) has been replaced by summation. On applying
Eq. (5.108) to all segments, a system of simultaneous equations results. The system
of equations can be cast in matrix form as

E! (p1) Al A ... AN Jz (p1)
E} (02) Ay Ay ... Aoy J: (p2)
. = . . . (5.109a)
EL (pn) An1 ANz ... ANN Jz (pN)
or
[E] = [A][J] (5.109b)
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Hence

[J]1=[A]""[E] (5.110)
To determine the exact values of elements of matrix [A] may be difficult. Approxi-
mately [6],
nok 1/2)
BEACHE Yk =) + G =y T m
Apn =~ (5.111)

nok 1— 2 o vkAC,
— = , m=n
4 J - £10 de

where (x,, ¥,) is the midpoint of AC,, e = 2.718...,and y = 1.781.... Thus
for a given cross section and specified incident field E é, the induced surface current
density J, can be found from Eq. (5.110). To be specific, assume the propagation
vector K is directed as shown in Fig. 5.11 so that

El = E,e/*"
wherer = xa, +yay, k = k(cos_q),- a, +sing;ay), k = 27 /A, and ¢; is the incidence
angle. Taking E, = 1 so that |E}| =1,
| ik(xcosgi+ysing;
Eé — el (x cos ¢, +y sin¢;) (5.112)
Given any C (dictated by the cross section of the cylinder), we can substitute Egs. (5.111)

and (5.112) into Eq. (5.109) and determine [J] from Eq. (5.110). Once J;, the in-
duced current density, is known, we calculate the scattering cross section o defined

by
EX@) |
o (9, 9i) = 277/0’ =
E? (¢i)
kng 77\ L jk(x cosp+y sing) g7/ g
= CJZ(x,y)e dl (5.113)
where ¢ is the angle at the observation point, the point at which o is evaluated. In
matrix form,
kn? _ 712
o @ 9) === |[Vil1Zund ™ [ V2] (5.114)
where
Vi = AC, ekt cosditomeosi) (5.115a)
Vrf — ACnejk(x” €OS ¢+, cos @) i (5.115b)
and
Zimn = ACu Amn (51150)
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Figure 5.11
Typical propagation of vector k.

5.5.2 Scattering by an Arbitrary Array of Parallel Wires

This problem is of more general nature than the one just described. As a matter
of fact, any infinitely long, perfectly conducting, thin metal can be modeled as an
array of parallel wires. It will be shown that the scattering pattern due to an arbitrary
array of line sources approaches that of a solid conducting cylinder of the same cross-
sectional geometry if a sufficiently large number of wires are present and they are
arrayed on a closed curve. Hence the problem of scattering by a conducting cylinder
presented above can also be modeled with the techniques to be described here (see
Problems 5.17 and 5.19).

Consider an arbitrary array of N parallel, infinitely long wires placed parallel to
the z-axis [34]. Three of such wires are illustrated in Fig. 5.12. Let a harmonic TM
wave be incident on the wires. Assuming a time factor e/ the incident wave in
phasor form is given by

Figure 5.12
An array of three wires parallel to the z-axis.
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El = E;(x,y)e /" (5.116)

where
Ei (.X, y) — Eoe—jk(x sin@,- cos¢,-+y sin@,- sinzpi) (51173)
h =kcosb; (5.117b)
2
k= Tﬂ = w(ue)?, (5.117¢)

and 6;and ¢; define the axis of propagation as illustrated in Fig. 5.13. The incident
wave induces current on the surface of wire n. The induced current density has only
Z component.

Figure 5.13
Propagation vector k.

It can be shown that the field due to a harmonic current [, uniformly distributed
on a circular cylinder of radius a, has a z component given by

E,=—IH? (pa) e, py > ay (5.118)
where
2
wpg
g +ht =k, (5.120)

Jo is Bessel function of order zero, and Hy is Hankel function of the second kind of
order zero. By induction theorem, if I, is regarded as the induced current, Eq. (5.118)
may be considered as the scattered field, i.e.,

N
ES ==Y "I H (gon) eI (5.121)

n=1

where the summation is taken over all the N wires. On the surface of each wire
(assumed perfectly conducting),

Ei+E =0
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or

El=—E5, p=ps (5.122)
Substitution of Egs. (5.116) and (5.121) into Eq. (5.122) leads to
N
Z I';H(;z) (8omn) = Ei (Xm, Ym) (5.123)
n=1
where
2 2
Omn = \/(xm - xn) + (Ym - }’n) , m # n (5124)
am ,m=n
and a,, is the radius of the mth wire. In matrix form, Eq. (5.123) can be written as
[Alll] = [B]
or
[1]1=[A]"'[B] (5.125)
where
L =1,, (5.126a)
Amn = Héz) (8omn) (5.126b)
Bm — Eoefjk(xm sin 6; cos ¢; +yy, sin 0; sin ¢;) (5.1260)

Once I is calculated from Eq. (5.125), the scattered field can be obtained as

Z ILHY (gpn) e (5.127)

n=1

Finally, we may calculate the “distant scattering pattern,” defined as

N
E(¢) = Z I’;ejg(xn os ¢+ yp sin ) (5.128)

n=1

The following example, taken from Richmond’s work [34], will be used to illustrate
the techniques discussed in the latter half of this section.

Example 5.8
Consider the two arrays shown in Fig. 5.14. For Fig. 5.14(a), take
no. of wires, N = 15
wire radius, ka = 0.05
wire spacing, ks = 1.0
0, =90°, ¢, = 40°, 270° < ¢ < 90°
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and for Fig. 5.14(b), take

no. of wires, N = 30
wire radius, ka = 0.05
cylinder radius, R =1.12 A
0, =90°, ¢,=0, 0 <¢ < 180°

For the two arrays, calculate and plot the scattering pattern as a function of ¢. I

0y 4

Propagation axis

Propagation axis

(b)

Figure 5.14

For Example 5.8: (a) A plane array of 15 parallel wires, (b) a semicircular array
of 30 parallel wires.

Solution

The FORTRAN code for calculating the scattering pattern E(¢) based on
Eq. (5.128) is shown in Fig. 5.15. The same program can be used for the two arrays
in Fig. 5.14, except that the input data on N, ka, ks and the locations (x,,, y,),n =
1,2, ..., N of the wires are different. The program essentially calculates I,, required
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0001 C

0002 [of THIS PROGRAM CALCULATES THE SCATTERING PATTERN OF AX
0003 Cc ARRAY OF PARALLEL WIRES

0004 C REFERENCE - RICHMOKED’S WORK (8]

0005 C mor s N R R S S R IR EEERE S SIS I IIT =
0006

0007 PARAMETER (IDM=50)

0008 DIMENSION X(IDM),Y(IDM),RHO(IDM,IDM) ,E(IDM)

0009 REAL LAMBDA,K

0010 COMPLEX J,HO,SUM,A(IDM,IDM) ,B(1DM),I(IDM)

0011 DATA PIE,LAMBDA/3.14159,1.0/

0012

0013 J=(0.0,1.0)

0014 C

0015 C SPECIFY NECESSARY DATA AND CALCULATE
RELEVANT PARAMETERS

0016 [
0017 N = 30

0018 THETAO = PIE/2.0

0019 PHIO = 0.0

0020 E0 = 1.0

0021 R = 1.125¢LAMBDA

0022 K = 2.0+PIE/LAMBDA

0023 AA = 0.05/K

0024 S = 1.0/K

0025 H = K+COS(THETAO)

0026 G = SQRT( K+#%2 - H¥%2 )

0027 C

0028 C  DEFINE WIRE LOCATIONS AND CALCULATE RHO

0029 [

0030 DO 10 B=1,EK

0031 PHI = PIEs( FLOAT(E-1)/FLOAT(NK-1) ) - PIE/2.0
0032 X(N) = R+COS(PHI)

0033 Y(N) = R+SIN(PHI)

0034 10 CONTINUE

0035 DO 40 M=1,NN

0036 DO 40 §=1,N¥

0037 IF(M-N) 20,30,20

0038 20 REHO(M,N) = SQRT( (X(M) ~ X(E))**2 + (Y(M) ~ Y(N))*#%2 )
0039 GO TO 40

0040 30 RHO(M,E) = AA
0041 40 CORTINUE

0042 ¢
0043  C CONSTRUCT MATRIX [a]
0044 ¢
0045 DO 50 M=1,NN§
0046 DG 50 ¥=1,§8
0047 ARGU = G+RHO(M,N)
0048 CALL HABKEL(ARGU,HO)
0049 A(M,N) = HO
0050 50 CONTINUE
0051 ¢
0052  C CONSTRUCT MATRIX [B]
0083 ¢
0054 DO 60 M=1,NN
0055 ALPHA = X(M)*SIN(THETAQ)*COS(PHIO)
0056 1 + Y(M)+SIN(THETAO)*SIN(PEIO)
0057 B(M) = EO*CEXP( -J*K+ALPHA )
0058 60 CONTINUE
0059 ¢
Figure 5.15

Computer program for Example 5.8 (Continued).
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0060
0061

0009
0010
0011
0012
0013
0014
0015
0016
0017
0018
0019
0020
0021
0022
0023
0024
0025
0026
0027
0028
0029
0030
0031
0032
0033
0034

Figure 5.15

C SOLVE FOR MATRIX [I] CONSISTING OF "MODIFIED CURREET"OR
C CURRENT COEFFICIENTS

C

70
C

CALL INVERSE(A,NN,6IDM)
DO 70 B=1,NN

I(¥) = (0.0,0.0)

DO 70 M=1,NN

I(N) = I(H) + AN, M)*«B(M)
CONTINUE

C FINALLY, CALCULATE THE SCATTERING PATTERN E(PHI)

Cc

80

90
100

[of L s T T T
C THIS PROGRAM EVALUATES HANKEL FUNCTION OF THE SECORD KIND

DPHI = 5.0

D0 90 L=1,37

PHI = DPHISFLOAT(L-1)

SUM = (0.0,0.0)

D0 80 E=1,KN

ALP = X(X)*COSD{(PHI) + Y(N)*SIND(PHI)
SUM = SUM + I(H)*CEXP( JsG&ALP )
CONTINUE

E(L) = CABS(SUM)

WRITE(6,100) PHI,E(L)

CONTINUE

FORMAT(2X, ’PHI=’ ,F8.2,3X,’E(PHI) =’ ,F12.6,/)
CALL PLOT(E,37,0.0,DPHI,1)

STOP

END

C AND ORDER ZERO USING NEWTOR-COTES RULE (E=5)

CHEXXRXSEEXRRERER BB B R AR ERE RN R RSN AR R BN AR KRR R KRR KR R R Rk R K

C

C INITIALIZATION OF VARIABLES
C

¥

SUBROUTINE HANKEL(X, H)
DIMENSIOR 01(150),C(10),A1(10),A2(100),02(150)

DATA ( ¢c(I), I=1,6 )/19.0,75.0,50.0,50.0,75.0,19.0/

COMPLEX H
A=0.
B=3.141692654
M=30.
H1=(B-A)/M
H2=H1/2

=5

NX=288
E=.577216

C SET VALUES QOF ANGLES

C

5
C

DO 5 I=1,M+1
01(I)=(I-1)*H1
02(I)=(I~1)*H2
CONTINUE

C COMPUTE VALUES OF XJO &Y0

C

L=M/X
SUM1=0.
SUM3=0.

DO 500 I=1,L
SUM2=0.

(Cont.) Computer program for Example 5.8 (Continued).
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0035 SUM4=0.

0036 C

0037 C SET UP COMPUTATIONS OF AIS

0038 c

0039 DO 100 II=1,E+1

0040 J=(I-1)*¥+II

0041 SUM2=SUM2+C(II)*C0S{X*C0S(01(J)))
0042 IF(J.EQ.1)02(J)=.00405
0043 SUM4=SUM4+C(II)*COS(X*C0S(02(J)))*(E+
0044 2 ALOG(2*X+(SIN(02(J)))**2))
0045 100  CONTINUE

0046 C

0047 C COMPUTE THE SUKM A1S

0048 c

0049 A1(I)=SUM2

0050 A2(1)=SUM4

0051 SUM1=SUM1+41(I)

0052 SUM3=SUM3+A2(I)

0053 500  CONTINUE

0054 C

0055 C COMPUTE HO(X)=XJO(X)+I+YO(X)
0056 c

0057 XJO=(N+H1+SUM1) / (NX*B)
0058 YO=(N*H2+4%SUM3) / (EX*B*%2)
0059 H=CMPLX( XJO,-YO )

0060 RETURK

0061 EED

Figure 5.15
(Cont.) Computer program for Example 5.8.
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Figure 5.16
Scattering pattern for the plane array of Fig. 5.14(a).
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Propagation axis

No. of wires N = 30
Wire radius  ka = 0.05
Wire spacing ks = 1.1254 ___|

I I |
90 = 90°—— Array of wires

'
'
'
'

(])O =0° xxx Solid cylinder

20 40 60 80 100 120 140 160 180
¢ (Degrees)

Figure 5.17
Scattering pattern for the semicircular array of Fig. 5.14(b).
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Figure 5.18
Cylindrical antenna of length / and radius a.

© 2001 by CRCPRESSLLC



in Eq. (5.128) using Eqs. (5.125) and (5.126). The plots of E(¢) against ¢ are por-
trayed in Figs. 5.16 and 5.17 for the arrays in Fig. 5.14(a) and 5.14(b), respectively.

5.6 Applications III — Radiation Problems

In this section, we consider the application of MOM to wires or cylindrical antennas.
The distinction between scatterers considered in the previous section and antennas
to be treated here is primarily that of the location of the source. An object acts as a
scatterer if it is far from the source; it acts as an antenna if the source is on it [3].

Consider a perfectly conducting cylindrical antenna of radius a, extending from
z = —{/2toz = {/2 as shown in Fig. 5.18. Let the antenna be situated in a lossless
homogeneous dielectric medium (0 = 0). Assuming a z-directed current on the
cylinder (J = J;a;), only axial electric field E, is produced due to axial symmetry.
The electric field can be expressed in terms of the retarded potentials of Eq. (1.38) as

E,=—jwA; — — (5.129)
0z
Applying the Lorentz condition of Eq. (1.41), namely,
04,
9z

= —jopev , (5.130)

Eq. (5.129) becomes

, 1 9?

where k = w(ue)/? = 27 /X, w is the angular frequency of the suppressed harmonic

time variation ¢/’ From Eq. (1.44)
¢)2
A, = /L/ 1 (z/) G (x, v, Z; X, y/, z/) d7’ (5.132)
—£/2
where G (x, y, z; x', ¥/, Z') is the free space Greens’ function, i.e.,
Ll

4w R

G(x,y.z:x',y, )= (5.133)

and R is the distance between observation point (x, y, z) and source point (x’, ¥, z)
or

12
R = [(x - x’)2 + (- y')2 +(z— z’)z] (5.134)
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Combining Egs. (5.131) and (5.132) gives

1 42 ¢/2
E,=—jo 1+ =— I1(Z)G (x,y,z:x",y,7)d7 5.135
= gon (14 in) [ 1R Gy s1)
This integro-differential equation is not convenient for numerical analysis because it
requires evaluation of the second derivative with respect to z of the integral. We will
now consider two types of modification of Eq. (5.135) leading to Hallen’s (magnetic
vector potential) and Pocklington’s (electric field) integral equations. Either of these
integral equations can be used to determine the current distribution on a cylindrical
antenna or scatterer and subsequently calculate all other quantities of interest.

5.6.1 Hallen’s Integral Equation

We can rewrite Eq. (5.135) in a compact form as

2
(;7 +k2) F(z) =k*S(z), —£/2<z<¢¥)2 (5.136)
where
/2
F(z) = / 1()G(z,2)d7, (5.137a)
—t/2
EZ
S(z) = —- (5.137b)
jou

Equation (5.136) is a second-order linear ordinary differential equation. The general
solution to the homogeneous equation

d2
(— +k2> F(z) =0,

dz?

which is consistent with the boundary condition that the current must be zero at the
wire ends (z = ££/2), is

Fy(z) = ¢y coskz + ¢ sinkz (5.138)

where ¢ and ¢, are integration constants. The particular solution of Eq. (5.136) can
be obtained, for example, by the Lagrange method of varying constants [35] as

£/2
Fp(z) = k/ S(Z)sink |z — 7| d7 (5.139)
—/2
Thus from Egs. (5.137) to (5.139), the solution to Eq. (5.136) is

¢/
/ 1(2) G (z,2)dz' = cicoskz + casinkz
—e/2

j £/2
~ —/ E; (J)sink |z —2/|dZ  (5.140)
nJ—en
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where n = /u/¢€ is the intrinsic impedance of the surrounding medium. Equa-
tion (5.140) is referred to as Hallen's integral equation [36] for a perfectly conducting
cylindrical antenna or scatterer. The equation has been generalized by Mei [37] to
perfectly conducting wires of arbitrary shape. Hallen’s IE is computationally conve-
nient since its kernel contains only £/r terms. Its major advantage is the ease with
which a converged solution may be obtained, while its major drawback lies in the
additional work required in finding the integration constants ¢y and c; [35, 38].

5.6.2 Pocklington’s Integral Equation

We can also rewrite Eq. (5.135) by introducing the operator in parentheses under
the integral sign so that

€2 52
/ 1(2) <ﬁ + k2> G (z.2)d7 = joweE, (5.141)
—£/2 e

This is known as Pocklington’s integral equation [39]. Note that Pocklington’s IE
has E,, which represents the field from the source on the right-hand side. Both
Pocklington’s and Hallen’s IEs can be used to treat wire antennas. The third type of
IE derivable from Eq. (5.135) is the Schelkunoff’s IE, found in [35].

5.6.3 Expansion and Weighting Functions

Having derived suitable integral equations, we can now find solutions for a variety
of wire antennas or scatterers. This usually entails reducing the integral equations to
a set of simultaneous linear equations using the method of moments. The unknown
current / (z) along the wire is approximated by a finite set u#,, (z) of basis (or expansion)
functions with unknown amplitudes as discussed in the last chapter. That is, we let

N
1) =) Lun(2) (5.142)
n=1

where N is the number of basis functions needed to cover the wire and the expansion
coefficients I, are to be determined. The functions u, are chosen to be linearly
independent. The basis functions commonly used in solving antenna or scattering
problems are of two types: entire domain functions and subdomain functions. The
entire domain basis functions exist over the full domain —¢/2 < z < £/2. Typical
examples are [8, 40]:

(1) Fourier:

un(z) =cos(n — 1)v/2, (5.143a)
(2) Chebychev:

un(z) = Top2(v), (5.143b)
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(3) Mauclaurin:

un(z) = v"72, (5.143c¢)

(4) Legendre:
un(z) = Pyp—2(v), (5.143d)

(5) Hermite:
un(z) = Hyp—2(v) , (5.143e)
where v =2z/f andn = 1,2, ..., N. The subdomain basis functions exist only on

one of the N nonoverlapping segments into which the domain is divided. Typical
examples are [41, 42]:

(1) piecewise constant (pulse) function:

I, zZu—1/2 <2 < Zn+1)2
u,(z) = 5.144a
n(@) {O, otherwise, ( )

(2) piecewise linear (triangular) function:

A — |z —zy] -

Un(z) = A i T s (5.144b)
0, otherwise,

(3) piecewise sinusoidal function:

sink (z — |z — zu| . ez

Un(z) = sinkA 0 ! n (5.144c)
0, otherwise,

where A = {/N, assuming equal subintervals although this is unnecessary.

Figure 5.19 illustrates these subdomain functions. The entire domain basis func-
tions are of limited applications since they require a prior knowledge of the nature
of the function to be represented. The subdomain functions are the most commonly
used, particularly in developing general-purpose user-oriented computer codes for
treating wire problems. For this reason, we will focus on using subdomain functions
as basis functions.

Substitution of the approximate representation of current / (z) in Eq. (5.142) into
Pocklington’s IE of Eq. (5.141) gives

¢2 N
/ > Ly () K (2m. 2) d2 ~ E- (zm) (5.145)
=42 5
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(©)

Figure 5.19

Typical subdomain weighting functions: (a) Piecewise uniform function,
(b) piecewise linear function, (c) piecewise sinusoidal function.

where

/ 1 82 2 /
K(Zm’Z):jE 8_Z2+k G(Zm;Z)

is the kernel z = z,, on segment m is the point on the wire at which the IE is being
enforced. Equation (5.145) may be written as

N
Sobh [ K o) () = B
n=l1 Az

or
N
> Lugm = E: (zm) (5.146)
n=1
where
gm = / K (zm, z’) Uy (z’) dz7 (5.147)
Az,
In order to solve for the unknown current amplitudes I, n = 1,2,...,N), N

equations need to be derived from Eq. (5.146). We achieve this by multiplying
Eq. (5.146) by weighting (or testing) functions w, (n = 1,2, ..., n) and integrating

© 2001 by CRCPRESSLLC



over the wire length. In other words, we let Eq. (5.146) be satisfied in an average
sense over the entire domain. This leads to forming the inner product between each
of the weighting functions and g, so that Eq. (5.146) is reduced to

N
> Lo, gm) = {on, E)), m=1,2,....N (5.148)
n=1

Thus we have a set of N simultaneous equations which can be written in matrix form

(w1, 81) ... (w1, gN) I (w1, E;1)
(w2, 81) ... {2, gN) 163 B (w2, Ex)
n. 1) . Aon.gn) | | Iy (N Eoy)
or
[Z][I1=[V] (5.149)

where z,,, = (wn, gm) and V,;, = (wy,, E;). The desired solution for the current is
then obtained by solving the simultaneous equations (5.149) or by matrix inversion,
i.e.,

(1]1=1[Z1""[v] (5.150)

Because of the similarity of Eq. (5.149) to the network equations, the matrices
[Z],[V], and [I] are referred to as generalized impedance, voltage, and current
matrices, respectively [6]. Once the current distribution /(z") is determined from
Eq. (5.149) or (5.150), parameters of practical interest such as input impedance and
radiation patterns are readily obtained.

The weighting functions {w;, } must be chosen so that each Eq. (5.148) is linearly
independent and computation of the necessary numerical integration is minimized.
Evaluation of the integrals in Eq. (5.149) is often the most time-consuming portion
of scattering or radiation problems. Sometimes we select similar types of functions
for both weighting and expansion. As discussed in the previous chapter, choosing
wy, = u, leads to Galerkin’s method, while choosing w, = 8(z — z,) results in
point matching (or colocation) method. The point matching method is simpler than
Galerkin’s method and is sufficiently adequate for many EM problems. However, it
tends to be a slower converging method. The general rules that should be followed
in selecting the weighting functions are addressed in [43]. The following examples
are taken from [41], [44]-[46].

Example 5.9
Solve the Hallen’s integral equation

22 .
/ 1(2)G (z,7)d7 = =L (Acoskz + Bsinklz])
—£/2 Mo
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where k = 2m /) is the phase constant and 1, = 377 2 is the intrinsic impedance
of free space. Consider a straight wire dipole with length L = 0.5 A and radius
a = 0.005 A.

Solution
The integral equation has the form

£2
/ 1(Z)K (z.2/)dz = D(2) (5.151)
—t/2

which is a Fredholm integral equation of the first kind. In Eq. (5.151),

e—JkR
K(z,Z)=G(z.7) = TR (5.152a)

R=+/a®+ (z—2)%, (5.152b)

and

D(z) = —L[A cos(kz) + Bsin(k|z])] (5.152¢)

No

If the terminal voltage of the wire antenna is Vr, the constant B = Vr /2. The ab-
solute value in sin k|z| expresses the assumption of antenna symmetry, i.e., I (—z) =
1(7). Thus

02 o~ kR j vy
I(Z d7 = -+ [A coskz + — sink|z|:| (5.153)
./_z/z =) 47 R No 2
If we let
N
1) =Y Lun(2), (5.154)

n=1

Eq. (5.153) will contain N unknown variables I,, and the unknown constant A. To
determine the N 4 1 unknowns, we divide the wire into N segments. For the sake
of simplicity, we choose segments of equal lengths Az = ¢/N and select N 4 1
matching points such as:

2=—0/2,—€/2+ Az, ..., 0,...,0/2 — Az,£/2

At each match point z = z,,,

2 N
/ > Ly () K (2m. ') d2' = D (zm) (5.155)
2 o
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Taking the inner products (moments) by multiplying either side with a weighting
function w,, (z) and integrating both sides,

22 )2 fV
/ Inun /) K (Zm, Z/) dZ/wm(Z)dZ
€2 J—)2

n=1

¢/2
= f D (zn) wy(z) dz (5.156)
—0)2

By reversing the order of the summation and integration,

02 02
Z / unZ/ K (zm, 2) wn(2) dzd?'

02 "y

(2
_ / D (2) wyy (2) dz (5.157)
—£/2

The integration on either side of Eq. (5.157) can be carried out numerically or ana-
Iytically if possible. If we use the point matching method by selecting the weighting
function as delta function, then

W (2) =68 (2 — Zm)

Since the integral of any function multiplied by §(z — z,,) gives the value of the
function at z = z,,,, Eq. (5.157) becomes

N 22
b [ @)K ) =D G (5.158)
n=1 —£/2

where m = 1,2,..., N + 1. Also, if we choose pulse function as the basis or

expansion function,

Uy () = 1, zn—Az/2 <z<z,+ Az/2
" 0, elsewhere,

and Eq. (5.158) yields
Zn"l‘AZ/Z
oo, / K (zm,2)dZ' = D (zm) (5.159)
Zn*AZ/Z
Substitution of Eq. (5.152) into Eq. (5.159) gives
Zn+AZ/2 e]kRm

N
' 1%
o, / d7 = -2 [A coskzm + — sink Izm|:| (5.160)
= Ju-az2 4T Ry Mo 2
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wherem = 1,2,..., N+ 1 and R, = [a¢? + (Zm — z’)z]l/z. Thus we have a set of
N + 1 simultaneous equations, which can be cast in matrix form as

Fiq Fo, ... Fin iCOS(kZ])
2 h
F> Fn ... by ; cos (kzo) I

J
Fyyi1 Fyyi2 - Fnyan ;COS (kzn+1)

—LVT sink |z |
2n

_LVT sink |z2|
— 21 (5.161a)

_2LVT sink |z 41|

or

[FI[X]=[Q] (5.161b)

where

Zn+AZ/2 e—ijm
Fypn = / dz' (5.162)
Zn_AZ/2 47TRm

The N + 1 unknowns are determined by solving Eq. (5.161) in the usual manner. To
evaluate F,,, analytically rather than numerically, let the integrand in Eq. (5.162) be
separated into its real (RE) and imaginary (IM) parts,

efijm
=RE+jIM
m
coskR sin kR
= L - (5.163)
Rm RH‘L
IM as a function of 7’ is a smooth curve so that
1/2
+AZ/2 w+Az/2 sink [a2 + (zm — Z’)z]
/ IM (z/) d7 = —/ 2 d7
n—Az)2 n—Az/2 [az T (2 — Z/)z]
. 1/2
Azsink [a? + (2 — z0)?
~— [ m = zn)’] (5.164)

B [ + (zm — 2]
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The approximation is accurate as long as Az < 0.05 A. On the other hand, RE
changes rapidly as 7/ — z,, due to R,,,. Hence

1/2

dz7

/zn+Az/2 /zn+Az/2 cosk [a2 + (zm — z’)z]
Z Z,

RE () de' = — 172
n—Az/2 [az TR Z/)z]

1/2 fintAz/2 d7
~ cosk [az + (zm — z,,)z] / 7
m—Az/2 [az + (zm — Z/)Z]

,,7AZ/2

172
=cosk [a2 + (zm — Zn)z:l
]1/2

I |:zm +Az/2 —z, + [a2 + (zm — zn + AZ/2)?

(5.165)
o = AZ/2 = 20 + [0 + G — 20 — A2/22] 2}

Thus

1 1/2
Fpun >~ — cosk [az + (zm — z,,)2]
4

o |:zm +Az/2—zp+ [@* 4+ @m — 2n + AZ/2)2]1/2}
Zm— Az/2 — 2y + [+ (2m — 20 — Az/2)2]1/2
jAzsink [a® + (zm — Zn)z]l/z
a7 [a® + G — 2n)?]"?

(5.166)

A typical example of the current distribution obtained for £ = A, a = 0.01 A is shown
in Fig. 5.20, where the sinusoidal distribution commonly assumed for wire antennas
is also shown for comparison. Notice the remarkable difference between the two near
the dipole center. |

Example 5.10

Consider a perfectly conducting scatterer or antenna of cylindrical cross section
shown in Fig. 5.21. Determine the axial current / (z) on the structure by solving the
electric field integral equation (EFIE)

Jn d? 2 h ’ ’ ’ i
o \ g2 Tk 7h1(z)G(z,z)dz = E.(2) (5.167)
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Figure 5.20
Current distribution of straight center-fed dipole.

where
1 2 E_ij
Gl(z,7 — do’,
C=5 [
rq1/2
R = |:(z — 7)* +4a’ sin’ ¢—} ,
2
n= \/E, and k= il D
€
Solution

If the radius a << X (the wavelength) and a << 2h (the length of the wire), the
structure can be regarded as a “thin-wire” antenna or scatterer. As a scatterer, we may
consider a plane wave excitation

El(z) = E, sin ge/kscs? (5.168a)
where 6 is the angle of incidence. As an antenna, we may assume a delta-gap generator

El=V§(z—z,) (5.168b)

where V is the generator voltage and z = z, is the location of the generator.
In order to apply the method of moments to the given integral equation (5.167), we
expand the currents in terms of pulse basis function as

N
1) =) Ln(2) (5.169)

n=1
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Figure 5.21
Cylindrical scatterer or antenna.

where
L, zZn—12 <2 < Zu41,2

u,(z) =
n(@) 0, elsewhere

Substituting Eq. (5.169) into Eq. (5.167) and weighting the result with triangular

functions
27 im-1 o <z <7
A k) m—1 m
Wy (z) =41 %~ Zm+l el < Z < Zmil (5.170)
A ’ -
0, elsewhere,
where A = 2h/N, leads to
N
> Zuyndy =V, m=12,....N (5.171)
n=1

Figure 5.22 illustrates u, (z) and wy, (z). Equation (5.171) can be cast in matrix form
as

(Z][1]=[V] (5.172)

where [/] can be solved using any standard method. For the impedance matrix [Z],
the elements are given by

Z =21 216 kA, +1 (5.173)
mn—4kaA ) m—1,n ) m,n ) m+1,n .
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where

wn+A/2
Gmn = / G (zm., ) d7 (5.174)
wm—A/2

To obtain Eq. (5.173), we have used the approximation

Im+1
/ " Wiy (Z)f(Z) dz = Af (zm)

Zm—1

For the plane wave excitation, the elements of the forcing vector [V] are

Vin = AEgelomcos? (5.175a)
For delta-gap generator,

Vin = Vimg (5.175b)
where g is the index of the feed zone pulse.

0,0

Figure 5.22
For Example 5.10: (a) Pulse basis function, (b) triangular weighting function.
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Solving Eq. (5.172) requires that we incorporate a method to perform numerically
the double integration in Eq. (5.174). The kernel G(z, z’) exhibits a logarithmic
singularity as |z — 7’| — 0, and therefore care must be exercised. To circumvent the
difficulty, we let

I 1 m e_ij ’ / I
G(Z’Z):E/O 2 d¢' =G, (2,7) + G (z.2) (5.176)
where
N L /ZU d_¢/
Go(z,7) = ) R (5.177)
and
N L/Zﬂ efij_l ,
Gi(z.7) = w ) TR dé (5.178)
We note that
’ (Z;‘; )_)0 1 ‘Z —Z |
# —— ———
G, (z,7) o In »
and hence we replace G,(z, ') by
A B L | B N
[GO (z.7)+ —In— —In (5.179)

The term G(z, z') is nonsingular, while the singularity of G,(z, z’) can be avoided
by using Eq. (5.179). Thus the double integral involved in evaluating Z,,, is easily
done numerically. It is interesting to note that Z,,,, would remain the same if we had
chosen the triangular basis function and pulse weighting function [46]. |

5.7 Applications IV — EM Absorption in the Human Body

The interest in hyperthermia (or electromagnetic heating of deep-seated tumors)
and in the assessment of possible health hazards due to EM radiation have prompted
the development of analytical and numerical techniques for evaluating EM power
deposition in the interior of the human body or a biological system [47]. The overall
need is to provide a scientific basis for the establishment of an EM radiation safety
standard. Since human experimentation is not possible, irradiation experiments must
be performed on animals. Theoretical models are required to interpret and confirm
the experiment, develop an extrapolation process, and thereby develop a radiation
safety standard for man [48].
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The mathematical complexity of the problem has led researchers to investigate sim-
ple models of tissue structures such as plane slab, dielectric cylinder homogeneous
and layered spheres, and prolate spheroid. A review of these earlier efforts is given
in [49, 50]. Although spherical models are still being used to study the power deposi-
tion characteristics of the head of man and animals, realistic block model composed
of cubical cells is being used to simulate the whole body.

The key issue in this bioelectromagnetic effort is how much EM energy is absorbed
by a biological body and where is it deposited. This is usually quantified in terms
of the specific absorption rate (SAR), which is the mass normalized rate of energy
absorbed by the body. At a specific location, SAR may be defined by

SAR = Z|EP? (5.180)
P

where o = tissue conductivity, p = tissue mass density, £ = RMS value of the
internal field strength. Thus the localized SAR is directly related to the internal electric
field and the major effort involves the determination of the electric field distribution
within the biological body. The method of moments has been extensively utilized to
calculate localized SARs in block model representation of humans and animals.

As mentioned in Section 5.1, an application of MOM to EM problems usually
involves four steps:

* deriving the appropriate IE,

« transforming the IE into a matrix equation (discretization),
« evaluating the matrix elements, and

« solving the resulting set of simultaneous equations.

We will apply these steps for calculating the electric field induced in an arbitrary
human body or a biological system illuminated by an incident EM wave.

5.7.1 Derivation of Integral Equations

In general, the induced electric field inside a biological body was found to be quite
complicated even for the simple case of assuming the plane wave as the incident
field. The complexity is due to the irregularity of the body geometry, and the fact
that the body is finitely conducting. To handle the complexity, the so-called tensor
integral-equation (TIE) was developed by Livesay and Chen [51]. Only the essential
steps will be provided here; the interested reader is referred to [51]-[53].

Consider a biological body of an arbitrary shape, with constitutive parameters
€, i, o illuminated by an incident (or impressed) plane EM wave as shown in Fig. 5.23.
The induced current in the body gives rise to a scattered field E*, which may be
accounted for by replacing the body with an equivalent free-space current density J.,
given by

Jeg(®) = (0(r) + jo[e(r) — &])E(r) = t(r)E(r) (5.181)
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Body

Figure 5.23
A biological body illuminated by a plane EM wave.

where a time factor e/®! is assumed. The first term in Eq. (5.181) is the conduction
current density, while the second term is the polarization current density. With the
equivalent current density J.,, we can obtain the scattered fields E* and H® by solving
Maxwell’s equations

VxE =], — joH’ (5.182a)
V x H® = joE* (5.182b)

where E*, H®, and J,, are all in phasor (complex) form. Elimination of E° or H' in
Eq. (5.182) leads to

V x VxE —I2E = —jouJe (5.183a)
VxVxH —k2H =V xJ, (5.183b)

where kg = w?u,€,. The solutions to Eq. (5.183) are

1
E=—jo [1 n k—zvv} A (5.184a)
o
1
H = —VxA (5.184b)
1o
where
A= / Go (1o 1) Jeg () dv/ (5.185)
v
and
N
G, (rr)y="__ 5.186
o (r.1) Arir—r| (5.186)

is the free-space scalar Green’s function. By the operator VV-, wemeanthat VV-A =
V(V - A). It is evident from Egs. (5.184) to (5.186) that E* and H® depend on J.,.
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Suppose J, is an infinitesimal, elementary source at r’ pointed in the x direction so
that

Jog =8(r—r')a,, (5.187)
the corresponding vector potential is obtained from Eq. (5.185) as
A = pu,G, (r, r’) a, (5.188)

If G, (r, 1) is the electric field produced by the elementary source, then G, (r, 1)
must satisfy

V x V X Goy (1, 1) = k2Goy (r,1') = —jopod (r, 1) (5.189)

with solution

Gox (r,r') = —jou, (1 + k%VV-) G, (r, 1) (5.190)

G (r, ') is referred to as a free-space vector Green’s function with a source pointed
in the x direction. We could also have Gy (r, r’) and G,,(r,r’) corresponding to
infinitesimal, elementary sources pointed in the y and z direction, respectively. We
now introduce a dyadic function? which can store the three vector Green functions
Gox(r, 1), Goy(r,1'), and G, (r, 1), ie.,

G, (r,r') = Gox (r, 1) ay 4+ Gy (r, 1) ay + Gy (r, 1) a; (5.191)

This is called free-space dyadic Green’s function [53]. It is a solution to the dyadic
differential equation

V xVxG, (r,r’)—kgGa (r.r') =75 (r—r') (5.192)
where I denotes the unit dyad (or idem factor) defined by
7= aya, +ayay, +a;a, (5.193)

The physical meaning of G, (r, r’) is rather obvious. G, (r, r’) is the electric field at
a field point r due to an infinitesimal source at r’.
From Egs. (5.183a) and (5.192), the solution of E is

E'(r) = —jou, / G, (r,r') - Jog (r') dv' (5.194)

Since G, (r, ) has a singularity of the order |r — r’|3, the integral in Eq. (5.194)
diverges if the field point r is inside the volume v of the body (or source region).

2A dyad is a group of two or a pair of quantities. A dyadic function, denoted by D, is formed by two
functions, i.e., D = AB. See Tai [53] or Balanis [28] for an exposition on dyadic functions.
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This difficulty is overcome by excluding a small volume surrounding the field point
first and then letting the small volume approach zero. The process entails defining
the principal value (P V) and adding a correction term needed to yield the correct
solution. Thus

E*(r)= PV / Jog() - G (r,r) dv' + [E* (0] o (5.195)
v
The correction term has been evaluated [51, 52] to be —J ., /j3we, so that
E‘(r) = PV / Jog(@) -G (r, 1) dv' — J,“’(r) (5.196)
v J3we,

The total electric field inside the body is the sum of the incident field E/ and scattered
field E*, i.e.,

Er) =E (r) + E5(r) (5.197)

Combining Egs. (5.181), (5.196), and (5.197) gives the desired tensor integral equa-
tion for E(r):

[1+ To }E(r)—PV/T(F/)E(P)'G("’ ) dv =E'(r) (5199

3jweo v

In Eq. (5.198), t(r) = o(r) + jw[e(r) — €,] and the incident electric field E' are
known quantities; the total electric field E inside the body is unknown and is to be
determined by MOM.

5.7.2 Transformation to Matrix Equation (Discretization)

The inner product E(r) - G(r, r’) in Eq. (5.198) may be represented as

Gy (r. 1) Gyy (r,r') Gy (r, 1) E, ()
Er) -G (r,r') = | Gy (r.r) Gy, (r,r') Gy, (r,¥) E, (1) (5.199)
G (r, 1) Gy (r, 1) G- (r, 1) E. ()

showing that G(r, r’) is a symmetric dyad. If we let
X1=x, XxXx2=)Y, X3=2,
then G, (r, 1) can be written as

82

— |G R ! s ,q=1,2,3 (5.200
q+k(%3xq3xp:| or.r). p.g (5.200)

Gy (r’ r/) = —joue |:8P

We now apply MOM to transform Eq. (5.198) into a matrix equation. We partition
the body into N subvolumes or cells, each denoted by v,, (m = 1,2,..., N), and
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assume that E(r) and 7 (r) are constant within each cell. If r, is the center of the mth
cell, requiring that each scalar component of Eq. (5.198) be satisfied at r,, this leads
to

3 3
(r) ’ ’
|:1 * 3]760:| Ey, (tm) — E : Z v (ra) PVf Gupxy (rm, r) dv' | Ex, (rn)

g=1 | g=1 Um
= Ei (tn) (5.201)

If welet [G Xp xq] be an N x N matrix with elements

T(r)
G =T (ry) PV / Gy, (Fms ¥') AV = 8 S [1 e } . (5202
Un o

where m,n = 1,2,...,N, p,g = 1,2,3, and let [Exp] and [E;ic,,] be column
matrices with elements

Ey, (r1) E}, (r)
E, = ; , Eip: : , (5.203)

Ey, (ry) E, (ry)

then from Egs. (5.198) and (5.201), we obtain 3N simultaneous equations for E,, E,
and E, at the centers of N cells by the point matching technique. These simultaneous
equations can be written in matrix form as

[Gxx] [Gry] [Gre] [E.] [£:]

[Gyx] [Gyy] [Gy:] [Ey] | =~ [Ei] (5.204a)

[Gex] [Gay] [Gi] [E:] [Ei]
or simply
[G][E] = —[E'] (5.204b)

where [G]is 3N x 3N matrix and [E] and [E'] are 3N column matrices.

5.7.3 Evaluation of Matrix Elements

Although the matrix [E 1in Eq. (5.204) is known, while the matrix [E] is to be
determined, the elements of the matrix [G], defined in Eq. (5.202), are yet to be
calculated. For the off-diagonal elements of [Gy,x, ], I is not in the nth cell (ry, is
not in v,) so that G XXy (r;,, ') is continuous in v, and the principal value operation
can be dropped. Equation (5.202) becomes

Gy = () / Gipxy (T ¥) dV' m #n (5.205)
Un
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As a first approximation,

GT:X,, =7 (ry) Gx,x, (rm, r/) Av,, m#n (5.206)
where Av, is the volume of cell v,. Incorporating Egs. (5.190) and (5.200) into
Eq. (5.206) yields

G — —jouk, Av,T (r,) exp(—jemn)

XpXg 3
4,

+ cos O cos 0" (3= ol + 3o )|, mER  (5207)

[(amn —1- jamn) Spq

where

Umn = koRinn, Rpn = |tm — Tyl ,
m n m n
X, —X X, —X
cos™ = L cospmn = 19
P R q R
mn mn

e = () = (3] 1)

9

The approximation in Eq. (5.207) yields adequate results provided N is large. If
greater accuracy is desired, the integral in Eq. (5.205) must be evaluated numerically.
For the diagonal terms (m = n), Eq. (5.202) becomes

7(r)
Gl;;lxq =1 (ry) PV/Un prxq (l‘n, r’) dv’ — (31”1 [1 + 3]Tégi| (5.208)

To evaluate this integral, we approximate cell v, by an equivolumic sphere of radius
a, centered at r,, i.e.,

or

1/3
ap = <M£> (5.209)
4

After a lengthy calculation, we obtain [51]

Gnn

XpXq

_2. 1] n . .
= 8pq [M (exp (— jkoan) (1 + jkoa) — 1)

3k3

_ <1+ ’_(r"))} C m=n (5.210)
3jwe,

In case the shape of cell v, differs considerably from that of a sphere, the approx-
imation in Eq. (5.210) may yield poor results. To have a greater accuracy, a small
cube, cylinder, or sphere is created around r,, to evaluate the correction term, and the
integration through the remainder of v, is performed numerically.
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5.7.4 Solution of the Matrix Equation

Once the elements of matrix [G] are evaluated, we are ready to solve Eq. (5.204),
namely,

[G][E] = —[E] (5.204)

With the known incident electric field represented by [ E], the total induced electric
field represented by [E] can be obtained from Eq. (5.204) by inverting [G] or by
employing a Gauss—Jordan elimination method. If matrix inversion is used, the total
induced electric field inside the biological body is obtained from

[E] = —[G6] '[E] (5.211)

Guru and Chen [55] have developed computer programs that yield accurate results
on the induced electric field and the absorption power density in various biological
bodies irradiated by various EM waves. The validity and accuracy of their numerical
results were verified by experiments.

In the following examples, we illustrate the accuracy of the numerical procedure
with one simple elementary shape and one advanced shape of biological bodies. The
examples are taken from the works of Chen and others [52], [56]-[58].

Example 5.11

Determine the distribution of the energy absorption rate or EM heating induced by
plane EM waves of 918 MHz in spherical models of animal brain having radius 3 cm.
Assume the E field expressed as

E = E e /*%a, = a, E, (coskoz — j sinkyz) V/m (5.212)

where k, = 2 /A = 2nf/c, E, = /2n,P;, P; is the incident power in mW/cm?
and 1, = 377 Q is the intrinsic impedance of free space. Take P, = 1 mW/cm?
(E, = 86.83 V/m), ¢, =35, 0 = 0.7 mhos/m.

Solution

In order to apply MOM, we first approximate the spherical model by a “cubic sphere.”
Figure 5.24 portrays an example in which one eighth of a sphere is approximated by
40 or 73 cubic cells. The center of each cell, for the case of 40 cells, is determined
from Fig. 5.25. E' at the center of each cell can be calculated using Eq. (5.212). With
the computed E! and the elements of the matrix [G4 X, q] calculated using Eqgs. (5.207)
and (5.210), the induced electric field E in each cell is computed from Eq. (5.211).
Once E is obtained, the absorption rate of the EM energy is determined using

P= %|E|2 (5.213)

The average heating is obtained by averaging P in the brain. The curve showing
relative heating as a function of location is obtained by normalizing the distribution
of P with respect to the maximum value of P at a certain location in the brain.
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Figure 5.24

For Example 5.11: (a) One eighth of a sphere, (b) a “cubic sphere” constructed
from 73 cubic cells.

zZ z
'T\ y=0.375cm y=1.125cm
2] 9] 5]
3cm > b
310f15]Y 22|27,
4|11 [16[19) 23| 28|31
X X
0.75cm#t | 5 |12[1720 24 (29 | 32]
f
6 |13[18] 25 (307
7|14],7 2647
8 -7
z z
33 y=0.375cm y=1125¢cm
34|37 39
v X v X
35 | 38 40
3617

Figure 5.25

Geometry and dimensions of one half of the spherical model of the brain con-
structed from 40 cells. The cell numbering is used in the program of Fig. 5.26.
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The computer program for the computation is shown in Fig. 5.26. It is a modified
version of the one developed by Jongakiem [58]. The numerical results are shown in
Fig. 5.27(a), where relative heating along the x-, y-, and z-axes in the brain is plotted.
The three curves identified by X, Y, and Z correspond with the distributions of the
relative heating along x-, y-, and z-axes, respectively. Observe the strong standing
wave patterns with peak heating located somewhere near the center of the brain. The
average and maximum heating are found to be 0.3202 and 0.885 in mW/cm?>. The
exact solution obtained from Mie theory (see Section 2.8) is shown in Fig. 5.27(b).
The average and maximum heating from exact solution are 0.295 and 0.814 mW/cm?,
respectively. A comparison of Figs. 5.27(a) and (b) confirms the accuracy of the
numerical procedure.

Example 5.12
Having validated the accuracy of the tensor-integral-equation (TIE) method, deter-
mine the induced electric field and specific absorption rate (SAR) of EM energy inside
a model of typical human body irradiation (Fig. 5.28), by EM wave at 80 MHz with
vertical polarization, i.e.,
E=a, V/m

at normal incidence. Assume the body at 80 MHz is that of a high-water content
tissue with € = 80¢,, u = 1y, o = 0.84 mhos/m.

Solution
The body is partitioned into 108 cubic cells of various sizes ranging from 5 cm?
to 12 cm>. To ensure accurate results, the cell size is kept smaller than a quarter-
wavelength (of the medium). With the coordinates of the center of each cell figured
out from Fig. 5.28, the program in Fig. 5.26 can be used to find induced electric field
components Ey, Ey, and E, at the centers of the cells due to an incident electric
field 1 V/m (maximum value) at normal incidence. The SAR is calculated from
(0/2)(E)% + Eg + Ezz). Figures 5.29 to 5.31 illustrate Ey, E\, and E; at the center
of each cell. Observe that £, and E; are much smaller than E, at this frequency due
to the polarization of the incident wave.

As mentioned earlier, the model of the human body shown in Fig. 5.28 is due to
Chen et al. [52]. An improved, more realistic model due to Gandhi et al. [59]-[61] is
shown in Fig. 5.32.

5.8 Concluding Remarks

The method of moments is a powerful numerical method capable of applying
weighted residual techniques to reduce an integral equation to a matrix equation. The
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0001 CHEEE I IR XA ER AR R ER R AR ARSI RS R A RAREER SRR R AR R SRR BRI RR R KR KRR R R %

0002 C THIS PROGRAM DETERMINED EM POWER ABSORPTION
OF BIOLOGICAL BODIES

0003 C PROGRAMMER: JONG A KIEM RAYMOED
0004 C PROGRAM LIMITATIONS:
0005 C
0006 C BODIES ARE ASSUMED TO HAVE A PERMEABILITY EQUAL

TO FREE SPACE
0007 c MAX NUMBER OF CELLS = 150
0008 C MAX WUMBER OF CELLS IS SUFFICIENTLY LARGE ELSE G-MATRIX
0009 C NEED TO BE OBTAINED BY INTEGRATION METHODS
0010 Cc THE SHAPE OF A CELL CAN BE APPROXTIMATED BY A SPHERE
0011 [
0012 (o] DIST = R(M,N) = DISTANCE BETWEEN CENTER OF CELL M AND ¥
0013 Cc E(N) = CONCANTINATED MATRIX OF ALL FIELD INTENSITIES
0014 Cc EI(N) = CONCANTINATED MATRIX OF ALL INPUT FIELD INTENSITIES
0015 C
0016 C NOTE: IN¥ THE CONCANTINATED MATRICES, THE ORDER IN WHICH

THE DATA IS
0017 C STORED IS X,Y,Z I.E. ALL X FIRST, THEFN ALL Y,
FINALLY ALL Z
0018 C COORDINATES IN SEQUEBTIAL ORDER
0019 C
0020 C EPS(¥) = EPSO+EPSR(N) = PERMITTIVITY OF CELL ¥
0021 C EPSO = FREE SPACE PERMITTIVITY
0022 Cc F = FREQUEKCY
0023 C G = COEFFICIENT MATRIX
0024 (o J = COMPLEX VALUE
0025 C KO = FREE SPACE WAVE NUMBER
0026 C MXCLL = MAXIMUM NUMBER OF CELLS
0027 C MXCLL3 = MAXIMUM DIMENSION COEFFICIENT
MATRIX = 3+MXCLL

0028 C PZ(I) = POWER ALONG THE Z DIRECTION
0029 (o} ECELL = NUMBER OF CELLS
0030 [ SIGMA(¥) = CONDUCTIVITY OF CELL ¥
0031 C SAR = SPECIFIC ABSORPTION RATE
0032 C TAU(N) = ARRAY STORING VALUES OF CELL § = E(N)/Jeq(N)
0033 C UO = FREE SPACE PERMEABILITY
0034 C V(N) = VOLUME OF CELL ¥
0035 C W = RADIAF FREQUEECY
0036 [ X1 = ROW LOCATIOE IN G-MATRIX
0037 C X2 = COLUME LOCATION IN G-MATRIX
0038 C X(1,¥) = X COMPONENT OF CENTER OF CELL ¥
0039 C X(2,§) = Y COMPONENT OF CENTER OF CELL ¥
0040 (o X(3,§) = Z COMPONENT OF CERTER OF CELL ¥
0041 C
0042 C -——--- INPUT DATA MUST OBEY THE FOLLOWING FORMAT ------~-~--- C
0043 C
0044 C *xx%x DATA sx*x *x%x% FORMAT #%%xx
0045 (o
0046 C NCELL,F FORMAT(1X,14,E10.4)
0047 Cc V(N),X(1,M),X(2,K),X(3,¥),

SIGMA(N) ,EPS(N) FORMAT(1X,E10.5,4F10.5,E10.4)
0048 Cc EI(I) ,EI(I+NCELL) ,EI(I+2+NCELL) FORMAT(1X,6E12.5)
0049
0050 C —mmememe SUBROUTINES AND FUECTIONS ---=====-——mmmmeee - C
0051
0052 C DELTA = DELTA FUNCTION
0053 [ MAGSQ(C) = MAGNITUDE SQUARED OF COMPLEX NUMBER
0054 C R(M,¥) = DISTANCE BETWEEN CENTERS OF VOLUME M

AND VOLUME ¥
0055 C
Figure 5.26

Computer program for Example 5.11 (Continued).
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0056

0057 IMPLICIT COMPLEX (C), INTEGER (K-N)

0058

0059 PARAMETER (MXCLL=600,MXCLL3=1800,MXCL31=1801)

0060 COMPLEX J,TAU,G,E,EI,G1

0061 REAL KO,COSANGLE ,MAGSQ,PZ(10)

0062 INTEGER P,GQ,X2,X1

0063

0064 DIMENSION G1(MXCLL3,MXCL31),X(3,MXCLL),SIGMA(MXCLL)

0065 c DIMENSION EPS(MICLL)

0066 DIMENSION V(MXCLL),E(MXCLL3),EI(MXCLL3),TAU(MXCLL)

0067

0068

0069 C ——mmmm———- STATEMENT FUNCTIONS ~~m----—=-===--————————o— c

0070

0071 R2(M,E) = (X(1,M)-X(1,0))**2+(X(2,0)-X(2,D))
#22+(X(3,M)-X(3,0))*#2

0072 R(M,H) = SQRT(R2(M,N))

0073 COSANGLE(P,M,¥,DIST)= ( X(P,M) - X(P,N) )/DIST

0074 MAGSQ(C) = (CABS(C))»#2

0075

0076 J = (0.,1.)

0077 PI = 4. +ATAN(1.)

0078 EPSO = 1.E-9/(36.*PI)

0079 UO = 4 E-7+PI

0080

0081 B READ AND GENERATE DATA -----—--==-===---- C

0082

0083 READ(5,1) NCELL,F

0084 WRITE(6,1) NCELL,F

0085 b FORMAT(1X,14,E10.4)

0086

0087 W = 2.#PI*F

0088 KO = W*SQRT(UO*EPSO)

0089

0090 DO 10 ¥ = 1 ,NCELL

0091 READ(5,15) V(N),X(1,¥),X(2,¥),X(3,N),SIGMA(N) ,EPS

0092 WRITE(6,15) V(M) ,X(1,¥),X(2,¥),X(3,X),SIGMA(N) EPS

0093 TAU(N) = SIGMA(N) + J+Ws( EPS - EPSO)

0094 10 CONTIKUE
0095 15 FORMAT (1X,E10.5,4F10.5,E10.4)

0096
0097 DO 20 I=1,NCELL
0098 READ (5,25) EX(I),EI(I+NCELL),EI(I+2#NCELL)
0099 G1(I,3*NCELL+1) = -EI(I)
0100 G1 (I+NCELL,3+NCELL+1)= -EI(I+NCELL)
0101 G1(I+2+NCELL,3+NCELL+1)= -EI(I+2+NCELL)
0102 20 WRITE(6,25) EI(I),EI(I+BCELL),EI(I+2*NCELL)
0103 25 FORMAT(1X,6E12.5)
0104
0105 [ GENERATIOR OF COEFFICIENT MATRIX G -----=-=~~-==-
0106
0107 [ M CONTROLS THE NUMBER OF VOLUKES
0108 [ P
0109 C =wmmm—- Q IS DUE TO DOTPRGDUCT
0110 C ~=-=—= N IS ALSO DUE TO DOTPRODUCT
0111
0112 C = -JsW+UO*KO
0113 C1 = =2.2J+WaU0/(3.#K0*%2)
0114 C2 = 3.+J*W*+EPSO
0115
0116 DO 50 P = 1,3
0117 D0 50 Q = 1,3

Figure 5.26

(Cont.) Computer program for Example 5.11 (Continued).
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Figure 5.26
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X1 = (P-1) * NCELL
DO 50 ¥ = 1,NCELL

I1 =11 +1

X2 = (Q-1) * NCELL
DO 50 ¥ = 1 ,NCELL
X2= X2 + 1

IF (M .EQ. X) THEX

AR = ( 3.%V(H)/(4.#PI) )*%(1./3.)
C3 = J*KO*AK
C4 = TAU(E) /C2

G1(X1,X2)=DELTA(P,Q)*( C1sTAU(E)*((1.+C3)
*EXP(-C3)-1.)-(1.+C4) )

ELSE
DIST = R(M,N)
IF ( DIST .EQ. O. ) THEK
PRINT *, ’CELLS HAVE SAME CENTER ’ ,M,N
END IF
AME = KOsDIST
C3 = ( C#TAU(E) sV(N)*EXP(-J+AME) )/(4.+PI+(AMN++3))
G1(X1,X2) = C3s( (AMN**2 - 1. - J+AME)+DELTA(P,Q)

+COSANGLE(P ,M,N,DIST)*COSARGLE(G,M,N,DIST)
*#(3.-AME*#2+3 #J*AMN))
ENED IF
CONTINUE

CALL GAUSSC(MXCLL3,MXCLL3,MXCL31,3+NCELL,3+¥CELL+1,G1,E)

WRITE (6,105)

FORMAT (1X,’0UTPUT DATA’)

WRITE (6,106)

FORMAT(1X,’VOLUME EX EY EZ SAR’)

b0 110 I = 1 ,NCELL
SAR = SQRT(MAGSQ(E(I))+MAGSQ(E(I+NCELL))
+MAGSQ(E(I+2+KCELL)) )
SAR = 0.5 * SIGMA(I) * SAR
WRITE(6,115) I,E(I),E(I+BCELL),E(I+2+NCELL),SAR
FORMAT(14,7E10.4)

CLOSE (6)
OPEN (6,FILE=’PLHEAD.DAT’,STATUS=’NEW’)

NOTE: THERE ARE 8 CELLS ALONG THE Z-DIRECTION

SEE FIG. 5.22 DR. SADIKU’S NOTES

PZMAX = -1.E-10
D0 140 I=1,8

PZ(I) = MAGSQ(E(I))+MAGSQ(E(I+NCELL))+MAGSQ(E(I+2+KECELL))
PZ(I) = (SIGMA(I)/2.)+PZ(I)
PZMAX = AMAX1(PZ(I),PZMAX)

FORMAT (1X, ’MAXIMUM POWER FOR CELLS
ALONG THE Z-AXIS IS ’,F10.5)

FORMAT(1X, ’NORMALIZED POWER ALONG THE Z-AXIS’)
WRITE(6,145) PZMAX
WRITE(6,146)
DO 150 I=1,8

PZ(I) = PZ(I)/PZMAX
WRITE(6,155) I,PZ(I)
FORMAT(1X,14,F10.6)

(Cont.) Computer program for Example 5.11. (Continued).
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0177 C
0178 C AVERAGE POWER CALCULATION

0179 c

0180 SPOW = O.

0181 SVOL = 0.

0182 PMAX = -1.E-10

0183 DO 160 I=1,NCELL

0184 POWER = MAGSQ(E(I))+MAGSQ(E(I+ECELL))
+MAGSQ(E(I+2*NCELL))

0185 POWER = (SIGMA(I)/2.)*POWER#VOL(I)

0186 PMAX = AMAX1(PMAX, POWER)

0187 IF ( ABS( PMAX - POWER ) .LT. 1.E-6) IVPMAX = I

0188 SVOL = SVOL + V(I)

0189 160 SPOW = POWER + SPOW

0190

0191 WRITE(6,165) SPOW

0192 WRITE(6,170) PMAX/V(IVPMAX)

0193 165 FORMAT(1X,’AVERAGE HEATING IN W/N+*+3 IS ’,E12.6)
0194 170 FORMAT (1X, ’MAX HEATING IN W/M#*3 IS ’ ,E12.6)

0195 CLOSE (6)
0196 STOP
0197 END
0001 CHEPE RS AL R XXX AEREEEERE SRS RSB SRR SRR SRR RSB R R R A S &
0002 C  SUBROUTINE FOR GAUSSIAN ELIMINATION
0003 C THIS SUBROUTINE SOLVES COMPLEX SIMULTAKEQUS EQUATIONS
0004 C USING GAUSS ELIMIANATION WITH PARTIAL PIVOTING
0005 C THE ORIGIFAL PROGRAM WAS WRITTEN TO HANDLE REAL MATRICES
0006 C AND CAN BE FOUND IN:
0007 c APPLIED NUMERICAL METEODS FOR DIGITAL COMPUTATION
0008 c WITH FORTRAN AED CSMP - SECOND EDITION
0009 C BY M. L. JAMES, G. M. SMITH, AND J. C. WOLFORD
0010 C A(I,J) = AUGMENTED MATRIX
0011 C JJ = PIVOT PURPOSES
0012 C BIG = VALUE THAT MAY BE USED AS PIVOT ELEMENT
0013 C CMAX = MAXIMUM DIMENSION OF MATRIX CONTAINIEG RESULTS
0014 C CMAX1 = MAXIMUM DIMENSION OF AUGMENTED MATRIX
0015 C M = NUMBER OF COLUMNS IN AUGMERTED MATRIX = N+1
0016 C N = NUMBER OF SIMULTANEOUS EQUATIOKS
0017 C RMAX = MAXIMUM ROW DIMENSION OF AUGMENTED MATRIX
0018 C X(N) = RESULT
0019 C
0020
0021 SUBROUTINE GAUSSC(RMAX,CMAX ,CMAX1,¥,M,A,X)
0022
0023
0024 COMPLEX A ,AB,X,TEMP,QUOT,SUM,BIG
0025 INTEGER RMAX,CMAX1,CMAX
0026 DIMENSIOR A(RMAX,CMAX1),X(CMAX)
0027
0028 L = §-1
0029 DO 12 K = 1,L
0030 JJ =K
0031 BIG = ABS( A(K,K) )
0032 KP1 = K + 1
0033 c
0034 C SEARCH FOR THE LARGEST POSSIBLE PIVOT ELEMENT
0035 C
0036 DO 7 I = KP1,¥
0037 AB = ABS( A(I,K) )
0038 IF ( ABS(BIG - AB) ) 6,7,7
0039 6 BIG = AB
0040 J3 =1
Figure 5.26

(Cont.) Computer program for Example 5.11. (Continued).
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0041 7 CONTINUE

0042 C

0043  C DECISION ON NECESSITY OF ROW INTERCHANGE
0044 C

0045 IF (1J-K) 8,10,8

0046 C

0047  C ROW INTERCHANGE

0048 €

0049 8 DO 9 J=K,X

0050 TEMP = A(JJ,1)

0051 A(I1,3) = A(K, D)

0052 9 A(K,]) = TEWP

0053 C

0054  C CALCULATION OF ELEMENTS OF KEW MATRIX
005§ c

0056 10 D0 11 I = KP1,K

0057 QUOT = A(I,K)/A(K,K)

0058 DO 11 J=KP1,M

0059 11 A(1,1) = A(I,J) - QUOT+A(K,])
0060 DO 12 I = KP1,H

0061 12 A(I,K) = (0.,0.)

0062 C

0063  C FIRST STEP IN BACKSUBSTITUTION
0064 C

0065 X(B) = A(N,M)/A(N,N)

0066 c

0067 C REMAINDER IN BACKSUBSTITUTION
0068  C

0069 D0 14 BN=1,L

0070 SUM = (0.,0.)

0071 1= N-NN

0072 IPL =1 + 1

0073 DO 13 J = IP1,N

0074 13 SUM = SUM + A(TI,J)*X(J)
0075 14 X(X) = (A(I,M)-SUM)/A(I,I)

0076 RETURN

0077 END

0001 CREXRBRERRARBRRERERRRERERRRREKRRR SRR
0002 C  SUBPROGRAM DELTA
0003 FUECTION DELTA(M,N)
0004

0005 IF (M .EQ. ¥) THEN
0006 DELTA = 1.
0007 ELSE

0008 DELTA = O.
0009 END IF

0010 RETURK

0011 END

Figure 5.26
(Cont.) Computer program for Example 5.11.

solution of the matrix equation is usually carried out via inversion, elimination, or
iterative techniques. Although MOM is commonly applied to open problems such
as those involving radiation and scattering, it has been successfully applied to closed
problems such as waveguides and cavities.

Needless to say, the issues on MOM covered in this chapter have been carefully
selected. We have only attempted to cover the background and reference material
upon which the reader can easily build. The interested reader is referred to the
literature for more in-depth treatment of each subject. General concepts on MOM
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(40 Subvisions)

Brain (3 cm radius)  P'= 1 mW/cm?, E' = 86.83 V/m
Freq. = 918 MHz Avg. heating = 0.3202 mW/cm?

€= 35,6=0.7S/m Max. heating = 0.885 mW/cm?
1.0 ===

Figure 5.27

Distributions of heating along the x-, y-, and z-axis of a spherical model of an
animal brain [57]: (a) MOM solution, (b) exact solution.

Side View

Front Layer Hi

Figure 5.28
Geometry and dimensions of a model of typical human body of height 1.77 m [52].
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Ex(mV/m)

f =80 MHz
E'=1V/ma_
6 =0.84 S/m
e =80¢,

Front Layer

Figure 5.29
Induced E, (in mV/m) at the center of each cell due to E. of 1 V/m [52].

Ey(mV/m)

f =80 MHz
E'=1V/ma_
¢ =0.84 S/m
e =80¢,
Front Layer

Figure 5.30
Induced E, (in mV/m) at the center of each cell due to E i of 1 V/m [52].
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Ey(mV/m)

f =80 MHz
E'=1V/ma,
0 =0.84 S/m
e =80 g,

Front Layer

Figure 5.31
Induced E, (in mV/m) at the center of each cell due to E)’C of 1 V/m [52].

z

o

Figure 5.32

A more realistic block model of the human body [59]: (a) In three dimensions
(Continued).
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(b)

Figure 5.32

(Cont.) A more realistic block model of the human body [59]: (b) Front and
side views.

are covered in [10] and [62]. Clear and elementary discussions on IEs and Green’s
functions may be found in [12], [28]-[30], [62]-[65]. For further study on the theory
of the method of moments, one should see [6, 9, 10, 28, 40].

The number of problems that can be treated by MOM is endless, and the examples
given in this chapter just scratch the surface. The following problems represent typical
EM-related application areas:

electrostatic problems [31], [66]-[69]

wire antennas and scatterers [34, 37, 42, 44, 70, 78]

scattering and radiation from bodies of revolution [79, 80]
scattering and radiation from bodies of arbitrary shapes [38, 81, 82]
transmission lines [18]-[20], [23, 24], [83]-[86]

aperture problems [87]-[89]

biomagnetic problems [47]-[52], [90]-[92].

A number of user-oriented computer programs have evolved over the years to
solve electromagnetic integral equations by the method of moments. These codes
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can handle radiation and scattering problems in both the frequency and time do-
mains. Reviews of the codes may be found in [7, 38, 93]. The most popular of these
codes is the Numerical Electromagnetic Code (NEC) developed at the Lawrence Liv-
ermore National Laboratory [7, 94]. NEC is a frequency domain antenna modeling
FORTRAN code applying the MOM to IEs for wire and surface structures. Its most
notable features are probably that it is user oriented, includes documentation, and is
available; for these reasons, it is being used in public and private institutions. A com-
pact version of NEC is the mini-numerical electromagnetic code (MININEC) [95],
which is intended to be used in personal computers.

It is important that we recognize the fact that MOM is limited in application to
radiation and scattering from bodies that are electrically large. The size of the scatterer
or radiator must be of the order A3. This is because the cost of storing, inverting,
and computing matrix elements becomes prohibitively large. At high frequencies,
asymptotic techniques such as the geometrical theory of diffraction (GTD) are usually
employed to derive approximate but accurate solutions [46, 96, 97].
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Problems

5.1

Classify the following integral equations and show that they have the stated
solutions:

1
(a) CD(X)ZS—X + l/ xt®(t)dt [solution ®(x) = x],
b 2
(b) P(x)=cosx —sinx+2/x sin(x —1)®(¢t)dt [solution ®(x) = e ],
0

1
(c) ®(x) = —coshx + k/ cosh(x + 1)D (1) dt [solution ®(x) =
-1
cosh x
5sinh2+ 21— 1
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5.2 Solve the following Volterra integral equations:

(@ Px)=5+2[; td()dt,
(b) @) =x+ 5t —x)P(1)dt

5.3 Find the integral equation corresponding to each of the following differential
equations:

@ y'=-y, y0) =0, y1) =1,
(b) y'+y=cosx, y(0)=0, y(0)=1

5.4 Construct the Green’s function for the differential equation
Gy +k2G=—8(x—x’), O<x<a
subject to G(0) = G(a) =0

5.5 Show that

. Jj sin(nmx/a) sin (mrx//a) T
G(X,Zx/,Z/)=E§: - elkn(z z),

n=1

where k,zl = k? — (n7/a)? is the Green’s function for Helmholtz’s equation.
5.6 Derive the Green’s function for
Vid=f, O0O<x,y<l
subject to zero boundary conditions.
5.7 Find the Green’s function satisfying
Gex + Gy +2G, =8(x—x")8(y—y), O<x<aO0O<y<b

and
GO0,y)=G(@a,y)=Gx,00=Gx,b)=0

5.8 (a) Verify by Fourier expansion that Egs. (5.79) and (5.80) in Example 5.5
are equivalent.

(b) Show that another form of expressing Eq. (5.79) is

mm (b — y) . mmy mrx mux’

o0
sinh sin R <y
. Z a a a y=v
Gx,y;x,y)= m=l
(x.y Y) " ’, mm (b — y) mrox mux’ ,
Zsmh Y=y
— a a a
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5.9 The two-dimensional delta function expressed in cylindrical coordinates reads

1
8(p—p)= ;8(/0—/0’)5((15—(25/)
Obtain the Green’s function for the potential problem
1
V3G = S8 (p=r)3 (0~ )

with the region defined in Fig. 5.33. Assume homogeneous Dirichlet boundary
conditions.

w|a

Figure 5.33
For Problem 5.9.

5.10 Consider the transmission line with cross section as shown in Fig. 5.34. In a

5.11

TEM wave approximation, the potential distribution satisfies Poisson’s equa-

tion
s

€

V2V = —

subject to the following continuity and boundary conditions:

0 B
— V&, hi —0) = —V (x,h; +0)
0x ax

0 d
—V &, hi+h—0)=—=V(x,h1 +h2+0)
0x 0x
0 0
e—Vx,h-0=e—=Vx h +0)
dy dy

0 0
625‘/()6,/11 +hy —0) = 635\/()6,/’11 +hy +0) — pg (x,hy + hy)
V0,y)=V(a,y)=V(x,00=V(x,b) =0

Using series expansion method, evaluate the Green’s function at y = hj + ha,
ie., G(x, y; x', h1 + hy).

Show that the free-space Green’s function for L = V2 + k? in two-dimensional
space is —ﬁHél) (kp).
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h3 gr?
w
I
h, €
h 1 8r]
X
0 a

Figure 5.34
For Problem 5.10.

5.12 The spherical Green’s function héz)(|r — r’|) can be expanded in terms of
spherical Bessel functions and Legendre polynomials. Show that

W (Jr—r') =
o

. ' / Z(Zn + DA2 (1) ju(r) Pacosa), r <71’
jexp(=jlr=r)) )i

(r=r') Z(Zn + DA (1) j, (r') Pu(cosa), r>r'
n=0

where cosa = cosf cos®’ + sin sinf’ cos(¢p — ¢’). From this, derive the
plane wave expansion

eIKT = ()" @n 4 1) julkr) Pa(cos @)

n=0
5.13 Given the kernel
(I-x)y, 0=<y=<x=<l
K(x,y) =
I-yx, 0<x=<y=<l
Show that
oo . .
sinnmwx sinnwy
K(x,y) = 2; s
and that
2 o0
T 1
Tl
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5.14 Derive the closed form solution for Poisson’s equation
V2V = g
in the quarter-plane shown in Fig. 5.35 with

aV
V=Ffx),y=0, —=h(),x=0
0x

Figure 5.35
For Problem 5.14.

5.15 Consider the cross section of a microstrip transmission line shown in Fig. 5.36.
Let G;jp; be the potential at the field point i on the center conductor due to
the charge on subsection j. (It is assumed that the charge is concentrated in
the filament along the center of the subsection.) G;; is the Green’s function for
this problem and is given by

o) 2 _ 72
Gij = : Z KD n Aij + Gn - 20
4me, A,.z/. + (4n —4)2

A% + (4n —2)?
2n—1 2
+ k" ln—A2+(4n)2
ij
where
An=2pi—n-20-1—1, k=1
iji=—=120-1D-2(G—-1—1], = )
V=" / e +1

A = W/N, and N is the number of equal subsections into which the center
conductor is divided. By setting the potential equal to unity on the center
conductor, one can find

0
C = Z pj (farads/m)
j=1
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and

1
Zy= ——

c/C,C

where ¢ = 3 x 10% m/s and C,, is the capacitance per unit length for an air-filled
transmission line (i.e., set k = 1in G;;). Find Z, for N = 30 and:

(@ ¢ =60, W=4cm, H=4cm

(b) € =160, W=8cm, H=4cm.

Center Conductor

Dielectric <L> /

R R AR R RN A A
\/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/
N AVATVA VA VA VA VA VA YA VA YA Y \/\ N \/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/\/
\/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/
N NN NSNS,
S ey | H
AR AR AR AN AN AN AN AN
\/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/
\/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/
\/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/
\/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/ \/
Ground Plane V=0

Figure 5.36
For Problem 5.15.

5.16 A rectangular section of microstrip transmission line of length L, width W,
and height H above the ground plane is shown in Fig. 5.37. The section is
subdivided into N subsections. A typical subsection AS;, of sides Ax; and
Ayj, is assumed to bear a uniform surface charge density p;. The potential V;
at AS; due to a uniform charge density p; on AS;(j =1,2, ..., N)is

N
Vi = Z Gijpj
j=1
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o]

kn—l (_1)I‘L+1

Gii=) —
Y nX_; 2me, (€ + 1)

|:( )ln ()’j—)’i)+\/(xj—xi)2+(yj—y,~)2+(2n_2)2H2
.xj' — X

(7 + Ay = 31) +y (5 = 3i)” + (3 + Ayj = 3i)? + @2 — 22K
+ (xj + AXJ‘ —xi)

N (yj +Ayj — y,') + \/(xj + Axj — x,')2 + (yj + Ayj — yl')2 + (2n —2)2H?

(vj — ») +\/(xj +Axj —xi)” + (3 = 3i)* + @n —2)2H?

(xj —xi) +\/(xj —xi) (v = i)+ @n —22H2
(5 + Ax; —x) + /() + Axj —x)2 + (v — wi)> + @n — 22H2
+(vj +Ayj =)

+(vj =)

(xj + Ax; —x,-)—{-\/(xj + Ax; —xi)z—l—(yj + Ay; —yl‘)2—|—(2n—2)2H2

In
(xj —xi) + \/(xj —x,~)2 +(yj + Ay — y,~)2 + (2n —2)2H?
— on— 2 Han-! (xj —xi) (vj — i)
@n =2 H (v = xi)> + (v — v0)* + @0 — 2212
—(2n-=2)
- (xj + Axj —xi) (vj + Ayj — i)

@n =2 H\(x) + Axj — xi) 4+ (v + Ayj — 3)* + @0 — 22 H?
(xj —x1) (v + Ayj — ¥i)
n — 2)H\/(xj —xi)2 4 (yj + Ayj — )? + @n — 2)2H?

+ (2n—2)Htan_1 (xj + Ax; —x,-) (Yj —Yi) j|
@n =D H(x) + Axj — i)+ (3 — ) + @0 — D22

+(@2n—2)H tan~!

€ —

and k =
€

the conducting strip at 1 V potential, we can find

N
C = Z,Oj
j=1

. If the ground plane is assumed to be at zero potential while

Find C for:

(@ ¢ =96, W=L=H=2cm,
b)) ¢ =96, W=H=2cm, L=1cm.
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Microstrip
Section

Figure 5.37
For Problem 5.16.

5.17

5.18

5.19

5.20

For a conducting elliptic cylinder with cross section in Fig. 5.38(a), write a
program to determine the scattering cross section o (¢;, ¢) due to a plane TM
wave. Consider ¢ = 0°, 10°, --- , 180° and cases ¢; = 0°, 30°, and 90°. Plot
o (¢i, ¢) against ¢ for each ¢;. Take A = Im, 2a = 1/2,2b = A, N = 18.

Hint: Due to symmetry, consider only one half of the cross section as in
Fig. 5.38(b). An ellipse is described by

[\
e

+2 =1

Qlk
o

With x = rcos¢, y = rsin ¢, it is readily shown that

= a . v=a/b, dl =rd¢.

\/cos2 ¢ +1v2sin’ ¢

Use the program in Fig. 5.17 (or develop your own program) to calculate the
scattering pattern for each array of parallel wires shown in Fig. 5.39.

Repeat Problem 5.17 using the techniques of Section 5.5.2. That is, consider
the cylinder in Fig. 5.38(a) as an array of parallel wires.

Consider the scattering problem of a dielectric cylinder with cross section
shown in Fig. 5.40. It is illuminated by a TM wave. To obtain the field [E]
inside the dielectric cylinder, MOM formulation leads to the matrix equation

[AlLE] = E]
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y
d,
d¢ r (x.3)
q) X
(b)
Figure 5.38
For Problem 5.17.
[ ] ®
¢ ? k)
Propagation Propagation @ PS
roIAfis \’/ Axis . !
@ (®)
¢
Propagation ¢
Axis
(©
Figure 5.39

Arrays of parallel wires: (a) cylinder, (b) square, (c) I-beam, for Problem 5.18.

© 2001 by CRCPRESSLLC



Figure 5.40
For Problem 5.20.

where

T
o {em + 7 € = DkanH{? (kay) . m=n
mn — . 2
JZ (em — D kanJy (kay) H® (kpmn), m # 1
Ei — ejk(xm Ccos ¢i+ym sin ¢1)
m

pmn:\/(Xm_Xrl)z—i—(ym_yn)z’ Whnzl,z7 ’N

N is the number of cells the cylinder is divided into, €, is the average dielec-
tric constant of cell m, a,, is the radius of the equivalent circular cell which
has the same cross section as cell m. Solve the above matrix equation and
obtain E,,, n = 1,2, ..., N. Use E, to obtain the echo width of the dielectric
cylinder, i.e.,

N 2

D (en— 1) EnanJy (kay) e/t Cncosmsing)

n=1

72k

£

W(g) =

for ¢ = 0°,5°,10°, ..., 180°. Plot W(¢) versus ¢. For the dielectric cylinder,
take u = o, € = 4¢€,, inner radius is 0.25A, outer radius is 0.41, and A = 1m.

5.21 The integral equation
1 w

o / - ! __ _
7 _wl(z)ln|z z’dz_f(z), w<z<w

can be cast into matrix equation

[S1[] = [F]
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using pulse basis function and delta expansion function (point matching).
(a) Show that

A 1 I —n+1)2
Sm= 21 —ma— |2 g pym o2

o 2 4 m—n—1/2
Fy = f(zn)

where z, = —w+ A(n—1/2),n =1,2,..., N, A = 2w/N. Note that [S]
is a Toepliz matrix having only N distinct elements.

(b) Determine the unknowns {7} with f(z) =1, N = 10,2w = 1.
(c) Repeat part (b) with f(z) =z, N =10, 2w = 1.

5.22 A two-term representation of the current distribution on a thin, center-fed half-
wavelength dipole antenna is given by

2
2
1) =Y Bysin <$<A/4 - Izl))
n=1

Substituting this into Hallen’s integral equation gives
2 2/4 2 iC
ZB,,/ sin [ﬂ (A/4— |£|i| G(z,2)dz + ]—lcoskoz
ot —x/4 A Mo

= —LVT sink,|z|
o

2 2r f P
where n, = 120 &, k, = S and G(z, 7’) is given by Eq. (5.152).
C

Taking V7 = 1volt, A = 1m, a/A = 7.022 x 10~3, and match points at
z = 0, 1/8, A/4, determine the constants Bj, By, and Cy. Plot the real and
imaginary parts of /(z) against z.

5.23 Using Hallen’s IE, determine the current distribution 7 (z) on a straight dipole
of length £. Plot |I| = |I, + j ;]| against z. Assume excitation by a unit voltage,

12
N =51,Q2 =2In— = 12.5, and consider cases: (a) £ = 1/2, (b) £ = 1.5A.
a

5.24 (a) Show that Pocklington integral equation (5.141) can be written as

anfe (21 (2) e I*R

—E' =
8j7'ra2 —£/2 R5

Z

[(1 + jkR) <2R2 —_ 3a2) + k2a2R2] dz'

(b) By changing variables, 7/ — z = a tan 6, show that
_E — WG o2 i (9/) o~ Jka/ cost’
o 8jmra? Jy,

) [(jka + cos6) <2 — 2cos? 9/) + k%a? cos 9’] de’
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£/2 £/2 —
/ +Z, 6 — tan~! / Z.
a a

where 6; = —tan!

5.25 Using the program in Fig. 5.26 (or your own self-developed program), calcu-
late the electric field inside a thin conducting layer (u = u,, € = 70¢,, 0 =
1 mho/m) shown in Fig. 5.41. Assume plane wave with electric field perpen-
dicular to the plane of the layer, i.e.,

E' =e¢ /%%, V/m

where k, = 27 f/c. Consider only one half of the layer. Calculate |E,|/|E’|
and neglect Ey and E; at the center of the cells since they are very small
compared with E,. Takea = 0.5cm, b =4 cm, ¢ = 6 cm.

X

Ei

/.
L : gjjj/b
aIIIIII/IIIIII/(
Figure 5.41

For Problem 5.25.

5.26 Consider an adult torso with a height 1.7 m and a shape shown in Fig. 5.42. If
the torso is illuminated by a vertically polarized EM wave of 80 MHz with an
incident electric field of 1 V/m, calculate the absorbed power density given by

o
2
at the center of each cell. Take u = u,, € = 80¢,, o = 0.84 mhos/m.

(E2+ B2+ E2)

5.27 Suppose the dielectric cylinder in Problem 5.20 is a biological body modeled
by a cylinder of cross-section 75 x 50 cm?, shown in Fig. 5.43. A TM wave of
frequency f = 300 MHz is normally incident on the body. Compute the fields
inside the body using the MOM formulation of Problem 5.20. In this case, take
€m as complex permittivity of cell m, i.e.,

€m = €rm — J (O /wE,) m=1,2,...,N =150

To make the body inhomogeneous, take €, = 8 and o3, = 0.03 for cells 65,
66, 75, 85, and 86; take ¢,,,, = 7 and o0, = 0.04 for cells 64, 67, 74, 77, 84,
and 87; and take €,,, = 5 and o, = 0.02 for all the other cells. Compute E,,.
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10 cm

170 cm

Front View

Figure 5.42
An adult torso: for Problem 5.26.
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10 cm
—| |

Side View



Ei

Figure 5.43
For Problem 5.27.

© 2001 by CRCPRESSLLC

141 150
131 140
121 130
111 120
101 110
91 100
81 84 | 85| 86 | 87 90
71 741 75| 76 | 77 80
61 64 | 65| 66 | 67 70
51 60
41 50
31 40
21 30
11 20
1 41510167 10




	Numerical Techniques in Electromagnetics
	Contents
	Chapter 5
	5.1 Introduction
	5.2 Integral Equations
	5.2.1 Classification of Integral Equations
	5.2.2 Connection Between Differential and Integral Equations

	5.3 GreenÌs Functions
	5.3.1 For Free Space
	5.3.2 For Domain with Conducting Boundaries

	5.4 Applications I Û Quasi-Static Problems
	5.5 Applications II Û Scattering Problems
	5.5.1 Scattering by Conducting Cylinder
	5.5.2 Scattering by an Arbitrary Array of Parallel Wires

	5.6 Applications III Û Radiation Problems
	5.6.1 HallenÌs Integral Equation
	5.6.2 PocklingtonÌs Integral Equation
	5.6.3 Expansion and Weighting Functions

	5.7 Applications IV — EM Absorption in the Human Body
	5.7.1 Derivation of Integral Equations
	5.7.2 Transformation to Matrix Equation (Discretization)
	5.7.3 Evaluation of Matrix Elements
	5.7.4 Solution of the Matrix Equation

	5.8 Concluding Remarks
	References
	Problems



