Group Invariant Finite-Difference Schemes for the AdvectionEquationR. C. VenkatesanSystems Research CorporationAundh, Pune 411007, INDIAAbstractThe present work derives a set of invariant finite-difference approximationsto the scalar advection equation:

u ,t +αu ,x = 0,

where

u ,t = ∂u∂t

,

u ,x = ∂u∂x

, and, a is a constant. The advection equation is aprototypical hyperbolic equation in fluid dynamics, whose use in CFD rivalseven that of the diffusion equation. It also serves as a limiting form for anumber of important equations, such as, the equations of radiative transfer,and primarily describes how a conserved quantity such as potentialtemperature or momentum is carried along with a flow of air or water.The preservation of invariance is known to play an important role inchoosing the type of discretization scheme to be employed, during thenumerical solution of systems of differential equations [1]. More specifically,preservation of invariance by a given numerical scheme ensures thatphysical phenomena described by the continuous model being approximatedare accurately modeled.Invariant finite difference schemes are numerical approximations to systemsof differential equations, which possess groups that are isomorphic to thoseof the original system of differential equations. By definition, in Lie grouptheory, given two groups G and H a homomorphism is a smooth map

ϕ :G → H

exists such that:

ϕ (g⋅g~) = ϕ (g)⋅ϕ (g~),g,g~ ∈ G.

If f has a smooth inverse, then there exists an isomorphism betweengroups G and H.A number of approaches which yield invariant finite difference schemeshave been investigated into. The methodology followed in the present work

closely resembles the theory propounded by Dorodnitsyn [2]. The primaryobjective of such an approach is to discretize a given differential equation ina manner such that the resulting finite-difference equation inherits all Liepoint symmetries possessed by the original differential equation.The distinct feature of such a formulation lies in the fact that the grouptransformations act on the variables and the derivative terms as well as onthe lattice which defines the grid. This entails the fact that lattices areprescribed for specific difference equations, so as to render the groups definedin grid space isomorphic to the groups possessed by the differentialequations. An implied consequence is that invariant finite differenceapproximations to differential equations are not unique.The present work describes using Computer Algebraic Systems to solveinvariant finite-difference Godunov and Total Variation DiminishingSchemes [3] for the advection equation for both uniform and nonuniformgrids. The derived invariant finite difference schemes are compared withsome of their non-invariant ("traditional") counterparts. Finally, stabilityand error analyses are performed, which conclusively demonstrate thesuperior numerical characteristics of invariant schemes vis-a-vis their non-invariant counterparts. Numerical examples for exemplary cases areprovided.A c k n o w l e d g m e n t : T h i s w o r k h a s b e e n p a r t i a l l y p e r f o r m e d u n d e r t h e a u s p i c e s o f S T R & D F C o n t r a c t CSM 003—1999—19611716. Gratitude is felt to D. M. Mihalas and V. A. Dorodnitsyn for helpful discussions.[1] Yu. I. Shokin, The Method of Differential Approximation,Springer-Verlag, New York (1983)[2] V. A. Dorodnitsyn, Transformation groups in mesh spaces, J. Sov. Math.,55, 1, p 1490 (1991)[3] R. J. LeVeque, Numerical Methods for Conservation Laws,Birkh�user-Verlag, Lectures in Mathematics, Basel (1992)